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Abstract

An S-system M is fully stable if @ (N) € N for each subsystem N and S —homomorphism « of N
into M . In this paper we study the dual concept of full stability. Duo property of an S- system being a
necessary condition for both full stability and full dual stability, and quasi-projectivity is sufficient
condition for duo to be fully dual stable system. Several properties and characterizations of full dual
stability are investigated.
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1.Introduction and Preliminaries

The notion of full stability and full dual stability were studied on modules by
(Abbas, 1990; Abbas and Al-Hosainy, 2012).

Most of the modules notions, were reversed to S-system (S-acts), and interesting
results were obtained. The notions of full stability on S-system, were studied,
recently, by Abbas and Baanoon (Abbas and Baanoon, 2015). In this paper, the notion
of full dual-stability on S-system, is investigated.

A subsystem Bg of an S-system Ag is said to be dual stable if Bs x Bs < ker «, for
each S-homomorphism a : As— Ag/Bs . The S-system As is said to be fully dual
stable (shortly, fully d-stable) if each subsystem of As is dual-stable. An S-system As
is said to be strongly dual stable if ker g € ker f  whenever f and g are S-
homomorphism of As into Bsand g is surjective, where Bs is any S-system.

The above two conditions are equivalent in the case of modules, but in S-system,
the second condition implies the first. This difference occurred because of the fact
that in modules, the kernel of a homomorphism is a submodule, while the kernel of S-
homomorphism does not need to be induced by a subsystem.

In this section, some preliminaries about S-system and related concepts were
given. For more information about S-system (s-act) see (Kilp and Mikhlev, 2000).

In section 2, the main results about full d-stability and the related concepts(duo,
multiplication, quasi-projective) were given. More results about full d-stability and
quasi-projectivity discussed in section 3.
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(1.1)_Definition(Kilp and Mikhalev, 2000).Let S be a monoid and A is a honempty
set. If we have amapping, u: AxS—-A, (a,s) —as:= pu(a, s) such that:

a) al=a and

b) a(st)=(as)tforae A, stes,
we call A a right S —system or right system over S and write it as As. More informally
we often say that u defines a right multiplication of element from A by element of S.
Analogously, we define a left S-system A and write sA.

(1.2)_Definition (Abbas and Dahash, 2014). A subsystem N of S-system Ms is called
fully invariant if a(N) € N for each S-endomorphism a of Ms, Ms is duo S-system if
each subsystem of Ms is fully invariant.

The following lemma is a part of lemma (1.3)(Roueentan and Ershad, 2012), for
completeness we give a proof for it.
(1.3)_Lemma: An S-system Ms is duo iff for each endomorphism f of M and each
element m, there exists r € S ( depending on m ) such that, f (m) = mr.

Proof: (=) Assume M is a duo S-system , f€ Ends M and m € M. Then mS is a
subsystem of Msand m € mS.
Since M is duo, we have f(mS) € mS, hence f (m) € mS, that is 3 r € S such that
f(m)=mr.
(&) ltisclear.

Recall that U is said to be a generating set of Ag if for all a € A, a = us for some u
eUandseS.

(1.4) Definition(Kilp and Mikhalev, 2000): A set U of generating elements of a right
S-system As is said to be a basis of As if every element a € As can be uniquely
presented in the forma=us,u e U, s€ S, if a = u;s; = UyS; then u;=uzand sy =s;. If
an S-system As has a basis U, then it is called a free S-system or, more precisely, a
|U|-free S-system. In particular, Ss is 1-free with basis{1}. Also, we say that As is of
rank |U|.

(1.5)_Definition (Kilp and Mikhalev, 2000): Let Mg be an S-system. An equivalence
relation p on M is called an S-system congruence or a congruence on Ms, if (m,n) €
p implies (ms,ns) € p for m,n € Mg, s € S. If S is a monoid then any right(semigroup)
congruence p on S is an S- system congruence on Ss.

(1.6)Definition(Kilp and Mikhalev, 2000): Any subsystem Bs S As defines the
Rees congruence pg on A, by setting (a, @) € pg if a,a€B or a=a.

(1.7) Definition(Kilp and Mikhalev, 2000 ): Let As be a right S-system. An element 6
€ As is called a fixed element of Ag if 6s =6 for all s € S. If Ag has a unique fixed
element @, then @ is called zero element of As, we will denote the zero element of

As by 0.

(1.8)Definition(Kilp and Mikhalev, 2000): We call an S-system As decomposable if
there exist two subsystems Bs Cs € As such that As = Bs U Cs and Bs NCs = @. In this
case As = Bs U Cs is called a decomposition of As . Otherwise As is called
indecomposable.

If we consider S-system with zero 6, then we have to replace @ by { 8} to define
decomposable and indecomposable S-system with zero.
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(1.9)Definition (Kilp and Mikhalev, 2000): An S-system Ag is called torsion free if
for any x, y € As and right cancellable element ¢ € S the equality xc=yc = x =Y.

(1.10)_Definition(Kilp and Mikhalev, 2000): An S-system As is called quasi-
projective if for any epimorphism m : As —» Bs and homomorphism a : As — Bs there
exists an endomorphism f of Ag such that nf = «a.

Note it is clear that if Mg is quasi-projective then for all N subsystem Ms and for all
a: M- M/ N there exists f € End M such that o f = a where ), is the natural
epimorphism of M onto M / N.

(1.11)Definition (Kilp and Mikhalev, 2000): Let As and Bs be two S-systems.
Consider an S-homomorphism f : As — Bs. Then f is called a retraction if f is right
invertible, i.e. there exists g € Homg(B,A) with f g = idg; B is called a retract of A.
2.Fully dual stable S-system

We start by introducing the dual concept of fully stable S-system.

(2.1)Definition: Let M be an S-system and N is a subsystem of M. N is said to be d-
stable subsystem of M if, Nx N € ker a, forall a : M — M/ N. M is said to be fully
d-stable if, any subsystem of M is d-stable.

(2.2)Remark : If S is a monoid, then S is fully d-stable if S is fully d-stable.
(2.3)Lemma: If f: As— Bs is homomorphism, ¢ : Bs— Cs is an isomorphism

then ker ¢o f = ker f.
Proof: Is clear.

(2.4)Proposition: If Ms is fully d-stable S-system, then M / N is fully d-stable for
any subsystem Ns of Ms.

Proof: Let K/ N be a subsystem of M/N and o: M/N— (M/N)/(K/N) be a
homomorphism, consider the composition

M —Zx 5 MIN —s (M/N)/(K/N) = M/K

since M is fully d-stable, it follows, K x K € ker pamy = ker amy (lemma 2.3).
Now, if ([ki]n, [K2]n) € K/'N x K/N, then (kg ko) € K x K, hence

(amy )(k1) = (amy)(kz), that is a(my (k1)) = a(my(kz)). Then a([kq]y ) = a([kz2]n ),
that is( [k1]n, [k2]n ) € ker a. Therefore K/ N x K/ N < ker a, and M / N is fully
d-stable.

(2.5)Theorem: Let M be an S-system. The following two statements are equivalent.
1. For each congruence p on M and for each S-homomorphism
a:M— Mlp, p Ckera holds.
2. For any S-system As, and for each two homomorphisms f, g : Ms— As, with g
onto, ker g < ker f holds.

Ms
onto l f
Mg —> As
g

®

Mg/ ker g
373



Journal of Babylon University/Pure and Applied Sciences/ No.(2)/ Vol.(25): 2017

Proof:- (1) =(2)

Since g : Ms — Ag is onto hence As = Ms/ ker g, let ¢ : As— Ms/ ker g be an
isomorphism therefore @.f : Ms — Ms/ ker g. By hypothesis,

ker g < ker ¢of = ker f.(since ¢ is one to one).

(2) =(@1)

p congruence on Ms, a : Ms — Mg /p, let m : Ms — Ms /p natural epimorphism
n(m) = [m],, then ker m = p, ([m4], = [m;], < (M1, my) € p). By(2) ker r € kera,
therefore p < ker a.

(2.6)Definition: An S- system Ms is said to be strongly d-stable S-system if it
satisfies any of the two equivalent conditions of Theorem (2.5).

(2.7) Remark: Any strongly d- stable S-system is fully d-stable.

Proof: Let Nsbe a subsystem of Mg and a: Ms —Ms/ Ns, then py is a congruence on
M and Nx N € py (where py is the Rees congruence on M). Since Mg is strongly
fully d-stable then py < ker a, and hence Nx N < ker a. "

(2.8)_Proposition: A homomorphic image of a strongly d-stable S-system is strongly
d-stable S-system too.

Proof: Assume that f : M — M is an epimorphism. Let g , h: M — A be two S-
homomorphisms with g surjective, then gof, hof: M — A are S-homomorphisms,
we have ker gof < kerhof, (M is strongly d-stable, g of onto).

|

To prove ker g € ker h, let (m, n) € ker g, theng(m ) =g(n) since f is surjective
we have m=f(x), n=f(y) for some x,y € M, hence g(f(x)) = g(f(y)) ,that is (x,y)
e kergof < kerhof, hence (x,y) € ker (hof) = h(f(x)) = h(f(y)),

h(m) =h(n) = (m,n) € ker h. Therefore, ker g S ker h, which implies M is
strongly fully d-stable. m

(2.9) Proposition: Let M be an S-system, with the property, that either it has no zero
element, or a unique zero element which is contained in any subsystem of M.

If M is fully (strongly) d-stable then it is duo.

Proof: By Remark (2.7), it is enough to prove the case (fully d-stable).
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T[Nof

Mg '
Ms/ Ns
7T

Let Ms be a fully d-stable S-system, f an endomorphism of Ms and Nsa subsystem
of Ms. Then yof : Ms— Mg /Ns is a homomorphism, which implies

N xN < ker ryof.( where my is the natural epimorphism). Let x € N, we have two
cases :

(1) For all y € N, f(x) = f(y), then f(N) is a one —element subsystem, and hence f(x) is
a fixed element of M which must be unique and contained in any subsystem of M, (by
hypothesis), that is, f(x) € N.

(2) There exists y € N,with f(x) # f(y), then (X, y) € ker myofimplies

y(f(X)) = my (f(y)), then f(x), f(y) € N, therefore f(x) €N then, in the two cases

f(x) EN V x € N, that is f(N) € N. So, Mg is duo. "

(2.10) Proposition: Every quasi- projective duo S-system is fully d-sable.
Proof:

Let N be a subsystem of M, a :M - M / N is a homomorphism, since M is quasi-
projective there exists an endomorphism h of M such that myh = a where my is the
natural epimorphism of M onto M / N. Let X, y € N then h(x) = xs, h(y) = yt for some
s,t eS(since M is duo) that is (h(x), h(y)) in Nx N hence a(x) = m(h(x)) = m(xs) =
n(yt) = m(h(y) = a(y) therefore Nx N C ker a. n
(2.11) Corollary: Any duo monoid is fully d-stable.

Proof:

h 5
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Let Vs be a subsystem of Ss and a : Ss— Sg/Vs be a homomorphism, with
surjective.

Assume that « (1) = [ t]y, for some t € S. Define h by h(s) =ts,VsS€ S,

my (h(s)) =Ty (ts) =my (t) s = [t]ys = a(1)s = a(s) that is wh = «, therefore Sg is
quasi-projective. Since Ss is duo, then by (proposition 2.10), Ss is fully d-stable. =

(2.12)_ Theorem: Let M be a fully d-stable S-system and N is a subsystem of M such
that @ : M — M/N isany S-homomorphism. Then for each m € M there exists r € S
such that a(m) = [m]yr (r depends on @ and m).

Proof: Let Ms be a fully d-stable S-system, and N a subsystem of Ms,

defineA: M/N — M/N by A([m]n) = a(m). For all m; m,€ M,

[m1] = [mz] = my = my or my, my € N(since NxN < ker ), then a(m;) = a(my),
hence A is well defined. It is clear that A is an S-homomorphism. Since M/N is fully
d-stable, it is duo ( proposition 2.9). By( lemma 1.3) . A([m]n ) = [M]r = a(m) =
[m]r, for somer € S. "

(2.13) Corollary: An S-system M is fully d-stable if and only if for each subsystem
N each S-homomorphism a : M — M/N has the property that for each m € M, there
exists r € S such that a(m) = [m]yr (r depends on a and m).

Proof: (=) By (Theorem 2.12).

(&) Assume that for each m € M, there exists r € S such that a(m) = [m]ur,

let m,n €N, then a(m) = [m]yr = [mr]y = {N} also a(n) = [n]ys = [ns]y = {N} for
some r,s € S (mr,nse N ), so a(m) = a(n) then (m,n) € ker  that is NxN C ker @. m

(2.14) Proposition: If S is a monoid , then any free S-system with rank greater than
one, is not fully d- stable.

Proof : Let As is free S-system with rank more than one.

Let {x1,Xx2} be a subset of some basis X of As with (X1 # Xy).

Define f: X — Ss by

X if x & {X1,X2}
f(x)=| xo if x=x1
X1 iIf X=X»

since As is free f can be extended to an endomorphism f of As.
Note that f (x1S) = x2S & X3S, that is, As is not duo, so by( proposition 2.9), As cannot
be fully d-stable. "

(2.15) Proposition: Let S be a commutative monoid all of its elements satisfy left
cancellation . If Agis a duo torsion free and indecomposable S-system then for all f e
End As, there exists r € S such that f(a) = ar for all a € A. (r depends only on f)

Proof: Assume As is duo torsion free and f : As — As, then for all a € A there
exists s € S such that f(a) = as. Assume a, b are distinct elements of As and (s, r € S),
f(a) = as and f(b) = br. To prove s=r, aSNbS# @, 3 u, v e S such that au = bv,
f(au) = asu, f(bv) = brv = asu = brv = aus = bvr (S is commutative) = s =r. (since
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As is torsion free) therefore for all f: As — As, there exists r(depending on f only)
such that f(a) = ar for all a € As.

(2.16)_Corollary: Let S be a commutative monoid all of its elements satisfy left
cancellation. If Agis a duo torsion free and indecomposable S-system, then End As =
S (as monoids).

Proof: a: End As— S, for all f € End As, there exists unique r such that f(a) = ar
for all ae A by Proposition(2.15), define a(f) = r. Now, if f, g € End As, a(f) =,
a(g) =s, then (gf )(a) = 9(f(a)) = g(ar) = (ar)s = a(rs) = a( gf) = rs, = a(9f) = a(0)
a(f), hence a is a monoid homomorphism. a isonto, r € S, let f(a) = ar, f € End As. If
a(f)=a(g)=r=f(a) =arvaeA,g(a)=ar vae A= f=g thatisaisone to
one, therefore « is an isomorphism.

(2.17)Proposition: Let S be a commutative monoid all its elements satisfy left
cancellation. If M is fully d-stable S-system and N is a subsystem of M such that M /
N is torsion free. Then for each homomorphism o : M — M/N there is r € S such
that a(m) = [m]yr. forallme M.

Proof: Recall, to the proof of Theorem (2.12), A is an S-endomorphism of the torsion-
free duo S-system M / N. Then by proposition (2.16) there exists r € S such that
A([m]) = [m]yr for all [m]y € M/ N. Then a(m) = A([m]) = [m]yr.

The concepts of Hopfian and Co-Hopfian, where discussed for modules, see
(Ozcan,ital..,2006). These concepts can be defined analogously in systems.

(2.18) Definition: Let M be an S-system.
M is called Hopfian (Co- Hopfian) if every surjective (injective) endomorphism of M
IS an isomorphism.

(2.19) Proposition: Every fully d-stable S-system is Hopfian.

Proof: Let M be a fully d-stable S-system. f : Ms— Mg surjective. then Mg = Ms/
ker f, let o : Ms— Ms/ ker f be an isomorphism, hence ker o = Ay since Msis fully
d-stable, that is ker f € kera = Ay that is ker f = Ay, (Where Ay = {(x, X) | x€ X }),
therefore f is an isomorphism.

(2.20) Example: Let S = (N, .),then Ns is a fully d-stable S- system (Remark 2.2), it

is not Co-Hopfian since f: Ny — Ny, f(n) = 2 n is an injective homomorphism, which
IS not isomorphism.

3. Dual stability and quasi-projective S-system

(3.1) Proposition: If N is fully invariant subsystem of a quasi-projective S-system M
then M / N is likewise quasi-projective.
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Proof: Let K/N be a subsystem of M/N and a : M/N — (M/N)/(K/N).

Letp: (M/N)/(K/N) — M/Kbe an isomorphism. Then 3 g : M— M such that
Tl'Kog:ﬂoaoTl'N - (,BT[T[N)og:ﬁoaoT[NﬁTl'T[Nog = o TTN (1)

Where, (tx :M — M/K, iy :M — M/N, n: M/N — (M/N)/(K/N)) .

Define f: M/ N — M/ N by f([m]y) = [9(m)]n. Note that [m1]y = [m2]y, implies my
= my or my, me€ N, hence g (m1) =g (my) or g (m1), g (mz) € N (N fully invariant),
and so [g(m1)]x =[g(m2)]n, Therefore, T is well defined, f (my (M)) =y (g (M)) for
From (1) and (2) > nf oy = agnyfor each me M,  ( f (my(m )) = a ((ay(mM )
= n(f [m]y) =7 ([m]y) for each [m]y E M/N = .f =a. n

(3.2)_Proposition (Kilp and Mikhalev, 2000): An S-system Bs is a retract of an S-
system Ag if and only if there exists a subsystem As of As and an epimorphism
h: As — As such that Bs = As and h(d) = ¢ for every a € As.

(3.3) Lemma: If N, L are two subsystems of an S-system M and if L is a subsystem
of N, then there exists an epimorphism g : M / L - M /N with (N/LXN/L) U A/, =
ker g .
Proof: Let3: M/ L— M / N be defined by [m], — [m]y, B is well defined, since
([m1], = [m2], hence my my €L (since L subsystem of N) then mym, € N therefore
[M1]y = [M2]y)- It is clear that g isa homomorphism.

ker B ={([mu]y, [m2].) | B([Ma], = B(IM2], )}
{(ma], [me]) | [ma]wn = [M2]n)}
{([m1], [m2].) | My =mzor my, m; € N}
= (N/LXN/L)UAy,,.
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(3.4)_Proposition: Let N be a d-stable retract of an S-system M and L is a subsystem
of N, then L is d-stable in N if and only if L is d-stable in M.

lﬂ
Pa

M /N

Proof: (=) Leta: M — M /L be homomorphism and g : M /L — M /N be as in
Lemma(3.3).

Note that ker g =( N/L x N/L) U Ay ;. If forall x, y €N, a(x) = a(y), then LxL &
NxN < ker a. Now, let x € N, and there exists y € N such that

a(x) # a(y) since Ba:M — M/ N, N is d-stable in M and (X, y) € N x N € kerBa,
we have g (a(x)) = B (a(y)), so (a(x), a(y)) € kerp, this implies a(x) € N /L for all x €
N, that is § = a |y :N— N /L, by d-stability of L in N, LxL < ker § = ( kera.) N (N x
N), therefore LxL < ker a. So, L is d-stable in M.

(&) Let L bea d-stable in M and a.: N— N /L is an S-homomorphism, let g be a
homomorphism of M onto N, such that g|y = in. (since N is a retract of M), by
Definition(1.11). Then oo f: M — M/L, hence L X L < ker a8

%(x. y) € M x M|(aB)(x) = (aB)(y) %r

X, y) € M x M| a(B(x)) = a(B(y))

X, YELXL=X,YyEN=BX) =xandp(y) =y= a(X) =aly) = (X, y)
€ker o. "

Note that the retract property in Proposition (3.2) used only in the sufficient
condition. So the following corollary clarifies the transitivity of d-stability.

(3.5)Corollary: Let A, N and K be subsystems of a system M with Ac N c K. If A
is d-stable in N and N is d-stable in K, then A is d-stable in K. "

(

3.6)Corollary: A homomorphic image of a strongly d-stable quasi-projective S-
system is likewise quasi-projective. .

Proof: Let M be a strongly d-stable quasi-projective S-system, a:M — M is an S-
epimorphism.

379



Journal of Babylon University/Pure and Applied Sciences/ No.(2)/ Vol.(25): 2017

\
\

-, e M
l f
My —— A
onto

First, note that if h € End M, then a and ah are two homomorphisms from M into M,
with o onto, by strong d-stability we have ker o € ker ah, that is, a(m) = o(m)
implies a(h(m)) = a(h(m)....(x)

Assume that f, g : M — A be homomorphisms, with g onto, then ga, fa are
homomorphisms from M into A with ga onto, since M is quasi-projective, there exists
h: M — M such that goh = f o.. Define h : M — M by, h(x) = a(h(m)), where m € M

with x = a(m) (o is onto), his well defined by(+), also gha = gah = f a, but o is onto
implies gh= f. therefore M is quasi-projective.
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