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A new definition of bitopological space is introduce in this paper with its 0.
open set 0 -open function , and inductively 0 -open function and on some theorems

1- Introduction

A Dbitopological space ( X, p,, p,) [ J .C. Kelly "
bitopological space " ,1963] is anon- empty set X with
two topological P;and P, on X and then definition of
open set which is said to be 0 -open set ,also define
0 -open function ,and study some of properties for its ,
also introduce inductively 0 -open function and we
study the relation between O -open function and
inductively 0 -open function in bitopological space
and then we write some of theorems for them.
2- Basic definitions and theorems
_Definition 2-1:.
Let ( X, p;, p,) be bitopological space then asubset A
of X is said to be 0 -open set iff ,there exists p, -
open set U ,such that U — A ,and ﬂCIpi (U )g A, |
=1,2
Example 2-2 :.
Let X={a,b,c,d}, p={P.X,{a},{b}, {ab}},

p2:{ (D’Xa {C}’{aa C}}

then 0 -open sets ={ ® ,X, {a, b, d},{b, ¢, d},{a, c,
d}}.

Remark 2-3 :.

The intersection of tow 0 -open sets is not necessarly
0 -open .while the unionis 0 -open set.

Proof :

Let {Ax: X e A }be any arbitrary collection of 0 -open
sets ,then there exists Pi-open set U, such that U< A
and ﬂCIPi (UA)Q A . F12, foreach A e A.
Since :

Us.. (01201, ) = €1, (UL, )NCI, UV,)

- eV, U)=UA
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Remark 2-4 :

1- The set of all 0 -open sets is not atopological space.

2- IfAis P; -closed set for | =1,2 , then Ais O -
open set .

3- If A'is P; -open set for | =1,2 , then A is not
necessarly 0 -open sets .

Examples 2-5 :

Let X={a,b,c,d}, Pi={d X, {a}.tb.c}}, Pr={
DX, {a},{c,d}}.
the 0 -open sets ={ ® ,X, {a},{a, b},{a, c},{a, d},{a,
b, c}.{a, b, d}{b, c,d}}.
since {a, b, d}N {c, b, d} ={b, d} which is not 0 -open
set .then the set of all 0 -open
Also {b, c} is open in P, , but not 0 -open .
{c, d} isopenin P, , but not ¢ -open .

Definition 2-6:
A function f: (X, Py, P2) — (Y, W1, W>) is said to be
0 -open function iff f(U) is 0 -open in Y whenever Uis
0 -open setin X .
Definition 2-7:
Letf:: (X, Py, P2) — (Y, W1, W) be function we
say that f is inductively 0 -open function iff there
exists a subset X" < X .such that f(X")= f(X) and the
function
fix":(X", Py, P2) — (f(X), W1, W>) is 0 -open function.
Remark 2-8 :
1- every onto closed function is 0 -open function .
2- every onto 0 -open function is inductively 0 -open

function .
Theorem 2-9:
If f:(X, Py, P2) —» (Y, W1, W>) is one to one function
and on some X; < X with f(X1) = f(X) , fis inductively
0 -open function on X, then f is inductively 0 -open
function on X; .
Proof .
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Since f: (X, Py, P2) — (Y, W1, W) be inductively
0 -open one to one function then , there exists X"
X, such that f(X")=f(X) and f|x": (X", P1, P2) —
(fF(X), W1, W2) is 0 -open now ,to prove f:(X1, P1, P2)
— (f(X), Wi, W>) is inductively 0 -open function .
let X = Xsuchthat X, = X" X1 .
we need to show that f(X2)=f(X1) and f|x2: (X2, P1, P2)
— (f(X), W1, W) is 0 -open function .
now , f(X2)=f(X"NXy) =f(X") Nf(X4)
=f(X) Nf(X)
=f(X)
=f(X41)
Let U be 0 -open set in (X2, P1, Py) , to show f(U) is
0 -open in (f(X), W1, W>) .
Since U is 0 -open in X, , then there exists U™ closed
in X", suchthat U =U"N X5
f(U) =f(U NX>)
= f(U") Nf(Xz) = f(U") Nf(X) = f(U").
Since U™ is closed in X*, then U"is 0 -open in X" and
flx": (X", Py, P2) — (f(X), W1, W) is O -open hence
f(U") is 0 -open in f(X).
Definition 2-10:
Let f: (X, Py, P2) —» (Y, W1, W) be a function in
bitopological space .
And Ac X a subset A is said to be an inverse set iff A
=f1(f(A)) .
Theorem 2-11:
If f: (X, P1 P,) isinductively 0 -open function in
bitopological space, and A inverse subset of X , then
fla: (A, P1, P2) — (Y, W1, W) is also inductively 0 -
open function
Proof :
Since f: (X, Py, P2) — (Y, W1, W) be inductively
0 -open function , so there exists
asubset X" X, such that f(X")=f(X)and f|x": (X",
P1, P2) — (f(X), Wy, Wz) is
0 -open function .
Now to prove that fla: (A, P1, P2) — (Y, W1, W2)
inductively 0 -open function .
Let A1 <A, such that A;=AN X" and we need to show
f(A1) =f(A) and
f|A1: (A1 , Ply Pz) — (f(A) , Wl, Wz) is 0 -open
function .
f(A) =f(AN X")
f(AL) = f(f1(f(A)) N X")
=f(A) Nf(X")
= f(A) Nf(X)
=f(A)
Now ,let U be 0 -open in A, so there exists closed
set U”in X* , such that
U= U* N A1 .
Hence f(U) = f(U'N Ay)
=fU'N ANX")
=f(U'N X" N A)
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=f(U'N A)

=f(U'n £1(f(A)))

=f(U)N f(A)
Since U™ is closed in X, then U™ is 0 -open in X",
and f|x~: (X", P1, P2) — (f(X), W1, W) is 0 -open
function .
hence f(U") is 0 -open in f(X")= f(X) .
there fore f(U™) N f(A) 0 -open inf(A).
thus flai: (A1, P1, P2) — (f(A), W1, W) is 0 -open
function .
so fla: (A, P1, P2) — (Y, W1, W2) inductively 0 -open
restriction of a function .
Proposition 2-12 :
Iff:: (X,P1P2) — (Y, Wi, W,)is 0-open function,
letTc Y, then
fr: (fX(T), Py, P2) — (T, W1, W2) 0 -open function .
proof
Let V be 0 -open setin f(T).
So ,there exists closed set V* in X ,such that V =V™N
f4T).
fr(V)=f(V)=f(V' N fXT))=Ff(V)NT.
since V"is closed in X , then V" is 0 -open and f:(X ,
P, P2) = (Y, Wy, Wy) is 0-open, then f(V*) O -
openinY .
sof(V')NTis 0-openinT.
hence fr : (fX(T), P, P2) — (T, W1, W) is 0 -open
function .
Theorem 2-13:
If f:(X,P1P2)— (Y, W, W) is onto inductively
0 -open function , let ® # Tc Y ,then fr : (f(T), Py,
P2) — (T, W1, W) be also inductively 0 -open
function .
proof :
since f: (X, P1, P2) — (Y, W1, W) onto inductively
0 -open function , then there exists a subset X;c=X
,SUCh that f(Xl) =Y and f|x1: (X1 , Pl, Pz) — (Y, Wl,
W) is 0O -open .
now ,to prove fr : (FX(T), Py, P2) = (T, W1, W2) is
inductively 0 -open function ,where ® # T Y.
let X, be asubset of f(T) , such that X; = X;N £

Y(T) we need to show that

fr(X,)=Tand f, E (X1, Py, P2) — (T, Wi, W)

is 0 -open function .

now , let U & -open setin X, .

hence , thereexists U™ closed set in X; such that U =
un X,

f(U) =f (U" N X))

f(U)=f (U NX, N EYT)) = F (U NEYT)) = (U
nT

since U" closed in X", then U"is 0 -openin X", and
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fix": (X", P1, P2) — (Y,W1, W2) is 0 -open ,so f(U") is
J0-openinY .

there fore f(U") N Tis 0-openinT.

s0 flx1™: (X1", P1, P2) — (Y, W1, W) is 0 -open
function .

there fore fr: (fX(T), P1, P2) — (T, W1, W)
inductively 0 -open function .

Proposition 2-14 :

If f: (X, Py, P2)— (Y, Wz, W) isonto function, Y
=T:U T2 open coverof Y .

fr o (F(T2), P, P2) — (Ta, Wi, W) and f, :(f(T2),

Py, P2) — (T2, W1, W) are 0 -open, then f: (X, Py,
P2) — (Y, W1, W) is 0 -open function .
proof :
to prove f: (X, Py, P2) — (Y, W1, W) is 0 -open .let
U be 0 -open setin X , to show f(U) is 0 -openinY .
U=UNX

=UNfYY)=UNnfYT.:U T

=U N(fXT1) U F(T2))

=(U N(fXT)) U (U N(fYT2))
Since U isis 0-openin X ,so U N f*(T1)isd -open
infY(Ty).
Also U N f(T,) isd-openin f(T2).
Now , flU)= f[U N fY(T1) U (UNFYT2))]

=f(U N £(T1)) URU NFYT2))

Since f( U N £}(T1)) is0 -open in Ty and f{ U N (T,
))is0-openin T, ,
Sof(UNTYTy)) U f(UNfYT,))isd-openiny .
Theorem 2-15:
If f: (X, Py, P2)— (Y, W1, W) is onto function , let
Y =T:U T2 be open cover of Y .let f.: (f(T1), Py,

P2) — (T1, Wi, W2) and f, :(f 1T,), P1, P2) — (T2,

W1, W, ) are inductively 0 -open function , then f: (X,
P1, P2) — (Y, W1, W) is also inductively 0 -open in
function .

Proof :

Since le . (f’l(Tl), P1, P2) — (T1, Wy, Wz)
inductively is 0 -open in function , then there exists a
subset Xic f(T1) such that f, (Xu) =f, (f*(T1) =
T. and

fr [xu: (X1, P, P2) — (T1, W1, W>)is 0 -open function.
similarly fT2 ((fY(T2), P1, P2) — (T2, W1, W2)
inductively 0 -open function , then there exists Xoc f-
}(T,) such that :.

sz (Xz) = sz (f’l(Tz) )= T, and sz [x2: (Xz , P1, Pz)
— (T2, W1, W2) is 0 -open function .

now , to prove f: (X, Py, P2) — (Y, Wi, W2) is
inductively 0 -open function .

let X3 C X , such that X3=X1 U Xo
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we need to show that f(X3 ) = Y and fixs: (X3, P1, P2)
— (Y, W1, W,) is 0 -open function .
f(X3 ) = f(Xl U Xz )
=f(Xs) Uf(X2)
f(X3) = T1U T, =Y
Now , let Usbe 0 -open setin Xs.
Hence Us N X; is 0 -openin X;,and Us N X, is O -
openin X .
f(U3) = f(U3 N X3)
= f(U3 N (Xl UXz)) Zf((U3 N Xl) U (U3 N
Xz)) :f(U3 ﬂXl) U f(U3nX2)
Since f (Us N Xy1)is d-openin Ty, and f (Us N Xz) is
0-openinT,.
f(UsNX:1) U f(UsN X2)is 0-openinY .
hence f|xs: (X3, P1, P2) — (Y, W1, W2) is 0 -open
function .
there fore f: (X, P1, P2) — (Y, W1, W2) is inductively
0 -open function .
Theorem 2-16:
Let f: (X, Py, P,) be a function in bitopological space ,
X =U;:U U, with f(U;) and f(U>) are closed in f(X) ,
if flui: (U1, Py, P2) — (Y, W1, W) and
fluz: (U2, Py, P2) — (Y, W1, W2) are inductively 0 -
open function , then
f: (X, Py, P2) > (Y, W1, W2) inductively 0 -open
function .
proof :
flui: (U, Py, P2) — (Y, W1, W>) inductively 0 -open
function .
then there exists X1 < Ui 3 f(X1) = (U1 ) and fixi: (X1
, P1, P2) — (f(U1 ), W1, W) is 0 -open function .
also fluz: (U2, P1, P2) — (Y, W1, W7) inductively 0 -
open function .
then there exists a subset X, < U ,such that f(Xz) =
f(U2) and
flxz: (X2, Py, P2) — (f(Uz ) , Wi, W2) is 0 -open
function .
now , to show f: (X, P1, P2) —» (Y, W1, W>)
inductively 0 -open function .
let X" = X1 Ung X
f(X™) = (X1 U Xz) = (X)) UF(X2) = (Uy) UF(Uz) =
f(U:UU2)
=f(X)
So f(X") = f(X) , and to show f|x": (X", Py, P2) —
(f(X), W1, W,) is 0 -open function .
Let T 0-openin X"
T=TNX=TN XU X2)=(TNX1)U (TN Xp)
f(T)=f[(TNX1)U (TNXz)]
=f(TNXy))UF(TNXz)
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Since T 0-openin X", so T N Xy is 0 -open in X; and
f|x1: (X1 , Pl, Pz) — (f(Ul ), Wl, Wz) is 0 -open
function .

then £ (T NX;) 0 -open in f (U;) and f (U,) is closed in
f(X) then f (Uy) is 0 -open in

f (X) , hence (T NX1) 0-open in f(X) .

similarly £ (T NX2) is 0 -open in f(X)

f(T)=f(T NX1)UF(T N Xz)is 0-open in f(X) flx":
(X", Py, P2) — (f(X), W1, W2) is 0 -open function .
there fore f: (X, P1, P2) — (Y, W1, W2) inductively

0 -open function .

Theorem 2-17:

If f: (X, Py, P2) — (Y, Wi, W) isa function in
bitopological space , X = U U, with f(U,, ) 0 -open

in f(X) , for each a € A, flua: (Ua , P1, P2) = (Y, Wy,
W, ) inductively 0 -open function , then f: (X, Py, P2)
— (Y, Wi, W;) also inductively 0 -open function .
Proof :

flue: (Uq , P1, P2) — (Y, W1, W2) inductively 0 -open
function .

then , there exists X, < Uy, , such that f(X) = f(U,, )
and

f|xai (Xa , Pl, Pz) — (f(Uq ), Wl, Wz) 0 -open
function foreach oo € A .

let X*= U X, be asubsetof X .

now ,to show f: (X, P1, P2) —» (Y, W1, W>)
inductively 0 -open function .
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we need to show f(X") = f(X) and fix": (X", P1, P2) —
(F(X) ,W1, W) 0 -open .
fXN=f(U Xo)=U fXe)= U f(Uy )=Ff(U Uy )

=1f(X)
Now ,let T 0 -open in X" .
T=TNX=TN(U Xo)= U (TNXu)

aen aen

f(M=F(U (TN Xy))

since T N X" 0 -open in X, and f|xq: (X , P, P2) —
(f(Ua ), W1, W2) O -open .

then f(T N X*) 0 -open in f(U, ) and since f(U, ) 0 -
open in f(X) , foreacha € A .

then f(T) = U (T N X,) 0 -open in f(X) .

so fix™: (X", Py, P2) — (f(X) ,W1, W) is0 -open .
there fore f: (X, P1, P2) — (Y, W1, W) inductively
0 -open function .
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