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Abstract

We discuss the convergence for some chaotic properties on G-space. We give a new definition of
sensitive dependence on initial conditions and expansive on a topological G-space, also we prove some
results about them and we study mixing , expansive , blending and minimal by a G -orbital
convergence. Also, we study and prove some of these properties of a sequence of maps by a
conjugation and a product on G-space .
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1.Introduction

The chaos theory is one of the leading areas of researches in Mathematics. In
the literatures, there are many researches on chaotic behavior of maps in topological
dynamical systems. Also, there are several chaotic properties (for example; transitive,
mixing, sensitivity etc.) which are studied deeply. (Das and Das, 2012), have
introduced several theorems of convergence on G-space, and they have studied some
results of topological transitive on metric G-space, also they showed that there are
results giving sufficient conditions for the topological G-transitivity of the limit maps.
(Mangang, 2014), has studied the minimality and equicontinuity of a sequence of
maps in iterative way, he has proved that if P, is a sequence of equicontinuous maps
converges orbitally to a map P then P is also equicontinuous. (Thakkar and Das,
2014), have studied the expansiveness of a sequence of maps and they proved that it
is preserved by a product. In our work, we generalize some results to above
researchers on G-space. Also, we prove many results by a product and topological
conjugation on G-space .
2.Preliminaries

Let Z be the set of integers and N be the set of natural numbers. We call a
triple (Y, G, 8) be a transformation group, if it satisfy the following: Y be a Hausdorff
space, G is a topological group and 6: G X Y — Y is a continuous action of G on Y.
For 6(g,y) will be denoted by g.y . By trivial action of GonY, we meang.y =y
forallg e G,y e Y, (Das R. 2013). If P:Y — Y be a map on G-space, we say P is a
G-map.
In this section, we introduce some necessary definitions which we need in our results.
Definition:(2.1) (Das and Das, 2012)

Let (Y,d) be a metric G-space, {P,}n=o be a sequence of continuous maps
from a metric G-space Y to itself. {P,},—, is G-orbitally convergent to a G-map
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P:Y = Y if there exists an n, € N for every € > 0 such that Vg,h € G, we have
d(g.P*(y),h.P™(y)) <€ ,forall y e Y, forallm € N, and for all n > n..
Definition:(2.2)

Let P:Y — Y be a G-map. P is called topologically G-transitive if for all A, B
nonempty open sets of Y there existn € N and g € G such that g. P*(4) N B # Q.
Definition:(2.3)

Let P:Y — Y be a G-map. P is called topologically G-mixing if for all A, B
nonempty open sets of Y there exist n, € N and g € G such that g. P*(A) N B # @,
forall n > n,.

Remark:(2.4)

We notice that from Definitions (2.2) and (2.3) a topological G-mixing implies
a topological G-transitive. But the converse is not true.

It is know that there is a new definition of a chaos is " blending " . Although
there is similarity between a blending and transitivity but there is no relation between
them.

Definition:(2.5)

Let P:Y -» Y be a G-map. P is called G-weakly blending , if for any
nonempty open sets A and B of Y there exist n >0 and g,h € G such that
g.P"(A) n h.P™(B) # Q.

Definition:(2.6)

Let P:Y > Y be a G-map. P is called G -strongly blending if for any
nonempty open sets A and B of Y there exist n >0 and g,h € G such that
g.P"(A) n h.P™"(B) = W; where W is open subsets of Y.

Remark:(2.7)

From Definitions (2.5) and (2.6),we can say that G- strongly blending
implies G-weakly blending . But the converse is not true .

It is well known that the definition of sensitive dependence on initial
conditions is metric property thus, we give a new definitions of a sensitive
dependence on initial conditions and expansiveness on a topological G-space different
from definitions on metric spaces as follows.

Definition:(2.8)

Let P:Y - Y be a G-map. P is called G-sensitive dependence on initial
conditions at y € Y if for any open set 4, containing y there exist g,h € G and
z € Awith z € G(y) , then there are n € N and B open set of Y such that g.P"(y) €
B and h.P"™(z) € B. Equivalently , if Vz € G(y),Vn € N then g.P"(y) € V and
h.P"(z) € V.

Definition:(2.9)

Let P:Y — Y be a G-map. P is called G-expansive at y € Y if for any open set
A,containing y there exist g,h € G and for all z € Awith z € G(y) , then there are
n, € Z and open set B of Y such that g. P"(y) € Band h.P"(z) ¢ B,VYn>n,, ifn
IS positive integer then P is positive G -expansive . Equivalently, if there exist
y,Z€Y, z€ G(y),V¥n €N then g.P"(y) € B h.P"(2) € B.

Remark:(2.10)

We notice that from Definitions (2.8) and (2.9), positive G -expansive
implies G -expansive and G -expansive implies G -sensitive dependence on initial
condition . But the converse is not true.

Definition:(2.11)

Let Y and Z be G; and G, spaces respectively. The maps P:Y - Y and

Q:Z — Z are said to be G-topologically conjugate if:
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(1) there exists a homeomorphism ¢:Y — Z such that P = Qo.

(2) 9(91-¥) = g2-¢(y) ; foreach g, € G1, g, € Gz and y in'Y.
In this case , we say that P and Q are G-topologically conjugate.
Definition:(2.12)

Let P:Y — Y be a G-map. P is called G-minimal if each G-orbit of y € Y is
densein Y.

3. Chaotic Properties via Convergence Orbital

In this section, we define some definitions and we prove results for some
chaotic properties by convergence orbital on G-space.
Definition:(3.1)

Let P:Y — Y be a G-map. P is called equcontinuous on a metric G-space if
for any € > 0 there exists § > 0 and there are g, h € G such that when d(y,z) < §
thend(g.P™(y),h.P™(z)) <€ ,forally,zeY ,vm > 1.

Theorem:(3.2)

Let (Y,d) be compact metric G-space, {P,}n-, be a sequence of continuous
maps G-orbitally convergent to a map P:Y — Y. If B, is G-equicontinuous then so is
P.

Proof:

Since P, is a G-orbitally convergent to P, then thereisk e Nforally ey
and for all € >0 such that d(g,.F"(y), . P"(¥)) <%, Vg ,hi €EG, VmE
N andVn >k,also Vg,,h, € G,V z€Y,wehave d(g,.P;"(2),h,. P"(2)) << .
Since B, is G -equicontinuous, then there exists § >0, for all € >0,
such that d(g. B (¥), g2 P7(2)) < £. Thus, we have d(hy.P™(y), h,.P™(2)) <

d(gy- B (), hy. P™(y)) + d(g1- B (¥), h. P™(2)) < d(g1. B (¥), he. P™(¥)) +
d(g1- P, 9P (2)) + d(gz B, by P™(2)) <S4+ £+5 =2, And
consequently, we get that P is G-equicontinuous.

We need to generalize the definitions: G -Lyapunov stable point and G -
sensitive dependence on initial conditions point on metric G-space:

Definition:(3.3)

Let P:Y — Y be a G-map. A point y € Y is called G-Lyapunov stable of P
on a metric G-space if there exist§ > 0and g,h € G for all e > 0 such that for all
z€Y,wehaved(g.P*(y),h.P"(2)) <e ,¥yn>0withd(y,z) <3d.
Theorem:(3.4)

Let (Y, d) be a compact metric G-space, {P,}n=o be a sequence of continuous
maps G -orbitally convergent to a G-map P:Y — Y. If B, has G-Lyapunov stable
point then P also has G-Lyapunov stable point .

Proof:

Since P, G-orbitally convergent to P, then there exists k € N for all e > 0
such that d(g.B"(y),h.P™(y))<: , Vn=kVy€eY,vmeN and Vg,h€G .
Suppose that § > 0 and let y € Y, since B, has G-Lyapunov stable point then for all
€ > 0 and for all z € Y there exist g, hy € G such that d(gq.B*(¥), hy. B (2)) < <
,vm,n € N. Now , we have d(h;.P™(y), h,.P™(2)) < d(g,-B*(y), hy. P (y)) +
d(g1-B"(¥), hy. P (2)) < d(g1- B"(¥), hy. P (¥)) + d (91 B (¥), he. By (2)) +
d(hy. P (2),hp. P™(2)) < s+ 5+ <€ . This mean d(h;.P™(y), h,. P™(2)) <€
for some hy, h, € G . Thus,P has G-Lyapunov stable point .

Definition:(3.5)

Let P:Y — Y bea G-map. A point y € Y is called G-sensitive dependence on

initial conditions on a metric G-space if for all § > 0 there exists € > 0 such that
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there are z,w € Bs(y) and n € N implies that d(g.P"(z), h. P"(w)) = ¢ for some
g,h €QG.
Remark:(3.6)

We can say {P,}n=o IS not converges G-orbitally to a G-map P if there exist
€ >0 and k € N such that for all y €Y, we have d(g.P*(y),h.P™(y)) =€,
vn>k,Vg,h€QG.

Theorem:(3.7)

Let (Y, d) be a compact metric G-space, {P,},=o be a sequence of continuous
maps is not G-orbitally convergent to a G-map P:Y — Y . Then P has G-sensitive
dependence on initial conditions point if P, has G-sensitive dependence on initial
conditions point.

Proof:

Let 5 > 0and lety € Y. Since B, is not G-orbitally convergent to P , then by
Remark (3.6) there existe > 0 and k € N such that d(g.P™(y), h. Pm(y)) > = for
alyeY vn>k,h6 Vg heaG. Since P, has G -sensitive dependence on initial
conditions point then there exist z,w € Bs(y) and m € N such that
d(gs. PB(2), hy.B*W)) = for some g;,hy €G . Now we have
d(hy. P™(2), hy. P (W)) =
d(g1- B™(2), hy. P™(2)) + d(g1. P (2), hy. P™(W)) = d(gy. P (2), hy. P™(2)) +
d(g1-B"(2), hy. B*(W)) + d(hy. PB7"(W), hy. P (W)) =+ S+52€ S0 that
d(h,.P™(2),h,.P™(w)) = € and thus, P has G -sensitive dependence on initial
conditions point.

Now, we give a new definition of G-orbitally convergence on topological
G-space as follows:

Definition:(3.8)

Let {P,}n=o be a sequence of continuous maps from topological G-space Y
to itself. {P,}n=, is called G-orbitally convergent to P if for all nonempty open set B
of Y there exists k € N such that vg,h € G, we have g.P*(y), h.P™(y) €B,
vn =k, Vy €Y and Ym € N.

Theorem:(3.9)

Let {P,}n=o be asequence of continuous maps from a compact G-space Y to
itself. If {P,},—, converges G-orbitally to a G-map P with {P,"(¥)}n=0 IS dense set in
Y,Vy€eY,vm € Nthen P is G-minimal.

Proof:

Let B be any open set of Y, since P, is G-orbitally convergent to P, then there
exists k €N such that g.B*(y) ,h.P™(y) €EB , Vn=>k,VyeY,vmeN and
Vg,h € G. Since {B"}n-, is dense set inY , Vy € Y then {B"(y)}n=o =Y , since
B,(y) » P(y),vyeY then PB™(y)-P™(y),VyeY,vmeN as n- oo
B (V) Fm=0}n=0 IS @ sequence of dense sets converges to a dense set , say A . By
above B (y) » P™(y) ,Vy €Y, vmeN asn — oo so that A = {P™(y)}m=0 also
dense set inY , vy eY , thatis, {P™(y)}m=o =Y, and consequently Pis G-
minimal. b Aabsll CiS),

4. G-topological Conjugation

In this section, we show that some chaotic properties are preserved by a
topological conjugation on G-space.
Theorem:(4.1)

Let Y and Z be G and G, spaces respectively, {P,}n=o and {Q,}n=o be two
sequences of self-maps on Y and Z respectively , such that {P,}n-o and {Q,}5=o be
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G -topologically conjugate by a homeomorphism ¢:Y - Z . If {P.}5i—, IS a G-
mixing on Y then {Q,,}5-, IS also G,-mixing on Z.
Proof:

Let B,:Y —» Y and Q,: Z — Z be a topologically conjugated by ¢:Y — Z such
that ¢ o B, = Q,, o ¢ . Let A,, B, be a nonempty open sets in Z. A homeomorphism
of @ implies that there exist A;, B; inY such that ¢~ 1(4,) =4, , ¢ %(B,) = B; ,
where ¢ 1(4,), ¢ 1(B,) are nonempty open sets in Y. We have u(g;) =g, ,
g1 € G4, g, € G,. Since B, is G;-mixing then there exist k, € Nand g, € G; such
that g,.PX(A,) N B, # @ , Yk > k., vn > 0, this mean there exists y € 4, such that
g1-P¥(y) € B, which implies g;.P¥(A;) € B. Now, we have ¢(g;.P¥(4,)) S
@ (B,) implies that g,.¢(P¥(4,)) € B, . Since P, conjugates to Q, by ¢ , vn >0
then ( by induction ), we get P¥ conjugates to QX by ¢, vn > 0. So g,. Q%X (¢(4,)) €
B, implies g,.Qk(A,) € B, ,this means there is z € 4, such that g,.Qk(z) € B,
and consequently g2.Q¥(A)NB, ¢ , for some g, €G, , Yn=0 .
Thus, we get that {Q.}n=o IS also G,-mixing on Z .

Since G-mixing implies to G-transitive, we notice that Theorem (4.1) is also
satisfying of G-transitive as the following corollary:

Corollary:(4.2)

LetY and Z be G and G, spaces respectively, {P,}n=o and {Q,.}n=o be two
sequences of self-maps on Y and Z respectively , such that {P};—, and {Q,}n=o be G-
topologically conjugate by a homeomorphism ¢:Y = Z . If {P.}n-o IS @ G;-
transitive on Y then {Q,}n=o IS also G,-transitive on Z.

Theorem:(4.3)

LetY and Z be G, and G, spaces respectively, {P,}n-o and {Q,}n-o be
two sequences of self-maps on Y and Z respectively , such that {P,};;—o and {Q.}n=0
be G-topologically conjugate by a homeomorphism ¢:Y = Z . If {B,}5-, IS a G;-
strongly blending on Y then {Q,,};,=o IS also G,-strongly blending on Z.

Proof:

Let B,:Y - Y and Q,,: Z — Z be a G -topologically conjugated by ¢:Y - Z
suchthat @ o B, = Q, ° ¢ . Let A,, B, be any nonempty open subsets of Z. Since ¢is
a homeomorphism then ¢~ 1(4,) =4, , ¢ (B,) =B, and ¢ Y(V)=U are
nonempty open sets in Y, where V' is open subset of Z. We have u(g:) =9, .,
puChy) = hy , gL hy € Gy, gz h, € G,. Since B, is Gy-strongly blending then there
existk > 0and g,,h; € G, such that g,.P¥(4,) N hy.P¥(B;) = U, Vvn € N. Now,
we have  @(g:.P¥(A)) nhy.PX(By)) = @(U) implies that ¢(g,.R¥(4)) N
@(hy. BE(B) = @(U) so that g,.@(Bi(A1)) Nhy.@(PE(B)) =V . Since P,
conjugates to Q,, by ¢ , ¥n > 0 then P¥ conjugates to QX by ¢, vn=>0. So
g2- QK (@(AD)) Nhy. Qi ((B,)) =V implies  g,. Q5 (A2) N hy. QF(B;) =V, for
some g,,h, € G, ,Vn € N. Thus, we get that {Q,};=o 1S G,-strongly blending on
Z.

Since G-strongly blending is G-weakly blending then Theorem (4.3) is also
satisfying of G-weakly blending as the following corollary:

Corollary:(4.4)

LetY and Z be G; and G, spaces respectively, {P,}n=o and {Qnl}n=o be
two sequences of self-maps on Y and Z respectively , such that {P,};,—o and {Q.}n=0
be G-topologically conjugate by a homeomorphism ¢:Y = Z . If {B,};—, IS a G;-
weakly blending on Y then {Q, }n-, IS also G,-weakly blending on Z.
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Theorem:(4.5)

LetY and Z be G; and G, spaces respectively, {P,}n=o and {Q,}n=o be
two sequences of self-maps on Y and Z respectively , such that {P,}n—, and {Qn}n=0o
be G-topologically conjugate by a homeomorphism ¢:Y = Z . If {B,};—, IS a G;-
minimal on Y then {Q,,};;=o 1S G,-minimal on Z.

Proof:

Let B,:Y - Y and Q,,: Z — Z be a G -topologically conjugated by ¢:Y - Z
such that ¢ o B, = Q,, o ¢ . Let A,B be any nonempty open subsets of Y and Z
respectively . By hypothesis , for all point y € Y there exist k € N and g, € G;
such that g,.P¥(y) € A. Now, we have u(g;) = g, , 91 € G1, 9, € G,. Since ¢ is
a homeomorphism then ¢~1 is a continuous such that ¢ =1(B) is a nonempty open set
in Y , where g;.P¥(y)€ @ (B). So, we have ¢(g;.P¥(y)) € B implies
g2-9(P¥(y)) € B. Since P, conjugates to Q,, by ¢ , vn > 0 then ( by induction ) P¥
conjugates to QX by ¢, vn >0 implies that g,.Qk(¢(y)) € B. Since ¢ is onto
then for all z€Z , o(y) =z. So, we get g,.Q%(z) € B (for all z€ Z and
consequently {Qn}n=0 IS G,-minimal on Z.

5. Product map

In this section, we show that some chaotic properties are preserved by product
map on G-space.

We recall the next theorem which is proved by (Das R. and Das T. 2012), on
metric G-space , also, we can generalize this on topological G-space.

Theorem:(5.1) (Das R. and Das T. 2012)

Let (Y,d) be a metric G-space, {P,}n—o be a sequence of self-maps
converging G-orbitally to a G-map P:Y = Y . If {B,};;-, IS G-transitive then so is
P.

We can satisfying Theorem (5.1) on product map for two sequences when Y, Z
are G-spaces as the following:

Theorem:(5.2)

LetY andZ be G; and G, spaces respectively, {P,}n=o and {Q.}n=o be
two sequences of self-maps on Y and Z respectively. If {B, X Q,}n=o be a
sequence of G; X G,-mixingmaps on Y x Z converging G-orbitally to a map
PxQ:YXZ—->YXZthenP xQ isalso G; X G,-mixing.

Proof:

Let A;, A, be a subsets of Y and B, B, be a subsets of YZso (A; X B;) and
(A, X By) be a nonempty open subset of Y X Z and let U x V = (U; X V;) U (U, X
V,) . Since P, X @, converges G-orbitally to P x Q , then for all (y,z) €Y x Z and
for every U XV open subset of Y X Z then there exists k € N such that
(91 P (1), h1. Q% (2)) and  (g2.P™(¥), h,.Q™2(2)) €Uy X Vy , Vmy,my €
N,Vgi,92 € Gy ,hy,hy, € G, ,Yn =k . Since (A, X B,) is open , there exist U X V
open set of Y X Z and (w;,w,) € Y X Z such that (w;,w,) € U XV < (4, X By) .
Since B, X Q, is G; X G,-mixing , then there exist k,,k, € N and g; € G;,h; € G,
such that (g;.P, *(4;) NA4,) X (hy.Q,2(B)) NB,) =@ , Vmy =k, Vm, >k, ,
hence there exists (ai,b1) € (A1 X By) satisfying
(g1- PV (ay) X hy.Qp 2(by)) , (W, W) € Uy X V, thus, we have g,.P; *(a;) X
hy.Qn?(by) , g2-P™(ay) X hy.Q™2(by) € Uy X V4 and gq. By (aq) X hy. Qp%(by) |
(wi,wy) €U, XV, . So we get g;.P™(ay) X hy.Q™2(by) , (Wy,wy) EU; XV U
U, xV, =U xV which implies g;.P™(a;) X h;.Q™2(b;) EU XV c (A, X By)
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SO that (g1-P™ (A1) X hy.Q™2(By)) N (A X By) = (g1- P™(41) N 4;) X

(hy.Q™2(B;) N B,) # @, and consequently P X Q is Gy X G,-mixing.

Since G -mixing implies G -transitive then Theorem (5.2) is also satisfy of
G-transitive as:

Corollary:(5.3)

LetY and Z be G; and G, spaces respectively, {P,}n=o and {Q.}n=, be
two sequences of self-maps on Y and Z respectively . If {P, X Q. }5—o be a sequence
of G X G,-transitive maps on Y XZ converging G-orbitally to a map
PxQ:YXZ—->YXZthenP xQ isalso G; X G,-transitive.

Theorem:(5.4)

Let Y and Z be G, and G, spaces respectively, {P,}n=o and {Q.l}n=, be
two sequences of self-maps on Y and Z respectively . If {P,};,—, be G,-expansive on Y
and {Q,}5=o be G,-expansive on Z then {P, X Qn}n=o IS Gy X G,-expansive on
Y X Z.

Proof:

Let (y,z) €Y x Zand there are g € G, h € G, such that for any n,k = 0,
(g,h).(P x Q)k(y,z) = g.P¥(y),h.Qk(2) . Let B; and B, be any two nonempty
open subsets of Y and Z respectively . Now, let B = B; N B, such that B =B, N B,
and (y1,21), (y5,2,) EY X Z . If for all n,k >0, (g1, hy). (P¥ x 0¥)(y,,2,) € B,
(92, h2)- (B X Q) (v2,22) € B ) 91,92 € G1,hy, hy € G then
91-B¥(31),41- Q% (21) € B, g5. P¥(¥2), hy. Qs (2;) € B which implies g;. ¥ (y;) €
B € By, g,.P¥(y,) € B € B; and h,.Q¥(z,) € B € B,,h,.0%(z,) € B € B, for all
n,k > 0. Notes that by G-expansiveness of P, and Q,,, we get y; =y, and z; = z,,
thatis, (vq,21) = (¥2,22) SO that {P, X Qn}n=o 1S G; X G,-expansiveon Y X Z.

Since G-expansive implies to G-sensitive then Theorem (5.4) is also satisfy of
G-sensitive as:

Corollary:(5.5)

Let Y andZ be G; and G, spaces respectively, {P,}n-o and {Q,}n-o be
two sequences of self-maps on Y and Z respectively . If {P,};—, be G,-sensitive on Y
and {Q,}n=o be G,-sensitive on Z then {P, X Qu}n=o IS G; X G,-expansive on
Y XZ.
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