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1. Introduction
In 1969, Nadle™ proved a multi-valued
version of Banach contraction principle
in Hausdorff metric space.

Indeed, the fixed theorems for multi-
valued maps are useful in control theory
and have been used in solving many
problems in economics and game theory.
Hybrid contractive condition, that is,
contractive condition involving single-
valued and multi-valued maps are the
further addition to metric fixed point
theory and its applications@34567) |

In 1994 Matthews® introduced the
partial metric spaces as a part of the study
of denotational semantics of data flow net
works. Also the partial metric spaces play
an important role in constructing models
in the theory of computation(®10:11.12.13.14)

In a partial metric space, the distance
of a point in the self may not zero.
Recently, Aydi et al.!® initiated the
concept of a partial Hausdorff metric and
obtained an analogue of Nadler’s fixed
point theorem in partial metric space.
Our results extend, unify and
complement a multi-valued of related
fixed point theorem for metric space and
extend them in partial Hausdorff metric
space.
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2. Preliminaries

We recall some definitions and notions of
partial metric spaces and Hausdorff
metric spaces.

Definition 2.1® : A partial metric on a
non-empty set X is a function
p: X xX —R" (where R denotes the set
of all non-negative real numbers) such that
for all x,y,z e X, the following conditions
are satisfied:
(P1) x=yifandonly if
p(x,x) = p(y,y) = p(x,y)
(indistancy implies equality)
(P2) p(x,y) = p(y,x) (symmetry)
(P3) p(x,x) < p(x,y)(small self-
distances and non negativity)
(P4) p(x,z) < p(x, ¥)+ p(Y,2) = p(Y.Y)
(triangularity)

A pair (X, p) is called partial metric
space and p is a partial metric on X .For
each partial metric p on X, the function

d, X x X — R defined by

dy (X, ¥)=2p(x, y) - p(x,x)—p(y,y) isa
(usual) metricon X .

Definition 2.2®: Let (X, p) bea
partial metric space
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(i) A sequence (X,)ncn 1N @ partial metric
space (X, p) converges to a point
xe Xif lim p(x,x,)=p(x,X).

n—o0

(if) A sequence (X,),.n In a partial
metric space (X, p) is called Cauchy
sequence if lim p(x,,X,,) exists

n,m—o0

(and is finite).

(iii) A partial metric space (X, p) is
said to be complete if every
Cauchy sequence (X,)peny 1N X
converges, with respect to z(p),toa
pointx € X such that,

p(x,x)= lim p(X,,X,).
n,m-—o0

Lemma 2.3®): Let (X, p) be the

partial metric space, then

(1) A sequence {X,},.n In a partial
metric space (X, p)is a Cauchy
sequence if and only if it is a
Cauchy ina metric  space(X,d),

(i) A partial metric space (X, p) is
complete if and only if a metric space

(X,d,) is complete .Moreover,
r!H)Tolodp(x,y):0<:>

p(x,X) = lim p(x,X,)= lim p(x,, %)
n—>wo n,m—>o0

(iii) A subset A of the partial metric space
(X, p)isclosed if whenever{x,} isa

sequence in A such that {x.}
convergesto some x e X ,then xe A

Lemma 2.49): Let (X, p) be a

partial metric space, then
A. If p(x,y)=0,then x=y
B. If x=y,then p(x,y)>0.

Compatible with®>1°), Let (X, p) be
the partial metric space (P.M.S) for short
and let CBP(X) the family of all
nonempty closed and bounded subsets of
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the partial metric space (X, p), induced
by the partial metric p . Note that the

Closedness is taken from (X,rp) (zpis

the topology induced by p ) and
boundedness is given as follows: A is a
bounded subset in (X, p) if there is

Xo € X andM > 0such that for alla € A
,we havea e B, (%, M), that is,
p(xp.a)< p(a,a)+M

ForA BeCBP(X) xeX,

5, :CBP (X )xCBP (X )—>R" define
p(x,A)zinf{p(x,a);aeA},
p(AB)=inf{p(x,y);xeAyeB]

5,(AB)=sup{p(a,B);acA},

S,(B,A)=sup{p(b,A);beB},

H, (A B)=max{5,(AB),5,(B,A)},

dp(x,A):inf{dp(x,a),aeA}.

Not that p(x, A)=0=d(x,A)=0.

Lemma 2.5®: Let (X,p) be a partial
metric space and A be any non-empty subset of
X , then aeA if and only if

p(a,A)=p(aa).

Proposition 2.6@: Let( X, p)be a
partial metric space. For any
A,B,C eCBP(X), we have the following:

(i) 5, (A A)=sup{p(a,a),acA};

(i) 5,(AA)<5,(AB);

(iii) 5, (A B)=0implies that Ac B;

(iv) 6,(A,B)<6,(AC)+6,(C.B)-
inf,.c p(c.c)

Proposition 2.77: Let(X, p)bea

partial metric space. For all

A,B,C eCBP(X), we have

(h1) H, (A A)<H,(AB);



Basrah Journal of Science (A)

Vol. 35(1),51-60 ,2017

(h2) H, (A B)=H,(B,A);
(h3) Hp(A,B)SHp(A,C)+
H,(C.,B)—inf.¢ p(c.c);

(h4) Hp(A, B)=0=A=B.The
mapping
H,:CBP(X)xCBP(X)—R"is called
the partial Hausdorff metric induced by
p . Every Hausdorff metric is a partial

Hausdorff metric but the converse is not
true®,

Lemma 2.8%%: Let(X, p) be a

partial metric space. A,BeCBP(X)
and h>1, then forany ae A, there
exists b(a) e Bsuch that

p(a,b)<hH (AB).

Let( X, p) be a partial metric space

and T : X — CBP (X )be a multi-valued
mapping define:
M, (% y)=max{p(x,y), p(x,Tx),

P(Y.TY).5 (P(XTY)+ P(y.TX)}
forall x,y eX. 1)
Also let y :[0,1) —(0,1] be a non-
increasing function defined by

~ 1, if 0<r <%, ,
vir)= 1-r, if Z<r<l @
Theorem 2.9%9: Let (X,p) be a
complete  partial  metric  space,

T:X ->CBP(X) be a multi-valued
mapping and :[0,1) > (0,1] be the
non-increasing function defined by (2), if
there exists re[0,1) such that T
satisfies the condition
w(r)p(x,Tx)< p(x,y)=H . (Tx, Ty)

<rM, (xY)
forall x,y e X, then, T has a fixed
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point in X , that is, there exists a point
ze Xsuchthatz eTz.

Definition 2.10%9): Let (X, p) bea
partial metric space and f : X — X and
T:X ->CBP(X)Apointxe X is said
to be

(i) a fixed point of f if x= fx,

(if) a fixed point of T if xeTX,

(ii1) a coincidence point of a pair

(f.T)if fxeTx,
(iv) acommon fixed point of the pair
(f.T)if x=fxeTx.

we denote the set of coincidence point
of the pair (f,T)by C(f,T).
Motivated
by the work®9),

Definition 2.11¢9): Let (X, p) bea
partial metric space and f : X — X and
T:X —>CBP(X). The pair (f,T)is
called
(1) commuting if Tfx = fTx for all
X,yeX
(ii) weakly compatible if the pair (f,T)
commute at their coincidence point,
that is, Tfx = fTx whenever fx eTx,
(iii) IT-commuting®™ at x e X if
fTx e Tfx.
Now we introduce the following
definition:
Definition 2.12 Let (X, p) bea
partial metric spaceand f ,g : X — X
and T :X —CBP (X )be asingle-valued
and multi-valued maps, respectively. The
hybrid pairs (f,T)and (g, T )are said to
satisfy Fisher Type Ciric-Suzuki
generalized hybrid contraction condition
if there exist r €[0,1) such that
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{p(™.Tx), p(gy.Ty)}
X, Y)

y(r)min
<p(f

(3)
Implies H , (TX, Ty )<, (x,y ),
where

Mp(x,y)=rmax{p(fx,gy ),p(fx,Tx),

p(agy Ty )é[p(Tx gy )+p Ty, fx)

3. Main Results

Theorem 3.1 Let (X, p) bea

complete partial metric space. Assume

that T :X —CBP (X ) and

f,g:X — X satisfies the condition

(3)and TX <fX mgX. If one of the

subsets TX , fX or gX isacomplete

subspace of X then,

(i) C(f,T)=¢ thatisthere exist
z e X suchthat, fz €Tz,

(i) C(9,T)#¢, that is there exist z, € X

such that, gz, e Tz;.

(iii) f and T have a common fixed point
provided f and T are IT-commuting
just at coincidence point zand fzisa
fixed point of f , thatis, f (fz)=fz,

(iv) gand T have a common fixed
point provided gand T are IT-
commuting just at coincidence point
zand gz is a fixed point of g, that is
9(9)=92.

(v) T, fand ghave acommon fixed
point provided that (iii) and (iv) are
true.

Proof: Let h = where 1, is a real

1

Jro’
number such that 0<r < <1 and

Ug e X since, TX < gX thereexista
point u, such that y, = gu; € Tu, and

since TX < fX , there exist u, € X

such that y; = fu, eTu,. By lemma
(2.8)
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(Y Yo) = P(fup, gu;) <hH  (Tup, Ty )

Similarly, there exist y, = gu; € Tu,
such that

P(V1Yo)= p(fuzgu3)sth(Tu0,Tu2).
Inductively, we find a sequence {y,} in
X such that

Yan = QUzn.1 € TUyy,

Yons = fUznyo € TUgg,s-
If y,,=Y5,.1 forsome neN , then

fUzy = Yon = Yonia = QUanyg € TU,.
This implies f and T have a coincident
point. Similarly gand T have a
coincident point. Suppose, further,
that y,, # Y,,,, forall neN.

We claim that

p (Y2n ) y2n—l) <p (yZn—l' Y2n—2)
(3.1)
Assume, if

p(gu2n—l’Tu2n—1)

>
i.e. P(Yan 2 Yona)
then

@(r)min{p( fu,,, Tuy, ), P(GUzn1, TUsn 3 J}
= (r)min{p(Yzn 1, Y20)s P(Yan-2: Yan-1 J}
< P(Yn1s Yon)
P(Yan: Yana) = P( fuzn, QUznys )
<hH , (Tuy,, Tuy, 4)

< iy max{p( fuz,, Uy ), P( fuzy, Tuy, ),

p(gu2n_l,Tu2n_l),%[p(guzn_l,Tum)

+p( fuy,, Tuy )1}

< max{p(Yzn 2, Yan1), P(Yzn: Yan )

p( fu2n ’Tu2n)
> p(Yan1: Yon )

1
p(an—za y2n—1)1§[p(y2n—21 Y2n)
+ P(Yan-1 Yon1 )1}
< «/Emax{p(bn—z, y2n—1)1 p(an—b y2n)1

1
E[ p ( Yon-2» y2n—1) +p ( Yons y2n—1)]}
by P4
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1
E[ p(yZn—Z’ Yon ) + p(yZn—l’ Yona )]

1

< E[ p ( Yon-2, Y2n—1) +p ( Yon-1: Yon )]
and

1

E[ p ( Yon-2: yZn—l) +p ( Yon-1: Yon )]

< max{ p(yZn—21 Y2n—1) ) p(yZn—ll Yon )}
Hence

P(Yan: Yon1) <\l Max{p(Yan 2 Yana)s
p ( y2n—11 y2n )}

< \/Ep (Yon-2:Yon1) <P(Y2n-2:Y2n-1)-

This yields (3.1).
Similarly assume if

Y ( Yon-1: Yon ) 2p ( Yon_2; y2n_1) , then
l//(r) min{p(yZn—l’ yZn)’ p(yZn—Z’ y2n—1)}

< P(Yan_2: Yon1). Therefore,

P(Yan: Yon-1) < \/E P(Yan 1+ Yon2)
(3. 2) by (3.1) and (3.2) we have

P (Yt ¥n ) 1% P (Vs Yot)
<(%)"p(Yo. 1)

forevery neN.
This show lim p(y,,Yn.1)=0 .
N—o0

Since,

p(yn’ yn)+ p(yn+1: yn+1) <2
by P4, So we obtain,

lim p(¥y, ¥ ) =0, lim p(Y,1, Vs ) =0(3.3)
N—o0 Nn—o0

Now, for m>n=>1, we have
dp(yn’yn+m):2p(yn’yn+m)_p(yn'yn)

- p(yn+m’ yn+m)
<2AP(Yn Ynsa) + ot P(Ynsmts Yom )]

<2(J5) +r(J7) " 10 (Yo ).
(Jn)"
<2 1_\@

It follow that {y, } is Cauchy sequence.

p(yn’ yn+1)

P(Yo.y1) >0 an—oo
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Assume that gX , is complete subspace
of X , then by lemma (2.3)

(gX dy ) Is a complete metric space.

Notice that the sequence {y,.}
contained in gX and has a limit in gX
call itu .

Let ze f'u. Then u= fz,

the subsequence {y,,.;}also converge to
u.

And let z € g7'u. Then u=gz,.

Therefore, limd(y,,u)=0 implies,
N—o0
p(uu)=lim p(yn.u)=1limp(yy,ym)(34)

Now, since {y,} is a Cauchy sequence
in (gX d ) and (fx,dp), then we have
lim d, (Y Ym)=0 andso

m,n—oo

o, 2P U3 )= 7 P (3 i)

= lim p(y,, y,)=0
It follow from (3.4) that,
m!lilrﬂoo p(yn’ ym) - O
p(u,u) = lim p(y,,u)=lim p(yy, yn)=
Now we claim that
p(fz,Ty)<rmax{p(fz,ay), p(gy,Ty) (3.5)
Forall gye X —{fz} and
p(9z.Ty) <rmax{p(gz, fy), p(fy.Ty) (3.6)
forall fye X —{gz}.If fz=gy, then
p(fz,Ty)< rmax{p( fz, gy), p(gy,Ty)}
and p(gy,Ty)=0 this give
d,(gy,Ty)=0,
which implies, gy e Ty and we are done,
and similarly if gz, = fy we have
fy eTy.
Since fu,, — fz, there exist ny € N
such that, p( fu,,, fz)s% p( fz,gy) for

gy = fz and all n>n,, also since,
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gu,,; — fz, there exist n, e N such
that,

P(9Uznis f2) S% p(fz,qy)
forall gy = fz and all n>n,.then
w (1) p( fug,, Tuyy, ) < p( fuy,, Tuy,)
< p( fuz, QUap,1)
< p( fuyy, f2)+ p( fz, 9usn, ) — P( 2, f2)

ooIN

<=p(fz,9y)=p( fz,gy)—% p(fz,9y)

< p( fz,ay)— p( fuy,, 2)

< p( fuy,, 9y)-p(fz, )

< p( fu,,, gy) Therefore,

w(r) p( fuyy, Tuy, ) < p( fuy,, ay)(3.7)
Now if p( fu,, Tu,, )< p(gy,Ty)or

p(gy.Ty) < p( fu,,, Tuy, ) In each case by we have from (3.5) and (3.6)

(3.7) and (3) we have , p(fz,Ta)<rmax{p(fz,ga), p(gaTa)}
p( fuyn,g, TY)<H D (Tuy,, Ty) (3.8)

< rmax{p( fuy, gy). p( fuyy Tty ), w(r)p(fz,Tz)< p(fz,Tz)<p(fz,0a)
p(gy,Ty),%[p( fuzn, Ty)+ P( QY. Tug, )1} w(r)min{p( fz,Tz), p(ga,Ta)}
<rmax{p( fuy,, fz)+ p(fz,ay)- p( fz, fz), <p(fz0a) (3.9)

Therefore, by (3)
p(ga,Ta)<H,(Tz,Ta)<rmax{p( fz,ga),

1
SLp(fuz,, f2)+ p(12.Ty)-p(fz f2) p(f2,Tz), p(ga,Ta),
. 1
+p(ay, f2)+ p(fz, fuzn.s) - p(fz, f2)I} SLp(f2.Ta)+ p(0aT2)

< fu,., f fz,qy),
rmax{p( fup,, fz)+ p(fz,0y) <rmax{p( fz,ga), p(ga,Ta)}. This
P( fuzn, fun,s). (Y. TY), implies

%[p( fu,,, f2)+ p( 2, Ty)+ p(gy, fz) p(ga,Ta)<H,(Tz,Ta)<rp(fz,ga) So

6 f by P4 and (3.8), p(fz,Ta)<rmp(fz,ga).
_ _+ p( 2, fuzn )1} _ Thus by the assumptions
Tak;nnglmlt as n —)oof, we obtain ; p( fz,Tz)s p( fz,Ta)+ p(Ta,Tz)— p(Ta,Ta)
<
p(f2Ty)<rmax{p(fz,0y). p(9y.TY), <p(fz,Ta)+H,(Tz Ta)

P(fuzn, fuzn,r), P(0Y,TY),

%[ p(fzTy)+p(gy. fz) <rmax{p(fz,ga),p(gaTaj}+H,(Tz,Ta)

<r max{ p(fz,ay), p(gy,Ty)} <rp(fz,ga)+rp(fz,ga) < 2rp( fz,ga)
This yield (3.5) < p( fz,Tz) Which is contradicting to
Similarly, we can prove (3.6); fz Tz . Hence fzeTz, thatis,
Now we shall prove that fzeTz. C(f T)¢¢
There is two cases ' '
(1) whenO<r<3. (2) when 5 <r<1

Suppose fz&Tz. Thenasin H, (Tz,Ty) <rmax{p( fz,qy), p( 2, T2),
Dhompongsa & Yinglawesittikul (2009)

Let ga Tz be such that p(gy.Ty), [p (fz,Ty)+ p(9y.Tz) [} (3.10)

2m (ga,fz )< p(Tz,fz).
Since, gaeTz implies ga# fz,
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Assume that fz=gy . For each neN ,
there exist z, e Ty such that

p(fz.z,)< p(f2,Ty)+{ p(fz,0y) (3.11)
And consequently we have,

p(ay,Ty)<p(9yz,)

<p(ay. fz)+p(fz,z,)- p(fz, 2) (3.12)

< p(ay, fz)+p(fz,Ty)- p(fz, fz)

1
+-p(fz.0)
By using (3.8) and (3.12) we have

p(ay,Ty)< p(fz,gy)+rmax{p(fz,qy),
p(gy,Ty)+%p(fz,0y) (3.13)
If p(fz,gy)>p(agy,Ty) then (3.13) gives
p(9y,Ty)< p(fz,9y)+rp(fz,9y)
+14 p(fz,9y)

:(1+r+%)p(fz,gy)
Taking n — oo,
p(ay,Ty)=(1+r) p( fz,gy) thus

w(r)p(ay,Ty)=(1-r)p(ay,Ty)

<z p(ay.Ty)

( T ) (gy.fz)<p(ay,fz)
Taking limitas n — oo, we get
w(r)p(agy.Ty) < p(fz,9y) then
w(r)min{p(fz,7z), p(ay.Ty)} < p( fz,gy)
and by (3) with x=z we get (3.10)
H, (Tz,Ty) <rmax{p( fz,gy),
p(fz,72), p(gy,Ty),
3[p(oy.T2)+p(f2Ty)
If p(fz,9y )<p(ay.Ty)
then (3.13) gives
p(ay,Ty) < p(fz,9y)+rp(gy,Ty)

1
+ﬁ p(fz,ay)
That is,
(1-r) p(gy,Ty)s(lJr%) p(fz,9y).
Taking limitas n — oo, we get

w(r)p(ay,Ty)< p(fz,9y).

Then
w(rymin{p(fz,7z),p(gy.Ty)}<p(fz.qy)
and by (3) we get (3.10)

Now taking y =u,,,; in (3.10) and passing
to the limit, we obtain
p(fz,Tz)<rp(fz,Tz),

since r<1

p(fz,Tz)=0=p(fz, 2)

Which implies

d,(fz,Tz)<2p(fz,Tz)=0

Hence by (lemma 2.4) we have fzeTz.
Analogously, gz eTz.

Thus (i) and (ii) are completely proved.
Since fzis a fixed point of f, T and f

are IT-commuting.

fz =ffz efTz <Tfz . This show u =fz is
a common fixed point of the pair (f ,T).
Analogously T and g have a common
fixed point u =gz, .

This prove (iii) and (iv). Now (v) is
immediate

Corollary 3.2 (Theorem 2.1,47): Let
(X, p) be a complete partial metric space

T:X -»CBP(X) be a multi-valued
mapping and :[0,1)—(0,1] be non-
increasing function defined by (2), if there

exists 0<r<1such that T satisfies the
condition

w(r)p(xTx)< p(x,y)

= H,(Tx,Ty)<rM (x,y)
Where,
M, (x,y)=max{p(x,y ), p(x,Tx),

p(y,Ty),%p[(x Ty )+p(y.Tx )]} (3.14)
Forall x,ye X .Then T has a fixed

point, that is, there exist a point z € X
such that zeTz.

Proof: Theorem 3.1 with f =g =14
(identity mapping on X).
Corollary 3.3 (Theorem 2.1,(12): Let
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(X, p) be a complete partial metric space
T:X -CBP(X) be a multi-valued
mapping and :[0,1)—(0,1] be non-
increasing function defined by (2), if there

exists 0<r<1such that T satisfies the
condition

w(r)p(x,Tx)<
H, (Tx,Ty) < rmax{p(x,y),
p(xTx),p(y,Ty)  (3.15)

Forall x,ye X .Then T has a fixed
point, that is, there exist a point z € X

p(xy)=

w(r)p(xTx)<
<rmax{p(x,y),

lT H lT
p(x y)zp(y X)} (3.16)
Forall x,y eX . Then T has a fixed point,

that is, there exist a point z e X
such that z €Tz

Proof: It comes from theorem 3.1 since
(3.16) implies (3.14) with f =g=1y.
Corollary 3.5: Let (X , p) beacomplete
partial metric space T : X —>X be a
single-valued mapping and
w:[0,1)—>(0,1] be  non-increasing
function defined by (2), if there exists
0<r <1suchthat T satisfies the condition
w(r)p(x.Tx)<p(x.y)
:>p(Tx,Ty)£rMp(x,y),forall

X,y €eX . Then T has a unique fixed

point, that is, there exist a unique point
z eX suchthat z =Tz .

Corollary 3.6 (Theorem 3.2(9): Let
(X, p) be a complete partial metric space.

If T:X ->CBP(X) is a multi-valued

p(X, y):>Hp(Tx Ty)
(xTx)+p( Y, )
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such that zeTz.

Proof: It comes from corollary 3.2 since
(3.15) implies (3.14).
Corollary 3.4:
complete partial
T:X ->CBP(X)
mapping and  :[0,1)
increasing

Let (X,p) be a
metric space
be a multi-valued

—(0,1] be non-

function defined by (2), if there exists 0<r <1

such that T satisfies the condition

mapping such that for all x,y eX ,we
have,

H, (T, Ty) <k p(xy) (3.17)
Where k €(0,1).Then T has a fixed point.
Proof: It comes from Corollary 3.5 with
f =1y and since, (3.17) implies (3.16).

Now, we give an example to illustrate
our main results. In this example there is a
partial Hausdorff metric and a generalized
map satisfying the hypothesis of our main

result but do not satisfy the generalized
contractive in relation to the usual metric

Example (3.7) let X ={0,%,1} and
p:X xX —R™ defined by
p(0,0)=p(};.7) =0 ,
PAD=%.p0.)=2%.p0D)=%
P2 D) =Y, and p(x,y)=p(y.x)
forall x,y eX .

Then p is a partial metric on X .Let
w (r) defined by condition (2) and define
T :X -CBP(X) by

T(0)=T (¥)={0} and T(®)={0,%5} |
therefore we get
max{p(x,Tx); x e X}=2{ and
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min{p(x,Tx); x € X /{0}} On the other hand, the metric

=min{p(x,y):x,y eX and x =y }:%1 dp X xX —>R" induced by partial
metric p is given by

Note that for any r>2% ,we have d, (X, ¥) =2p(X y)— p(x, X) = p(Y. ).

y(r) <% and then d,(0,00=d,(1/2,1/2)=d,(L1) =0

w(r)p(xTx)<p(xy) for all x,yeX d,(0,1/2)=d,(1/2,0)=1/2,

with x=y. Put r =% and so yw(r)=%. d,(1/2,1)=d,(1,1/2)=17/15 ,

Consequently we have d,(0,1)=d,(1,0)=7/15.

H, (TO.T %2)=p(0,0)=0<rM, (0, %), Now we show that corollary 3.2 is not

H,(TOT1) =p(0.})=%<Nk gpp;icgftlizl( mettr;:eccasi of a metric induced

=pO.)=M, 0., Fo?/x IO=0 and y =1.pWe have,
Hp (T 2T1)=p(0.)2) = Y4<g H(TO,T1)= H (T{0}, T{0,1/2})
=P02) <M, 02D, = max{sup{d , ({0}.{0.1/ 23},
and similarly {sup{d, ({0,1/ 20N}

H,(Tx,Ty)<rM(x,y) also hold for
x =y .Hence, forall x,y €{0,%,1
We have H, (Tx,Ty)=0,

= max{sup{d , (0,0)},{sup{d, (0, 0),
d,(1/2,0)}}
=max{0,1/2}=1/2 ,and
Hencey (1) p(x.Tx)< p(x.y) Md , (0,1) = max{d ,(0,1), d , (0, T0),d (1, TL),
=Hp (X Ty ) <M, (4,y). 1/2[d,(0,T0)+d (4 T)]}

Thus all condition of corollary (3.2) are
satisfied and x =0 s the only fixed point of

T =7/15<1/2
Thus, for any 0<r<1 we have,
H(TO,Tl);terp(O,l),
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