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In this paper we find y-subgroup for the irreducible characters y of the Special
linear group SL(n,q) when n=2,3 ..

INTRODUCTION

Let G be a finite group and y be an irreducible
character of G. DIXEN in [1] define the subgroup H of
G as a y-subgroup if there exists a linear character 6 of

H such that (¥ ,0) = 1, where (,) is the inner

product of restriction of x to H and 6 .And he using the
character restriction method of y-subgroup to construct
a representation of G affording 7y .In this paper we
find -subgroups for the irreducible characters y of the
Special linear group SL(n,q) when n=2,3 and g=p* for
some prime p ,ke N
depending on some tables related by SL(n,q) .
PRELIMINARIES

Let G be a finite group ,and let C be a field of
Complex numbers .  We give in this section some
concepts of general group theory and representation
theory that we shall use latter, and we can found in [3]

Definition (1.1):
Let GL(n,C) be the group of all non singular nxn

matrices over C ,then a representation of G is a
homomorphism R of G into GL(n,C) for some n>1 .
The number n is called the degree of R and is
denoted by deg R.
A representation R is called irreducible if R(G) is an
irreducible matrix group .
Definition (1.2):

Let R be a representation of G .Then the
character y of G afforded by R is a function of G into
C given by y(g)=tr(R(g)) for g € G ,which is the sum

of the diagonal entries of R(g) .
The degree of y is x(1)=deg R .
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A character y is an irreducible character if R is
irreducible. And y is called the regular character if
x(1)=|G| and %(g)=0 for g € G and g#1 .
Characters of order 1 are called linear character. And
the function 1(g)=1 for all g € G is a linear character
and is called the principal character, and denoted by
1. We denote the set of all irreducible characters of G
by Irr(G).
Definition (1.3):

Let ¢ and w be characters of G. Then

1

(Bv) =|EZ¢(9)«/E

is the inner product of ¢ and .

Definition (1.4):

Let H be a subgroup of G, the restriction y4 of a
character ¢ of G to H is a character of H and we can
write

Tu = anz// , for suitable integers

welrr(H)

Ny-
Note that if y,, € Irr(H) then y e Irr(G).

Definition (1.5):

If H is a subgroup of G and y and ¢ are characters

of G and H, respectively, then the Frobenius
reciprocity Theorem shows that

(B, 1) =48%, %) , $° isthe induced
characteron G .

Lemma (1.6) : (The Frattini Argument)
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Let G be a group and N be a normal subgroup of
G.IfPisaSylow p-subgroup of Nthen G =
No(P)N.

Definition (1.7) [4] :

Let F be a field ,and GL(n,F) is the group of
invertible nxn matrices over F.The Special linear
group SL(n,F) is the subgroup of GL(n,F) which
contains all matrices in GL(n,F) of determinant one .
When we replace F by the prime power p¥, for some
prime p, ke N, we have SL(n,q) ,g=p* .

2. THE x-SUBGROUP OF SL(2,9)

Let G =SL(2,q) ,where g=p* for some prime p ,and
let
H :{1 OJ: feF },Fq a field with g elements .

g1 ‘

Then H is abelian Sylow p-subgroup of G of order g.
In this section we show H is a y-subgroup for all
irreducible characters of G .We shall need some tables
which we can see in [2] . The following tables are the
tables of values of characters of G on elements 1 and
1#h € H, when q is odd and when q is even .

Table (2.1): The values of characters of SL(2,g) on
elements of H when q is odd .

1

q
q-1
g+l

1
@D2 | (-1+./eq)/2
@D2 | (-1F./eq)/2
@02 | (-1+.eq)/2

@2 | (-1FJeq)/2
where € = (-1)P"? 1<i<(g-1)2and 1<j < (g-3)/2.

Note that ni(h) + nz(h) =-1 and &i(h) + &(h) =1 forall 1
+h e H.

o

Table (2.2): The values of characters of SL(2,g) on
elements of H when g is even .

where 1 <i<q/2 and 1<j<(q-2)/2.

Lemma (2.3) [3] :
Let i be an irreducible character of a group G and

suppose p ,f (IG| / %(1)) for some prime p. Then y(g)
= 0 whenever p \ o(g). In particular if G has a Sylow
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subgroup H and an irreducible character y such that |H|
= (1) ,then x4 is the regular character of H and so
(xn ,o ) =1 for each linear character ¢ of H.

Theorem (2.4) :

Let G = SL(2,q) for g = pX>4 and H be a Sylow
p-subgroup of G. Then for all characters y of G, His a
x-subgroup.

Proof:

By lemma(2.3)the character py of degree q is the
regular character of H.
Since H is abelian, all irreducible characters ¢1 =1,
,...,(q Of H are linear. On the other hand ;(h)=-1 and
Bi(h) =1 for all 1 #heH so (yi)u =pn-1 and
(0)H=pH+1.
Also when q is odd we have ni(h) + n2(h) = -1 and
Ei(h) +&E(h) =1 forall 1 #h € H 50 (N)ut+ (N2)n = pr-
1 and (E)n + (En=prtl .

q
Now since py =Y @ and q >4, therefore the
i=1
restriction of each irreducible
character of G to H has at least one linear constituent
with multiplicity 1.
3. THE x-SUBGROUP OF SL(3,9)
Let G= SL(3,q) ,where gq=p for some prime p .
In this section we shall show that for each irreducible
character y of G either a sylow subgroup H or a p-
subgroup of order g2 of G is a y-subgroup.

The character tables of G are known by the work [6]
.we shall use those tables to get the values of
characters on the different conjugacy classes of G
which contain the elements of the Sylow subgroup H
defined below .

00
Define H = 10 :a,b,CEFq i Fqis a
c 1

T 9 BB

field with g elements.
Then the order of H is g and H is a Sylow p-subgroup
forG.

Now we found the following table in [6] that shows
the structure of

conjugacy classes of G which contain some elements
of the Sylow p-subgroup H ,where d = gcd (3,9-
1) ,&£ €GF(g) and o is a cube root of unity.
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Table (3.1) : Conjugacy classes of SL(3,q) which
contain elements of the Sylow

-subgroup H ford =1, 3.

o<k <(d-1)

S

=
o O

o<k 1 <(d-1)

Note that each element of H is contained in one of the
conjugacy classes Cl(o) , CZ(O) and Cg(o") of G.

1 0O

0 1 0}:ze Fq is an

z 01

elementary abelian p-group of order q.
Using the canonical representative elements of

The centre Z(H) =

conjugacy classes C,”,C,” and C,"" we see that

the minimal polynomials of elements of these
conjugacy classes have degrees 1,2 and 3, respectively
and the minimal polynomials of nontrivial elements of
Z(H) have degree 2 so nontrivial elements of Z(H) are

contained in the conjugacy class CZ(O) .

Now we can see the the following lemma in [4] which
gives us some properties of H.
Lemma (3.2) :

Suppose G=SL(3,q) where g is a power of the
prime p. If H is a Sylow p-subgroup of G then we
have:

1. H has g?+q -1 conjugacy classes.

2. H has @¢? linear characters and g-1 non-linear
characters of degree q such that their values on
nontrivial elements of Z(H) are 1 and qw' for some
1<i< p respectively, where o is a primitive p™ root
of unity.

Journal of University of Anbar for Pure Science (JUAPS)

83

Open Access

3. If T is an irreducible character of degree g of H then
©(x) =0 for x ¢ Z(H),and zlﬂez(H)T(Z) =—q .

Now we can see the following table in [5] which
shows the values of the restriction of the irreducible
characters of group SL(3,q) on the elements of Sylow
subgroup H when d=1. Sinced=1,1=0.

Table (3.3) : Values of characters of SL(3,q) on elements of
Hwhend=1

1 1 1
*+q q 0
o 0 0
g>+q+1 q+1 1
#+g’+q q 0
q3 + 2q2 +
2q+1 2q +1 1
Q-1 1 1
®-a?-q+1 | 1-q 1

where 1<i,j<q-2, IS1<(q’+5q+6)/6 , 1 <s<(q’ -
q)/2 and 1 <t <(q*+q)/3 .

Lemma (3.4) :
Let G = SL(3,q) where g > 2 is a power of the

prime p and let H
be the Sylow p-subgroup of G and vy be the irreducible
character of degree g2 + q of G. Then

Ly, b=2.
2. (v, ,7) =1 for each irreducible character t of

degree q of H.
3. There exist some non-principal linear

characters ¢ and ¢ of H such that (¥ ,9) =0 and

Wy, ¢ =1.
Proof : Suppose that

00
1 0|eH
c 1

x
1]
o o

is contained in the conjugacy class CZ(O) of G. Since

each element in CZ(O) has a minimal polynomial of
degree 2,



P- ISSN 1991-8941 E-ISSN 2706-6703
2010,(4), (3) :81-87

0 0 O
(x1)’=| 0 0 0|=0
ac 0 O

This, together with x ¢ Z(H) implies a = 0 or ¢ = 0 but
not both. Therefore the number of possibilities for the
elements x with above properties is  2q(g-1). The

elements of Z(H) are also contained in CZ(O) and the

values of y on Cl(o) , CZ(O) and CS(O’O) are g’+ ¢, g and
0, respectively. Thus we have

WD =5 S, (LX) = q%(wH M+

‘H‘ z‘//H (2)+ ZV/H (2))

= w2
~~~~~~~~~ - 5@ 0+ @-Da+20@ -9 =2

Now suppose 7 is an irreducible character of
degree q of H. By using table(3.3) for the value of
w on the conjugacy class CZ(O) of G which contains
the elements of Z(H) , by lemma (3.2) we have

ﬁzm (97(x)

------------ - q%(wH O+ Y, @@+ Y. (@)

1#2eZ (H) z¢Z(H)

<WH vT> =

1
~~~~~~~~~~~ =q—3((q2 +0)9-g° +0) =1

Therefore for each irreducible character = of degree g
of H (v, ,7)=1as claimed.

Now since (w,,7) =1 for each irreducible character
q-1 t

z of degree g of H, hence y, =Y 7, + > .m;é,
i=1 j=1

where ¢j are linear characters of H with multiplicity
q-1

m; . Since w(1)=q*+qand D 7,(1) =9’ —qwe
i=1

t
have ijqzﬁj (1) = 29.Since H possesses g -1 non-

j=1
principal linear characters, there exists at least one
non-principal  linear character ¢ such that
Wy, p)=0.Put Wy h=m
Oy =xn —wy +1 we have ((v,)y.DH=2-m.

Since

Hence

1
m <2 and so Y m;4, (1) =29 -2 where »  runs

j=1

over ¢; #1.This means
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there exists some non-principal linear character ¢ of
H such that (w,,¢) # 0. If we suppose {y,,,¢) =n,
then ((v,),,#) =1—n. Since n=0 this shows that n

= L1.Therefore there exists a non-principal linear
character ¢ such that (y,,,¢) =1.
Theorem (3.5) :

Let G = SL(3,9) where q > 2 is a power of prime
pandd =1 and let H be a sylow p-subgroup of G.
Then for all irreducible characters y of G, H is a -
subgroup.

Proof:

By table (3.3) the characters p and y have
degrees g® and g+q respectively.

Now if we restrict them to H we see that for all
nontrivial xe H we have p,, (x) =0 and y, (X) =q
or 0. Thus from the values of the other characters of G
on H we get:

Cn =vu+L (7))n =Py t¥u,

(e)n =pn +2py +1 (u)y = py —1 and
)y =py —yy +1.

Since p(1) = g® is the order of H, Lemma (2.3)
shows that p,, is the regular character of H and

Py = Zudrr(H)u(l)u. On the other hand by the

lemma (3.4) there exists a non-principal linear
character ¢ of H such that (v, ,¢) =0 then, since

(Py,p)=1,we have
Pu+vu. @) =1, {py+2y, +L ) =1,
(py —Loy=1and (p, -y, +1L¢p)=1.

Also by the lemma (2.3) there exists a non-principal
linear character ¢ of H such that (y,,,¢) =1. Thus

(wy +1¢) =1 ,and H is a x-subgroup.

Now we consider the case that d=3 .The following
table in [6] show of the values of irreducible characters
of SL(3, q) on the conjugacy classes which contain the
elements of H.

Table (3.6) : Values of characters of SL(3,q) on elements

of Hwhend =3
1 1 1
9’+q q 0
qg? 0 0
g’+q+1 q+1 1
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g®+ag*+q q 0
(9 + 297 (2g +1)/30or | (2q+1)/3
+2q+1)/3 (1-9)/3 or (1-9)/3
3 2
T |
o -1 -1 -1
q*-q’-q+1 1-q 1
(P-9%-q (1-a)/3or(2q | (1-q)3or
+1)/3 +1)/3 (2q +1)/3
(P-9%-q (1-a)/3or(2q | (1-q)3or
+1)/3 +1)/3 (2q +1)/3

where 1 <1,j<q-2, 1 <r<(q*+5q+4)/6 , 1 <s<(q?-
q)/2,1<t<(g**g-2)/3and 1 <k, m,n<3.
By the values of characters mm and y, on the conjugacy

classes C,"”,C,” and C," we have

{(@) (@) (@) 0 }={(r)w (72) () } -
Definition (3.7) :

Let H be a normal subgroup of group G and a and
B be characters
of H. Then  is called a conjugate of a in G if there

exists ge G such that 8 = a® ,where

a°(h) =a(ghg™) =a(h® ) forheH .
Theorem (3.8) [6] :

Let G = GL(3,q) then the elements of each set of
characters {6,,0,,0,}{®,, »,,®,}and

{17, 73}0f SL(3,q) are conjugate in G.

Lemma (3.9) :
Let H be a subgroup of G, xe Ng(H) and ¢ be a

character of H. Then $” is a character of H and
3" (1) = 3(@) . Furthermore {($*,3*) =($,3) and in
particular 9* is irreducible if and only if 4 is
irreducible.
Proof:

Since xe Ng(H) so xhx*e H for he H. On the other
hand by definition (3.7)
¥ (h) = 9(xhxt) = 9(h*")so $* is a character of
H. Also
F@D) =9(xx) = 3.

<9X,3X>:ﬁZSX(h)QX(h):ﬁZSX(h“)S (h*)
............ _ 1 > 8 (2)9(z) = (4, 9.
|H|z:hx_1eH

Therefore 9* € Irr(H) if and only if & € Irr(H) .
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Lemma (3.10) :

Let G be a normal subgroup of group L and H be
a Sylow subgroup
of G. Let y and 9 be irreducible characters of G and
H, respectively. Let I L then

(9 =g, ") for some xe NL(H).

In particular (y,,,1) ={x}.1) .
Proof:
By the Frattini argument lemma (1.6) shows L =
GNL(H). If leL then
| = gx where ge G and xe N.(H) .Thus

s ®) = ﬁ S 2 (0)9(h) = ﬁ S 7 (¥ )8(0)
1
............ = F Z;(H (h)9*(h) = (g, 9.

Since ye Irr(G) sox¢ = x thus y,, = 2 = x} and
this implies (¥, 9) = (), %*).
In particular if $ =1 then since 1*=1so
) =Crn D
Theorem (3.11) :
Let G = SL(3,q) where q > 2 is a power of the

primepandd=3.
Let H be a Sylow p-subgroup of G. If y is an
irreducible character of G then H is a x-subgroup.

Proof:

We use the same method as we used to prove
theorem (3.5) .Thus pw is the regular character of H
and w is the character of degree g*+ g of H. Therefore
for characters G, nj, &, pus and v¢ we have:

(C)u =wn +1, (77j)|-| =Py tWy,
(edn =pn +2py +1 (u)y = py —1 and
(L) =py —yu +1.
Lemma (3.4) shows H has some non-principal linear
characters ¢ and ¢ such that (y,,,¢) =0and

(W, @) =1.Since pu Iis the regular character of H so
(Pu @) ={pu.,$» =1 Hence

(M), 0y =m0 = (1), ) = (L) ) =1
and (<), @) =0 .Also (i, ,¢) =1 implies

((£) @) =1.Therefore the restriction of characters

Gi,mi, &, s and vi on H have at least one linear
constituent with multiplicity one. So the only
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remaining characters to consider are 6, om and y, for 1
< k,m,n <3.
Using the Frobenius reciprocity we have,

1, 9%) =(&,,0°) =1, 9°) = (v,,9°) =1 and
(&, 0%y =0.Also if
<(9k)H’(o> = Kk’((a)m)H’¢>: I\/Im and<(]/n)H’(p>: an

then
0,0°) =K, (0,,0°)=M_ and(y,,p®)=N_, for1

<k, m, n< 3.
Therefore if we induce ¢ to G we get

9° =p+@-2) n;+((a* ~59+4)/6)e, +((@* ~ )/ 2)u, +((4° +q-2)/3)v,
+ZS:Kk9k +imem +23:Nnyn‘

Using the fact that ¢ ¢(1) = |G : H| ¢ (1) we calculate
the value at 1 and simplify the above equation we have

3 3 3
G:H|=-¢"-0*+¢° +ZKk€k(1) +ZMma)m(l)+Z N,7. (1.
k=1 m=1 n=1

Since [G:H|=0°-q°—q® +1 we get

3 3 3
> Kb O+D Mo, )+ Ny, (@) =q°+1.
k=1 m=1 n=1
Since

Ok (1) = (q® + 29°+ 2q + 1)/3 and om(1)=ya(1) =
(@*-q’-q+1)3

so we have

3
(O K@ + 202+ 2 + 1)/3)

k=1

3 3
+O M, + > N (™ 02 - g+ 1)/3) = g*+1
m=1 n=1

3

Hence by considering K = Z;Kk M= M

m=1 m
and N = ; N,
We get
K ((@®+20*+2q+ 1)/3) + (M +N)((a* q°-q +
DIB)=g*+1
So

(K+M+N) g3+(2K-(M+N)) g?+((2K-(M+N))
q+(K+M+N) = 3(g®+1) .
Thus
(A-3)(@*+1)=-B(g*+q)
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where A = K+M+N and B = 2K-(M+N). Since K, M

and N are non negative integers and are not all equal 0,

S0 A is a positive integer. Since

q\-B(g2 + g) so g\ A-3 and this means that A- 3 =tq

for some integer t. Hence simplifying equation (*)

implies -B = t(g%- q + 1). Thus
0<3K=A+B=3-t(q-1)>°.

Since d = ged(3, g-1) = 3 so we can consider q > 3,
which in this case
A=3+tq>0impliest>0and A + B=3-1(q-1)>>0
shows t < 0.

Thust=0, A =3 and B =0 which these conclude K =
landM+N=2.

3 3 3
Therefore » K, =Land (DM + > N )=2.S0
k=1 m=1 n=1
for some k, Kk =1 and
(B )y 9 =1 .Let {(6,),,p) =1 then by theorem
(3.8) the characters 61, 62 and 03 are conjugate in L =
GL(3,q) .Hence by lemma(3.10) we have

<(91)H 1¢> :<(02)H 1(0X> :<(93)H ,¢y> =1 for

some X, ye N.(H).

On the other hand by lemma(3.9) , ¢* and ¢” are linear
characters of H so the restriction of characters 0., 0,
and 03 to H have at least a constituent of degree one
with multiplicity one.

Also by table (3.6),

{(@) v, (@), (@) =) ns (72w (7a)n }
SO ZS: M, =1and 23: N, =1 .Therefore for some m

and n we have N, = 1 and My, = 1 which this means
(@) @) = (7)1, #) =1.Now we can suppose
(@), 9) ={(/1) ) =1. Theorem (3.8) shows
the elements of each set of characters {®,, @, , ®,}
and {y,,7,,7,} are conjugate in L= GL(3, q).
Therefore by lemma (3.9) and lemma (3.10) there exist
r,s,t,u € NL(G)
linear characters of H and
<(w2)H'¢’r>:<(w3)H’¢s>:<(72)Hv¢l>:<(73)w¢u>:1 Hence for 1
<m, n < 3 the characters (om)~ and (yn)n have a linear

constituent with multiplicity 1. This completes the
proof .

such that @",p°, @'andep" are
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