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ABSTRACT

Introduction

Let f: X—Y be a © - continuous function from a
Topological space X in to

a O-Trspace VY, if K< Y is compact , then K is
O-closed in Y.

But fis ©-continuous, so ™ (K) is ©-closed.

This means that the inverse of each compact set in
Y is ©-closed in X.

This motivates the definition of MO-C- function.
In This work , we generalized These ideas to
Multifunctions .

If K is a subset of a Topological space , Then
CI(K) denoted the closure of K and K" denoted the
interior of K .

2-Preliminaries

In this section we recall the Basic definitions
needed this work.

(2-1) Definition [5]

Let X & Y be a Topological spaces , A
multifunction F: X—Y is a correspondence from
X to Y with F(x) a nonempty subset of Y for each
xeX.

(2-2) Definition [3]

If F: X—>Y is a Multifunction , Then the Graph
of F (G(F)) is the subset

{(x,y):xeX,ye F(x) }of XXY .

(2-3) Definitions

if X and Y are Topological spaces and F: X—Y
be Multifunction we will say that F has closed
graph if G(F) is closed subset of the product X x Y

[2].

A function F: X—Y has ©-closed graphs iff for each

, e X x Y- G(F) these are sets
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Ve) (x) in X (where > (x) denoted the
family of open subsets which contain x) and W

e > (y)in Y (where D (y) denoted the family
of open subsets which contain y) with ( cl (v) x cl
(W) N GE) =g [1].

(2-4)Definition [6]

Let D be a non empty set and let > be a binary
relation on D we say that the relation > directs
D iff the following three conditions hold :

1- foreveryaeD,a>a.

2- if a>bandb>cthena>c.

3- foreachabeD dceD> c>aandc>b.

The pair (D, >) is called directed set.

A net in the space X is a function f: D—X where
(D, >) is a directed set .

(2-6) Definition [1]

we will say that Multifunction F: X—Y hasa © -
sub closed graph if for each xe X and net {x,} in
X - {x} with x, —;—>x and net {y,} in Y with

yeF(x,) for each a , and y, ——y inY , we

have yeF(x) .

(2-7) Definition [2]

we will say that a Multifunction F: X—Y has
(closed , ©-closed , compact) point image if F(x)
is (closed , ©-closed , compact) in Y for each
xeX .

(2-8) Fact [1]

Let F: X—>Y be Multifunction from a space X
into a space Y , Then F has

O - closed graph iff F has a © - sub closed graph
and ©-closed point image .

(2-9) Definitions
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1- A Topological space (X , T) is said to satisfy
the © - T, - space if given a pair of distinct Pointes
X,ye X dtwoO -opensets U,V st xeU
and yeV

and UNV=g¢.

2- A Pointe x is said to be a © - limit Pointe of a

set K if for every open set U with xe U , (cl(U) -

xhHNK#o.

1- Let (X, T) be a Topological space , K < X is
called a © - neighborhood of a Pointe xe X
if 3 ©-openset UeT with xeU such that
Uc K.

(2-10) Definition [5]

Let F: X—Y be Multifunction from a space X

into aspace Y, if K < Y then

1- F(K) ={ xeX : F(X)< K}this called upper
inverse of K .

2- FYK) ={ xeX : F(x) N K # o}this called
lower inverse of K .

2-11) Example

Let X={a,b,c} and T={X, 0, {a}, {b}, {a,b}}

be a Topology on a set X and Let Y={1,2, 3}

and T={Y , ¢, {1,2}} beaTopologyonasetY,

and let F:X—Y be Multifunction defined as
following :-

F(@) ={1,2}, F(b)=F(c)={2,3}and letK < Y

3 K={1, 2} then

F'(K) ={xeX:F(X)c K}=a.

FIK)=xeX : Fx)NK#o¢}={a,b,c}=X.

(2-12) Definitions [4]

1- A Multifunction F: X—Y on a Topological

space X into a Topological space Y is a © - upper
- semi - continuous (© - u . s . c) iff for each ©-
closed set K < Y Then F'(K) is ©-closed in X
further , F isa © - lower - semi - continuous
©-1.s.c) iff FY(K)is © - open for each O -
openset K < Y then F is © - continuous
in caseitisboth(©-u.s.c)and (©-1.5.¢C).

2- A Multifunction F: X—Y
upper - semi - continuous
(a.O-u.s.c)iff for each xeX and each open
set Vo Y with F(x)c V , cl(F(V)) is a
neighborhood of x . Further , F is almost - © -
lower - semi - continuous (a . © - | . s . c) iff for
each open set Vc Y the set cl(F(V)) is
a neighborhood of each xeF*(V)) . Then F is
almost O - continuous (a . O - ¢) iff it is both (a . ©
-u.s.c)and(a.©6-1.s5.0).

is almost - © -
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(2-13) Definition [1]
1- A point x is in the © - closure of a subset K of

a space X (xe clo(K)) if each Ve (x)

satisfies K N cl(V) #¢.
2- A subset K is ©-closed iff clg(K) =K .
3- MO - C-Multifunction
In this section we introduce a new concept |,
namely MO - C -Multifunction defined as follows

(3-1) Definitions

1- Let F: X—Y be Multifunction we say that F is

O- lower- MC-Multifunction iff for each compact

K c Y, Then FY(K) is ©-closed in X .

(( we will use M'© - C- Multifunction to denoted

O- lower- MC- Multifunction)) .

2- Let F: X—Y be Multifunction we say that F is

O- upper- MC-Multifunction

iff for each compact K < Y , Then F'(K) is ©-

closed in X .

(( we will use M*©-C- Multifunction to denoted

O- upper- MC- Multifunction)).

3- IfF:X—>Y is ©- upper- MC-Multifunction and
O- lower - MC-Multifunction Then we say
that F is MO -C-Multifunction .

(3-2) Theorem

If F: X—Y is Multifunction with ©- sub closed

graph then F is

an MO - C - Multifunction .

Proof :

Let K be compact subset in Y . we must prove that

FYK) is ©-closed in X .

Let p be a © - limit Pointe of F*(K), There are a

nets {x,} in X - {p} and {y.} in K, with x,

—;—pandy, € F(x,) foreach a.

Some subnet {y,.} of {y.} © - converges to some
y € K this gives y e F(p) , so peFY(K), Then
FY(K) is ©-closed in X .

(3-3) Corollary

If F: X—Y is Multifunction with ©- closed graph
then F isan M'© - C - Multifunction .

(3-4) Remark

If F: X—>Y is ©- lower - MC-Multifunction then
G(F) is not necessarily

O-closed .

The following Theorem show if F: X—Y is O-
lower - MC-Multifunction from a space X into a
locally compact ©-T,- space Y, Then G(F) will be
©-closed
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(3-5) Theorem
Let F: X—Y be MO - C - Multifunction with O-

closed point images from

a space X into a locally compact ©-T,- space Y
then G(F) is ©-closed .

Proof :

suppose (x , y) ¢ G(F) , theny ¢ F(x) and so
there exists disjoint sets U; , U, with ye U; and
F(x)c U, , Further , There is a compact
neighborhood W of y such that W < U;, Then F

Y(W) is ©-closed in X and x ¢ F'(W) thus there is
an open set V such that xeVand VN FY(W)=¢
, Hence V x W is a neighborhood of (x , y) which
misses G(F) and so G(F) is ©-closed .

(3-6) Theorem

If F: X—>Y is(© -u.s.c) Multifunction from a
space X into ©-T,- space Y Then F isM®© -C -
Multifunction .

Proof :

Let K be a compact subset in Y , since Y is O-T,-
space , Then K is ©-closed in Y {A compact
subset of ©- Hausdorff space is ©-closed [6]}
since Fis (© - u . s . ¢) Then F*(K) is ©-closed in
X, Then F is MO - C - Multifunction .

(3-7) Corollary

Let F: X—>Y Dbe O - continuous Multifunction
froma space X into

O-T,- space Y, Then F is M'© - C - Multifunction

Before we state our next Theorem , we recall the
following definitions :-

(3-8) Definitions

1- Let F: X—Y be Multifunction , we say that F is
a lower compact Multifunction iff for each
compact set K < Y, Then F*(K) is compact in X

2- Let F: X—Y be Multifunction , we say that F is
a upper compact Multifunction iff for each
compact set K < Y, Then F*(K) is compact in X .
Then if F lower compact Multifunction and upper
compact Multifunction then_we say that F is
compact Multifunction .

(3-9) Theorem

Let F: X—Y be a lower (upper) compact
Multifunction from a © - T,- space X in to a space
Y then F is M'© - C(M'©-C) — Multifunction —
respectively .

Proof :
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Let K be a compact subset in Y, since F is lower
(upper) compact Multifunction Then F'(K) &
F'(K) is compact in X . since X isa © - T,-
space ,

Then FY(K) & F*(K) is ©-closed in X, then F is
M'©- C(M*6-C)-Multifunction .

(3-10) Corollary

Let F: X—Y be compact Multifunction from a © -
T,- space X in to a space Y Then F is MO - C -
Multifunction.

(3-11) Theorem

Let F: X—>Y be(a. O -u.s.c) with compact
point image, and let F is

a © - upper - MC - Multifunction , and suppose
that each yeY has a base for as neighborhoods
consisting of compact sets , Then Fis (©-u.s.
C).

Proof :

Let Fisa(a.© -u.s.c)with compact point
image and let F is M*©-C- Multifunction . we
must prove that Fis (©-u.s.c).

Let F(x) < U be an open set , then from the
hypothesis there exists a compact set W such that
F(X) ¢ W < W < U, then F (W) is ©-closed
set containing F*(W°) , thus F*(cl(W")) < F(W)
and so there is an open set V' with

xeVc F(cl(W)),But F(V) € U, ThenFis (©
-u.s.c).

(3-12) Theorem

Let F: X—>Y be(a.©O -1.5s.c¢) with compact
point image, and let F is

O - lower - MC - Multifunction , and suppose that
each yeY has a base for as neighborhoods
consisting of compact sets, ThenFis (6 -1.5s.c)

Proof :

Similar to the proof of Theorem [3-11]

(3-13) Theorem

Let F: X—Y be MO - C- Multifunction from a
space X into a compact space Y and let H: Y—>Z
be a (O - u . s . c) Multifunction from a space Y
into a

O - T,- space Z, Then HoF: X—Z is MO - C-
Multifunction .

Proof :
Let K be a compact subset in Z , since Z is © - T,-
space , Then K ©-closed in Z since Hisa (6 -u.S. )
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, Then H'l(K) is ©-closed in Y , since Y is compact ,
Then

H*(K) is compact in Y , since F is M© - C-
Multifunction then

FYHY(K) = (HoF)(K) is ©-closed in X then HoF:
X—Z is MO - C- Multifunction .

(3-14) Corollary

Let F: X—Y be MO-C-Multifunction from a space X
into a compact space Y and let H: Y—>Z be O -
continuous Multifunction from a space Y into a

© - T,- space Z , Then HoF: X—Z is MO-C-
Multifunction .

(3-15) Theorem

Let F: X—Y be (© - u. s . c) Multifunction from a
space X into aspace Y

andlet H: Y—>Z be MO - C- Multifunction , Then
HoF: X—Z is

MO - C- Multifunction .

(3-16) Corollary

Let F: X—Y be O - continuous Multifunction from a
space X intoaspace Y andlet H:Y—Z be MO-C-
Multifunction ,Then HoF: X—Z is MO-C-
Multifunction .

(3-17) Theorem

LeF: X—Y be MO - C- Multifunction from a space X
into a compact space Y and let H: Y—Z be MO - C-
Multifunction , Then HoF: X—Z is

MO - C- Multifunction .

Proof :

Let K be a compact subset in Z , since H is M© - C-
Multifunction then H*(K) is

O-closed in Y , since Y is compact then H*(K) is
compact , since F is

M© - C- Multifunction then F*(H*(K) = (HoF) }(K) is
O-closed in X then

HoF: X—Z is M'© - C- Multifunction .

(3-18) Corollary

Let F: X—Y be MO-C-Multifunction from a space X
into a compact space Y and let H :Y—Z be MO-C-
Multifunction ,Then HoF: X—Z is an MO-C-
Multifunction

(3-19) Theorem

Let F: X—Y be M'© - C- Multifunction and let Wc
X then F|W : W—Y is

MO - C- Multifunction .

Proof .

Let g=F|W : W—Y and let K be a compact subset in
Y, since F is an M'© - C- Multifunction , Then F*(K)
is ©-closed in X .
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Now g(K) = F}K) N W then g'(K) is ©-closed in
W.

Then g =F|W : W—Y is M'O - C- Multifunction .
(3-20) Corollary

Let F: X—Y be MO - C -Multifunction and let Wc
X , Then F|W: W—Y is MO-C-Multifunction .
(3-21) Theorem

Let F: X—Y be MO - C- Multifunction and let Wc
X, Then (F|W), : W—F(W) is

MO - C- Multifunction .

Proof :

Similar to the proof of Theorem [3-19] .

(3-22) Corollary

Let F: X—Y be MO -C-Multifunction and let Wc X
, Then (FIW), : W—F(W) is MO - C -Multifunction .
(3-23) Theorem

Let F: X—>Y be (© - u . s . c) Multifunction from a
space X into © - T,- space Y, and let H: Y—Z be a
lower compact Multifunction ,Then HoF: X—Z is
MO - C- Multifunction .

Proof :

Let K be a compact subset in Z , since H is lower
compact Multifunction, Then

HY(K) is compact in Y , since Y is © - T,- space ,
Then H*(K) is ©-closed in Y, since F is (©-u.s.c),
Then FY(H*(K) = (HoF)™(K) is ©-closed in X then
HoF: X—Z is M'© - C- Multifunction .

(3-24) Corollary

Let F: X—Y be O - continuous Multifunction from a
space X into © - T,- space Y, and let H: Y—>Z be a
compact Multifunction , Then HoF: X—Z is

MO - C -Multifunction .

(3-25) Theorem

Let F: X—Y be a lower compact Multifunction from
O - T,- space X into Y, and let H : Y—Z be a lower
compact Multifunction , Then HoF: X—Z is

M’ - C- Multifunction .

Proof :

Let K be a compact subset in Z , since H is a lower
compact Multifunction then

H(K) is compact subset in Y , since F is a lower
compact Multifunction then

FYH™(K) = (HoF)%(K) is compact in X , since X is ©
- T,- space then (HoF)'(K) is ©-closed in X , Then
HoF: X—Z is MO - C- Multifunction .

(3-26) Theorem

Let FX—Y be (6 - u . s . c) Multifunction from a
space X into Y ,and let H: Y>Zbe (6 -u.s.¢c)
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Multifunction from a space Y into © - T,- space Z ,
Then HoF: X—Z is MO - C- Multifunction .

Proof :

Let K be a compact subset in Z , since Z is © - T,-
space then K is ©-closed in Z , since His (©-u.5s.C)
then H'(K) is ©-closed in Y , since Fis (©-u.s.c)
,Then

FY(HY(K) = (HoF)'(K) is ©-closed in X, Then HoF:
X—Z is M'O-C- multifunction .
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