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Abstract

In this paper, a linite element method program under domain loading and plain
strain conditions is developed and applied in cvaluation of the stress intensity factor in
opening mode (K ) in two dimensions erack problems. Two types of erack problems
are analyzed and verified: first, cracked rotating disc made from bi-directional fiber
rcinforced material composite, second crack bjade made from bi-directional fiber
reinforced metal maurix composite. It is found that the finite element method under
domain loading is a good tool for the analysis of composite material. The simulation
is accurate in comparison with that obtained from extrapolation method. The stress
miensity faclor for fiber einforced metal matrix composite is larger when obtained

from fiber-reinforeed waterial under same condition,
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Nomenclature
(X, Y): Are the component of the body
forcers intemsity (force per umit
volume) at the i™ node.

N; : Shape tunction.

i : Thickness of disc,

p : Material density (kg / m’).
E: Modulus of elasticity.
e, @y, and m, : Angular velocity in X,
Y, and Z direction respectively in
{rad/s)

XYo@ The coordinates of the center

ol rotation.

F;is a body force vector,

i;: Ihsplacement wvector (in two-

dimension problem wy= u, and w; = u).
T: Traction vector.

dx and dy: Infinitesimal element along
the x-direction and y-direction,

ds: Infinitesimal distance on a path S,
1 D- matrix {matnx contain the
element properties such as modulus of
elasticity and Poisson’s ratio).

ﬂ{e& : Elcment stiffness matrix,
E(e} : Element force voctor,

ne : Number of element.
[U]: Global displacement vector.

A Iy + Jacobin parameter in % and y

direciions,

1-Tntroduction

In recent vear, the use of the fast
rolaling  component has  increased
dramatically in  many of the
engineering such as turbines dise and
blade, turbo-compressors, generators
...etc. The cost of production of the
fiber is decreased as a result of
increuéing fiber-processing technology;
the manutacture of these parts from
[iber reinforced composite become
necessary to decrease cost and to
improve the mechanical properties of
these materials [1].

The authors [2-3] have reported on
the rotational strength of rotating disc
method,
analytically, laminated plate theory and

using  finite  difference
experitnental method. M. Umara and
0. Byon [4] study the optimum
{iber-reinforced
flywheel. They had taken the affect of

rotational stresses due to curing

lamination in

process in their analysis. Genta (. et
al, [5] found the axisymmetrical stress
distribution in orthotropic and central
hele compostte disc.

In this paper, the finite clement
methad program under domain loading
and plain  strain  conditions  is
developed and uses to analysis radial

cracking rotating disc and single edge
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crack rotating blade to determine the

stress intensity factor in opening mode.

2- Stress Intensity Factor
There are three types of stress

intensity factor modes: opening mods

(mode 1) with Kj parsmeter, shear
mode (mode II) with Kjy parameter
and mixed mode (mode 1I) with Ky

parameter. Among them mode I with

K parameter is the most unportant to
know because K characterize the

stress ficld in the neighborhood of a
crack tip when the crack under tension
and it can be cbtained relatively easily
with a rotating disc [6].

There are 1wo method for
calculating K;, expenmental method
and numerical method by using finite
element method (J-Integral method and
extrapolation method).

3-Finite Element Simulations with

Domain I.oading
The procedure used can be

simulating by using displacement
method as followers |6, 7]:
Step 1t

The generalized equilibriuom equation
for linear situalion can be expressed as

{ollows:

ﬁ Blodv=F .. (1)
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Step 1

The whoele domain is divided into
finite e¢lement, which iz connected
together by specific nodes. Then the
displacement vector U at paint (X, ¥)

can be expressed as follows:

I
ULy = Y uiNiGy) - (2)
i=|
Step 3:

The relation between the applied
force acting on the nodes and the nodal
displacement can be cxpressed by
using which called element stiffness

matrix as follows:
K, = ‘” B'D Bdxdy ... (3)

Step 4:

The nedal stiffness and nodal loads
for each of the element sharing the
same nodes are add 1o each other to
obtain the net stiffness and the net load
at the specific nodes, so the global
matrix can be expressed as:

e

K=> K . (@)
e=1
ne
e=]

Step 5:

The overall system of equation of

the domain can be writien as:

[K1[U]=[P] (6

WM
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In order to solve the above system
of equations, the following
boundary conditions are applied:

1- At Joaded nodes the displacement is
unknown and the applied force is
known.
2- At supperted nodes the load is
unknown and the displacement is
knovm,
Siep 6

In the context of body forces, the
problems reduced to one of obtaining
the neodal loading wvector, which is
equivalent to a given force field,
reprasented by the following intensity
veetor:

Now, if the equivalent nodal loading

vector i5;
9 = [ QKI gl}.‘l ﬂ){l‘l Q},“ ]
<A
Then,
Tl
i=l
And
11
Q= QY . (9)
i=1
Where,
Q= [t N Nj da o
element
And,
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dA=dx dy=det] d& dn

for the special case of & uniform body
force i.e.

Xi= X53= ..=X
Yi=Y,=..=Y

It can be deduced that

Qi =0;X skl 1)
Q=Y B 2 2o

Where,

G- |t Niaa Loy
element

To produce programmable equation,
specific values for the body foree terms
X and Y have been considered. For
the case of rotation inertia as
foilowing:

For a body rotatc wilh 4 constant
angular velocity w, two cases are
considered:

{ 1) Rotation about the Z-axis

mx = {ﬂ). = ﬂ
X = plx—x, )@’ . (14)
Y = -p(y - yo o2 o (15)

(ii) Refation about an axis in the x-y

plane, v, =0

X == pl(x=x5) 05— (v~ ¥, )00, ]
.. (16)

X = —pl(x— X, ) 0% — (X ~ X )0, 0y ]

(17}
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4- J-Integral Technigue

In most fracture mechanics, I-
Integral, a parameter is sought to
represent the state of fracture process
region and thercby a fracture criterion
is given. In the case where body forces
{centrifugal force) exist, the J-Integral

equation is given as followers [7]:

du;
Ji= -[_wd}f—— ‘Ita—'di’-

The J-Integral related 10 the stress
intensity factor in the opening mode

(made T ) by the following equation;

_Ki o
= . {19)
Where,
E=F for plain stress.
B 3 for plain strain.
1-v
3-Finite  elermnent  meshes  and
mechanical properties

Case Study (1) Double Edges Radial
Crack in Rotating Hollow Thick

Dise.

This ¢ase deals with disc made from
bi-directional glass fiber reinforced
epoxy case of  Quasi-Isetropic

containing double edge radial crack,

_ . _______ ____________ . .. .. .. . . .|
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because of symmetry only one quarter
of the disc is used to analysis the
problem. The peometry of the disc
specimen, dimension and the finite
element mesh are illustrated in Fig.lA
and Fig. 1B. A total of 80 quadrilaterals

9 nodes standard element were used.

Ry

?

o = 1060 rad /s
R; =30 mm

130
A-Dise specimen R g

B- Finite element mesh.
Fig.1 IMsc specimen and example

of finite element mesh for case 1,

Case Study (2) Single Edge Crack in

Rotating Blade
This case deals with singie edge

crack in blade (8*34 cm) madc from

boron fiber reinforced aluminum

matrix [8, 9]. The materials constant

are given in Table 2. The finite element
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meshes are illusteated in the Fig.2 by
using 80 quadrilateral 9-nodes element.

Appenﬂix contains the mechanical
properties of glass fiber reinforced
boron fiher

reinforced aluminum matrix Table?.

epoxy Tablel and

&
L
—
W e
i

Fig.2 Blades fmite clement mesh
for crack length (8 mm) for case 2.

6-Results and Discussion

Fig.3 shows the stress intensity

factor at different crack ratios
calculated from J-Integral technique
and extrapolation method (stress and
displacement cxtrapolation methods).
It can clear from this figure that there a
good agreemenl between these two
methods. It can be seen that as erack
length increased the stress intensity
factor

increased  resulting  from

increasing the stresses at the crack tip
as crack extension in the material,
Fig4 and Fig.5 shows (he stress
intensity factor and J-values vs. crack
length to width ratios that obtained
from J-Integral and

methods. A liitle deference observed

extrapolation

between I-Integral and extrapolation
method results.

It can be seen that the siress
intensity factor for fiber reinforced
metal mairix composite is larger than
that obtained from fiber-reinforced
materials composite under the same
conditions and for the same crack
length to width ratios. This attributed
that the modulus of elasticity of fiber-

reinforced material is less than that for

metal  reinforced metal  matrix
composite.
10
——Stress Exl
g =3~ Jrlegrs|
—— Displacement Ext

.'_'.'E 6
E:
=
4
e
2 T :
0.1 2.2 03 04
a/ (Ra — Ri )

Fig.3 Stress intensity factor at different
crack length te width ratios for casc 1
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Fig.4 J-values at different crack lengih
to width ratios for case 2.

K { MPa. m '?)

a1 a2 03 04 Q.5
alw

Fig.5 K — values at different crack length
to width ratios for case 2.

F-Conelusios

From the pervious section, we can
conclusions the following remarks:
1- The finite element method and J-
Integral methods is a pood approach

for the analysis of composite materials.
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2- The stress intensity factor increase
as crack length increase resulting from
increasing stress at the crack tip.

2- The fracture toughness for fiber
reinforced composite materials is less
than that for metal matrix composite

under the same conditions.
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APPENDIX TABLES
Table 1. Material constant of E-Glass and epoxy resin [Ref.3]
! Constants
materials E(GPa) | o, (MPa.) | ¥ o (kg/m) | V¢%
[E-Glass fiber | 74 1500  [0.22 2540 45
Epaxy-Resin | 3.21 4100 038 1180 50

Table2. Material constant of boron-fiber and aluminum matrix [Ref.7]

| Constants
‘materials | B(GPa) | o, (MPa.) |7 Tp (kg/m) | Vi %
‘Boron fiber | 385 | 2800 0.25 2630 50
- Aluminum | 70 310 0.22 2800 50
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