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Abstract

We concentrate on bi-shadowing property, it has important properties and applications in
mathematics. In this paper some general properties of this concept are proved. Let (Y, 4) be a metric space
g h:(Y,d) —= (Y,d) be maps have bi-shadowing property. We show the maps g o h, g™ and g X h have
bi-shadowing property.

Let g, h: (R™, d) — (R™, d) be maps on a metric space (R", &) have bi-shadowing property. We
show the maps g + h and g. h have bi-shadowing property.
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1- Introduction

Attractors of the discrete dynamical system on an infinite-time interval have been used to
investigate the properties of the system. To do so, an arithmetic simulation of the attractors is needed,
particularly for complicated system such as chaotic systems. Consequently, pseudo-orbits (approximated
orbits) are now present, and the resultant behavior reflects the behavior of the approximated system only.
Therefore, the question about the existence of a true orbit near a pseudo-orbit is obviously raised and
strongly considered. It appears that the best way to carry out these ideas is by the concept of the property of
(direct) shadowing. The concept of shadowing, in fact, plays a significant role in understanding the
asymptotic behavior of dynamical systems; this goes back to 1960s, the work of [4].

The inverse idea is also important, that is, every true orbit of the system can be approximated by a
pseudo orbit with specific properties. In practice, these pseudo orbits are taken from a pre-assigned class of
orbits generated by continuous maps. This concept is called inverse shadowing, which was introduced by
[8] and by [9] using & method. A combination of the concepts shadowing and inverse shadowing is called
bi-shadowing, which was introduced by [6], see also [5]. Bi-shadowing was considered in two cases, first
case finite-dimensional systems in [6] and second case infinite dimensional systems in [3]. Bi-shadowing
was also considered for set-valued dynamical systems in a metric space with an application to iterated
function systems, see [1]. [7] studied the hyperbolic homeomorphisms on compact manifolds and presented
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both inverse shadowing and bi-shadowing properties with respect to a class of 6 methods which are
represented by continuous maps from the manifold into the space of bi-infinite sequences in the manifold
with the product topology in [2] proved the concept of bi-shadowing with respect to continuous comparison
maps for these systems under various conditions. Al-Badarneh also illustrated the finding by using
examples of subclasses that incorporate: Kannan mappings, Chatterjea mappings and Reich mappings.

In this paper, some preliminaries needed are given, also we state and prove some general
properties and theorems about bi-shadowing property.

2- Preliminaries:

Let g: (Y,d4) — (Y, d4) be a map defined on a metric space (Y,d) and consider the dynamical
system on Y generated by the iterations of g, thatis g° = id,, and gttt =gtog,foralln € N.
We shall identify the map g with the corresponding dynamical system. A sequence {y,}n-o € Y is called
a (true) orbit of g if Vne1 = g(O), forall n € N. Asequence {z,}m-o €Y iscalleda é-
pseudo-orbit of g if d(z,41,9(2,)) <& forall ne N andfor§ > 0.

Definition 2.1. [2]

A continuous map g:Y — Y is called bi-shadowing with respect to a comparison class of maps
C(Y) consisting of continuous maps on Y and with positive parameters a and b if for any given §-pseudo-
orbit {x, }n=o of g with 0 < § < band any ¢ € C(Y) satisfying: & + supyey d(@(y),g(y)) < b
there exists a true orbit {y,}n=o of ¢ such that:

A (xp, ¥) < a(8 + supyey (), g(»))) , foralln € N.

3- Main Theorems:
In this section, we state and prove the main results about maps that have bi-shadowing property in
a metric space (Y, d) and (Z,d").

Theorem 3.1.

If g,h:Y — Y are maps on Y have the bi-shadowing property, then g o h has the bi-shadowing
property.
Proof:

Suppose that g has bi-shadowing then for any given &’-pseudo-orbit {y, }r-, of g with 0 < §' <
b"and any @ € C(Y) satisfying :

&' + supyey d(0(y), g(»)) < b’

there exists a true orbit {a,, };r—, of @ such that :

Ay, an) < a'(8' + SUPyey a(0(),g()), foralln eN.
since h has bi-shadowing then for any given §"-pseudo-orbit {z,};-, of h with 0 <" < b" and any
6 € C(Y) satisfying :

8" + supyey d(6(y), h(y)) < b”

there exists a true orbit {3, }s=, Of 8 such that :

A(2n, Bn) < a" (8" + supyey d(6(y), h(¥))), foralln e N .
Now, for some r,7v'>1, let a=rr'd’’ when a"' =max{a’,a'},b =min{b’,b"},
§'+8" (r—-1)b+8" (r-1)b+68"

b>=62 max{ e - } > 0, for any given §-pseudo-orbit {x,};—, of g o h, and any

@ =000 € C(Y) satisfying :
8 + supyey d(@(¥),g o h(y)) <b
supyey d (0(0), h(9(»)) <b -6
supd(0(y),g(y)) <r(b—68) <rb— r—(r — 1ib o <b-6<b -6
YEY

then there exists a true orbit {a, };r—, of @ such that :
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A(yp ay) < d' (8" + Supyey a(0(),9()) foralln e N.
In the same way, we can get:
—1b+48"
supd(0(y),h(y)) <r(b—8) <rb— r% <b-§"<b"'-¢"
YEY

there exists a true orbit {3, };=, of 8 such that :

A(zy, Br) < a’'(8" + Supyey a(6(y),h())) foralln e N.
Hence there exists a true orbit {x/,}>°_, = {H(Q)(xn))}:zo of ¢ such that:

1

; d(xn: xrll) < d()’n: an) + d(zn: ﬁn)

< a'(é‘/ + SUPyey d(@(y),g(y))) + a”(5" + SUPyey d(@(y), h(y)))
< a""(8" + supyey d(0(¥), g())) + @’ (8" + supyey (6 (), h(»)))

<a" (5’ +6" + ilégd((b(y),g(y» + Sy‘élgd(e@' hw))
<aq"” (6’ + 6" +7r'supd (9(¢(y))' h(g(y)))>
YEY

5 5"
<7'q" ( + +supd (9(@(}’)). h(Q(}’))))
YEY

rl

! n

0
T supd (e(0»)), h(g(w)))

<a (6 + supyey d (9((2)(36)), h(g(x)))) foralln € N.
Hence, g o h has the bi-shadowing property. m

Hence d(xp, x;) < rr’a”’(

Corollary 3.2:

Let g:Y — Y be a map. If g has the bi-shadowing property, then g* has the bi-shadowing
property for every k € N.
Proof:

We can prove this result by Induction Law of Theorem 3.1. m

Let (Y,d") and (Z,4') be metric space, g:Y — Y and h:Z —Z be maps ,the

A2, 2)) =d' . y) +d"(z,2).
We defined the map (g X h)(y,z) = (g(y), h(z)), forally € Y and forall z € Z.

To prove that (Y X Z, &) is a metric space .

Let (y,2),(y',z")and (y",2") €Y X Z.

1. Since d((y, z), (y’,z’)) =d'(y,y)+d"(z,z") also d'(y,y') =0 and 4"(z,z") =0. So that
d((y, z), (y’,z’)) > 0.

2. d((y, z), (y’,z’)) =0, ifandonlyifd'(y,y") +d"(z,z") =0,

ifandonly if &'(y,y’) =0and d''(z,z") = 0,

ifandonly if y = y" and z = 2/, thus (y,z) = (¥, 2').

3.  Since d((y, z), (y’, z)) =d'(y,y)+d"(z,2")
=d"(z,z)+d'y,y")
=d((y',2"), (v,2))

Hence d((y, z), (y’,z’)) = d((y’,z’), (y, Z)).

4. a(2),0,2))=d'(yy)+d"(z,z")

S dl(y’yll) +dll(Z’le) +dl(yll’yl) +dll(zll’zl)

S [dl(yl' yl/) + dll(Zl' Z”)] + [dl(y”'yl) + dII(ZII’ ZI)]
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S d((y. Z), (yr/' ZH)) + d((y”, Z”), (y’,Z’))

Hence d((y,2), (v',z)) < d((v,2), ¢",2')) + d((y", 2", (v', 2"))

From 1,2,3 and 4, thus (Y X Z,d) is a metric space.

Theorem 3.3:

Let (Y,4") and (Z,4'") be metric spaces, g:Y = Y and h: Z — Z be maps. if g and h has the bi-
shadowing property then g x h has the bi-shadowing property.
Proof:

Let (Y,4') and (Z,4'") be metric spaces, g:Y — Y and h: Z — Z be maps, then we choose the
metric & on Y x Z as following:
Forx = (x1,%2),y = (Y1, ¥2) €Y X Z, d(x,y) = d'(x1,y1) + d"(x2,¥2).
Suppose that g has hi-shadowing then for any given &'-pseudo-orbit {y,}x-, of g with 0 < & < b’ and
any @ € C(Y) satisfying: 8’ + sup,ey &'(0(»), g(»)) < b’

there exists a true orbit {a,, };—, of @ such that

ad' (Y, an) < a@'(8' + supyey &' (), 9())) foralln e N .
Since h has bi-shadowing then for any given &"'-pseudo-orbit {z,}r-, of h with 0 < 6" < b" and any
6 € C(Z) satisfying: &" + sup,ez d"(0(2), h(2)) < b"”

there exists a true orbit {8, };—, of 6 such that

A" (zp, Bn) < a@"(8" + sup,ez d"(0(2),h(2))) foralln eN.
Now, let a =max{a’,a’’}, b=min{b’,b"}, b=8=6+6" =0, for any given &-pseudo-orbit
{xndnco = {0, zn) e Of g X hand any ¢ € C(Y x Z) satisfying:

8 + supgy erxz A(@(1,2),(g X D) (¥,2)) < b

Sup(y perxz A(@(,2), (g X W) (,2)) <b -6

since ¢ (y,z) = (6(y),0(2))
syléypd’(my),g(y)) + szlg)d"(e(z), h(z)<b-§
Hence sup,ey ' (8(), 9(»)) <b—8 < b - &

Then there exists a true orbit {a,, }r-, of @ such that

d' (yn, @) < a'(8' + supyey 4’ (0(), g(»))) forallneN.
Andalso  sup,e, d"(0(z),h(z)) <b—-6<b" 6"
Then there exists a true orbit {8, }s—, of 8 such that

A" (zn, Br) < @"(8" + sup,ez d"(0(2),h(2))) forallneN.
Hence there exists a true orbit {x', }ro = {(&n, Br)}or=o OF @ such that
A(xy,x'n) < d((yn' zy), (@, Bn)) S d' (Y ) + " (25, Bn)

<d (6’ + sup d’((z)(y),g(y))) +a"” <6” +supd”(6(2), h(z)))
yEY ZEZ
<a (6’ + sup d’((b(y),g(y))) +a (8” +supd”(6(2), h(z)))
YEY Z€EZ
<a (6’ +8" +supd'(0(y), 9(»)) +supd”(6(2), h(z)))
YEY Z€EZ

<a (5 + sup d(p(y,2),(gxm(, Z))>

(y,2)eEYxZ
Hence g X h has the bi-shadowing property. =

Now, we state and prove the main results about maps have bi-shadowing property in a metric
space (R", &4).
Theorem 3.4:
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Let g, h:(R™ d) —» (R™, &) be maps. if g and h has the bi-shadowing property then g + h has
the bi-shadowing property .

Proof: Suppose that g has bi-shadowing then for any given §’-pseudo-orbit {y,}r-, of g with
0< ¢ <b'andany @ € C(R™) satisfying :

8"+ supyepn 4(0(y), g()) < b’

there exists a true orbit {a, };-, of @ such that

Ay, an) < @' (8" + supyern 4(0(y), g(»))), forallneN.
And h has bi-shadowing then for any given &''-pseudo-orbit {z,}5-, of h with 0<§" < b" and any
6 € C(R™) satisfying:

8" + supyegn d(0(y), h()) < b"”
there exists a true orbit {8, };—, of 6 such that

A2y, Bn) < a''(8" + supyegn 4(0(), h(»))), forallneN.

Now, for some r,r'>1, let a=71'a""" when a'"’ = max{a’,a’'},b = min{b’, b"'},
b =6 = max {‘S :,5 ,(r_lib“s ,(r_l):”s } > 0, for any given &-pseudo-orbit  {x,}%0 = {(Vn + 22)}%0
of g+ h, let ¢ € C(R™) when o) = (0(y) +6(y)) forally € R®
satisfying:

8+ supyepn d(9 (), (g + () < b
supyenn & ((00) +0()), (90 +h(»)) <b -6
supyern d(9(y), g(¥)) + supyerr d(6(¥), h(y)) < (b — 6)
Hence sup d(@),g) <r(b—96)
YER™

— Db+ 6’
sup d(0(), g»)) <rb—76 Srb—r%= b—§<b -¢
yERM

there exists a true orbit {a,, };, of @ such that

AV, an) < a'(8' + supyegn 2(0(y), g())), forallneN
And also:

sup 4(6(y), h(y)) < (b —8)
yeRM

— Db+ 8"
sup 4(6(),h(y)) <rb—18 <7b —r% —ph—8"<p' —§"
yeERM?

there exists a true orbit {8, };—, of 6 such that
A(2zy, Bn) < a''(8" + supyern 4(6(¥), h(¥))), foralln €N
Hence there exists a true orbit {x; }r=q = {an + Brloeo Of @ such that

A, x7) < A(On + 2, (@ + Ba)) < Ay @n) + 23, B)
<d (6’ + sup d((?)(y),g(y))) +a” (6” + sup 4(9(}’)'}10’)0
yeRn yER™
<a" (6’ + sup d(@(y),g(y))> +a" (5" + sup d(G(y),h(y))>
yeRn yER™
<a” (5' +8" + sup, (@), 9») + el d(9(y),h(y)))
<a" (5’ + 68" + 1" supyegn d (fp(}’), (9 + h(y))))

6[ 6”
< r’a”’( : + sup d (), (9 + h(ﬁ)))
yeR?

! n

Hence d(x,, x,) <7'a" + sup d ((p(y), (9 + h(y))))
yeRM

_rl
<a (5 + sup d (90, (9 + h()f))))
yeERN
Hence g + h has the bi-shadowing property. m

Theorem 3.5:
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Let g, h: (R™, d) —» (R™, &) be maps. if g and h has the bi-shadowing property then g. h has the
bi-shadowing property .

Proof: Suppose that g has bi-shadowing then for any given §’-pseudo-orbit {y,}r-, of g with
0< ¢ <b'andany @ € C(R™) satisfying :

8"+ supyepn 4(0(y), g()) < b’

there exists a true orbit {a, };-, of @ such that

ad(y,, a,) < a'(5' + supyegn d(@(y),g(y))), foralln e N.
And h has bi-shadowing then for any given &"'-pseudo-orbit {z,}5-, of h with 0 < §"” < b" and any
6 € C(R™) satisfying :

8" + supyegn d(0(y), h()) < b"”
there exists a true orbit {8, };—, of 6 such that

A2y, Bn) < a''(8" + supyegn 4(0(), h(»))), forallneN.

Now, for some 7,7’ =1, let a=rra” when a' =max{a’,a"},b =min{b’, b'"},
b =6 = max {‘S :,5 ,(r_lib“s ,(r_l):”s } > 0, for any given §-pseudo-orbit  {x,}0 = (V- 20)} 0
of g-h, let @€eC@®™) when @) =(0().0(y)) for al yeR" satisfying:

8 + supyern d(9(¥), (g-W) () < b
supyean d (0.0, (90)-h())) <b -5
supyern (), g(»)) + supyern d(0(¥), h(y)) < (b — §)
Hence su]Rp a(0(»),g¥) <r(b-9)
YER™

— Db+ 6’
sup d(0(»), g)) <rb—76 Srb—r%= b—§<b -¢
yERM

there exists a true orbit {a,, };r—, of @ such that
AV, an) < a'(8' + supyegn 2(0(y), g())), forallneN
And also:  supyepn 4(0(), h(y)) < (b —6)
— Db+ 46"
sup d(0(y),h(y)) <1h—18 <rb — r% =h-8"<b"—8"
yeERM?

there exists a true orbit {B,,}7o of 8 such that
A2y, Bn) < a'(8" + supyegrn 4(0(), h(»))), foralln € N
Hence there exists a true orbit {x;, }r-o = {@n- Bz, Of @ such that

1 1
; d(xn' xr,l) = ;d((ynzn)' (anﬂn)) < d(yn' an) + d(Zn, ﬂn)
<d (5, + sup d(q)(y)'g(y))) +a” (5” + sup d(@(}’),h(}/)))
yERM? yeR™
<a" (6’ + sup d(@(}/),g()’))> +a" (5” + sup d(G(y),h(y))>
YyERM YER™
<a" (8’ +8"+ sup 4(0(), 90) + sup 4(90’)"10’)))
yeRM yeR™
<a” (6'+ 6"+ supyepn & (9(1), (9. h(¥))))

6[ 6”
< r’a”’( : + sup d (go(y), (g(y)-h(y)))>
yeR?

! n

Hence dan ) < e (T4 sup d (90, (90)-h1)
yeERM

<a (5 + sup d (p(), (g(y)-h(y))))
yeERN
Hence g. h has the bi-shadowing property. m
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