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INTRODUCTION 

          Let G be a finite group and χ be an irreducible 

character of G. DIXEN in [1] define the subgroup H of 

G as a χ-subgroup if there exists  a linear character θ of 

H such that   ,H = 1, where ,  is the inner 

product of restriction of χ to H and θ .And he using the 

character restriction method of χ-subgroup to construct 

a representation of G affording  χ .In this paper we 

find χ-subgroups for the irreducible characters χ of the 

Special linear group SL(n,q) when n=2,3 and q=pk for 

some prime p ,kN  

depending on some tables related by SL(n,q) . 

 PRELIMINARIES 

         Let G be a finite group ,and let C be a field of 

Complex numbers .    We give in this section some 

concepts of general group theory and representation 

theory that we shall use latter, and we can found in [3] 

. 

Definition (1.1):  

      Let GL(n,C) be the group of all non singular n×n 

matrices over C ,then a representation of G is a 

homomorphism R of G into GL(n,C) for some n≥1 . 

The number n is called the degree of  R and is 

denoted by deg R. 

A representation R is called irreducible if R(G) is an 

irreducible matrix group . 

Definition (1.2): 

      Let R be a representation of G .Then the 

character χ of G afforded by R is a function of G into 

C given by χ(g)=tr(R(g)) for Gg   ,which is the sum 

of the diagonal entries of R(g) . 

The degree of  χ  is χ(1)=deg R . 
 

* Corresponding author at: Al-Mustansiriyah University -

College of Education, Iraq.E-mail address:  

 

A character χ is an irreducible character if R is 

irreducible. And χ is called the regular character if 

χ(1)=|G| and χ(g)=0 for Gg   and g≠1 . 

Characters of order 1 are called linear character. And 

the function 1(g)=1 for all Gg   is a linear character 

and is called the principal character, and denoted by 

1. We denote the set of all irreducible characters of G 

by Irr(G). 

Definition (1.3):  

         Let   and   be characters of G. Then 

                       )()(
1

, gg
G Gg

 


=  

is the inner product of   and  . 

 

Definition (1.4): 

       Let H be a subgroup of G , the restriction χH of a 

character χ of G to H is a character of H and we can 

write 

                    





=
)(HIrr

H   , for suitable integers 

ηψ. 

Note that if )(HIrrH   then )(GIrr . 

 

Definition (1.5): 

      If H is a subgroup of G and χ and   are characters 

of G and H, respectively, then the Frobenius 

reciprocity Theorem shows that 

                  =  ,, G

H  , 
G  is the induced 

character on G . 

 

Lemma (1.6) : (The Frattini Argument) 
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       Let G be a group and N be a normal subgroup of 

G. If P is a Sylow    p-subgroup of  N then G = 

NG(P)N. 

 

Definition (1.7) [4] : 

       Let F be a field ,and  GL(n,F) is the group of 

invertible  n×n matrices over F.The Special linear 

group SL(n,F) is the subgroup of GL(n,F) which 

contains all matrices in GL(n,F) of determinant one .  

When we replace F by the prime power pk, for some 

prime p, kN, we have SL(n,q) ,q=pk . 

2. THE χ-SUBGROUP OF SL(2,q)  

   Let G =SL(2,q) ,where q=pk  for some prime p ,and 

let  

















= qFH 


:

1

01 ,Fq a field with q elements . 

Then H is abelian Sylow p-subgroup of G of order q. 

In this section we show H is a χ-subgroup for all 

irreducible characters of G .We shall need some tables 

which we can see in [2] . The following tables are the 

tables of values of characters of G on elements 1 and 

1≠h H, when q is odd and when q is even . 

 

Table (2.1): The values of characters of SL(2,q)  on 

elements of  H when q is odd . 
 1 h 

1 1 1 

ρ q 0 

Ψi q-1 -1 

θj q+1 1 

η1 (q-1)/2 2/)1( q−  

η2 (q-1)/2 2/)1( q−  

ξ1 (q+1)/2 2/)1( q−  

ξ2 (q+1)/2 2/)1( q−  

where 
2/)1()1( −−= q , 1 ≤ i ≤ (q-1)/2 and 1 ≤ j ≤ (q-3)/2.  

Note that   η1(h) + η2(h) = -1  and  ξ1(h) + ξ2(h) = 1 for all 1 

≠ h H. 

 

Table (2.2): The values of characters of SL(2,q) on 

elements of  H when q is even . 
 1 h 

1 1 1 

ρ q 0 

Ψi q-1 -1 

θj q+1 1 

where 1 ≤ i ≤ q/2  and  1 ≤ j ≤ (q-2)/2. 

 

Lemma (2.3) [3] : 

       Let χ be an irreducible character of a group G and 

suppose  p | (|G| / χ(1)) for some prime p. Then χ(g) 

= 0 whenever p \ o(g). In particular if G has a Sylow 

subgroup H and an irreducible character χ such that |H| 

= χ(1) ,then χH is the regular character of  H and so 

 χH ,φ  =1 for each linear character φ of H. 

Theorem (2.4) : 

       Let G = SL(2,q) for q = pk ≥ 4 and H be a Sylow 

p-subgroup of G. Then for all characters χ of G, H is a 

χ-subgroup. 

Proof:  

    By lemma(2.3)the character ρH of degree q is the 

regular character of  H. 

Since H is abelian, all irreducible characters φ1 =1 ,φ2 

,…,φq of  H are linear. On the other hand ψj(h)= -1 and 

θi(h) =1 for all 1 ≠ hH so             (ψj)H =ρH-1 and 

(θi)H=ρH+1 .  

Also when q is odd we have η1(h) + η2(h) = -1  and  

ξ1(h) + ξ2(h) = 1 for all 1 ≠ h H  so (η1)H+ (η2)H = ρH-

1  and  (ξ1)H + (ξ2)H = ρH+1  . 

Now since 
=

=
q

i

iH

1

  and q ≥4, therefore the 

restriction of each irreducible 

character of G to H has at least one linear constituent 

with multiplicity 1.  

3. THE χ-SUBGROUP OF SL(3,q)  

         Let G= SL(3,q) ,where q=pk  for some prime p .  

In this section we shall show that for each irreducible 

character χ of G either a sylow subgroup H or a p-

subgroup of order q2 of G is a χ-subgroup.  

 

The character tables of G are known by the work [6] 

,we shall use those tables to get the values of 

characters on the different conjugacy classes of G 

which contain the elements of the Sylow subgroup H 

defined below .  

      Define  


































= qFcba

cb

aH ,,:

1

01

001

; Fq is a 

field with q elements. 

Then the order of H is q3 and H is a Sylow p-subgroup 

for G .  

 

Now we found the following table in [6] that shows 

the structure of 

conjugacy classes of G which contain some elements 

of the Sylow            p-subgroup H ,where d = gcd (3,q-

1) ,  GF(q)  and ω is a cube root of unity. 
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         Table (3.1) : Conjugacy classes of SL(3,q) which 

contain elements  of the Sylow p-subgroup H for d = 1, 3. 

C
o

n
ju

g
a

cy
 

cl
a

ss
 

Canonical 

representative 
Parameters 

 
)(

1

k
C  

 















k

k

k







00

00

00

 )1( − dko  

)(

2

k
C  
















k

k

k







00

01

00

 

 

)1( − dko  

 

 
),(

3

Ik
C  

 

 

















kI

kI

k







0

0

00

 )1(, − dIko  

 

Note that each element of H is contained in one of the 

conjugacy classes 
)0(

1C ,
)0(

2C and
),0(

3

I
C  of G. 

The centre  


































= qFz

z

HZ :

10

010

001

)(  is an 

elementary abelian p-group of order q.  

Using the canonical representative elements of 

conjugacy classes 
)0(

1C ,
)0(

2C and
),0(

3

I
C we see that 

the minimal polynomials of elements of these 

conjugacy classes have degrees 1,2 and 3, respectively 

and the minimal polynomials of nontrivial elements of 

Z(H) have degree 2 so nontrivial elements of Z(H) are 

contained in the conjugacy class 
)0(

2C . 

Now we can see the the following lemma in [4] which 

gives us some properties of  H. 

Lemma (3.2) : 

       Suppose G=SL(3,q)  where q is a power of the 

prime p. If H is a Sylow p-subgroup of G then we 

have: 

1. H has q2+q -1 conjugacy classes. 

2. H has q2 linear characters and q-1 non-linear 

characters of degree q such that their values on 

nontrivial elements of Z(H) are 1 and qωi for some 

pi 1  respectively, where ω is a primitive pth root 

of unity. 

3. If τ is an irreducible character of degree q of H then 

τ(x) = 0 for )(HZx ,and  
−=

)(1
)(

HZz
qz  . 

Now we can see the following table in [5] which 

shows the values of the restriction of the irreducible 

characters of group SL(3,q) on the elements of Sylow 

subgroup H when d=1. Since d = 1, I = 0. 

 

Table (3.3) : Values of characters of SL(3,q) on elements of 

H when d = 1 

 
)0(

1C  
)0(

2C  
)0,0(

3C  

1 1 1 1 

ψ q2 + q q 0 

ρ q3 0 0 

ζi q2 + q +1 q +1 1 

ηj q3 + q2 + q q 0 

εr 
q3 + 2q2 + 

2q+1 
2q +1 1 

μs q3 -1 -1 -1 

νt q3- q2 - q +1 1-q 1 

 

where 1 ≤ i , j≤ q-2 , 1≤ r≤ (q2+5q+6)/6 , 1 ≤ s≤ (q2 -

q)/2 and 1 ≤ t ≤ (q2+q)/3 . 

Lemma (3.4) : 

        Let G = SL(3,q) where q > 2 is a power of the 

prime p and let H 

be the Sylow p-subgroup of G and ψ be the irreducible 

character of degree q2 + q  of G. Then 

        1. 21, = H  . 

        2. 1, =  H  for each irreducible character τ of 

degree q of  H. 

        3. There exist some non-principal linear 

characters φ and ϕ of  H  such that 0, =  H  and 

1, =  H . 

Proof : Suppose that 

                             x = H

cb

a 
















1

01

001

 

is contained in the conjugacy class 
)0(

2C of G. Since 

each element in 
)0(

2C has a minimal polynomial of 

degree 2, 
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                       (x-1)2 = 0

00

000

000

=
















ac

 

This, together with xZ(H) implies a = 0 or c = 0 but 

not both. Therefore the number of possibilities for the 

elements x with above properties is   2q(q-1). The 

elements of Z(H) are also contained in 
)0(

2C and the 

values of   on 
)0(

1C ,
)0(

2C and
)0,0(

3C are q2+ q , q and 

0, respectively. Thus we have 

                

.2))1(2)1()((
1

))()()1((
1

)(1)(
1

1,

2

3

)()(1
3

=−+−++=

++== 


qqqqqqq
q

zz
q

xx
H HZz

H

HZz

HH

Hx

HH



  

    Now suppose   is an irreducible character of 

degree q of  H. By using table(3.3) for the value of 

 on the conjugacy class 
)0(

2C of G which contains 

the elements of Z(H) , by lemma (3.2) we have 

                

.1)0)((
1

))()()()()1()1((
1

)()(
1

,

22

3

)()(1
3

=+−+=

++=

=









qqqq
q

zzzz
q

xx
H

HZz

H

HZz

HH

Hx

HH



 

  

Therefore for each irreducible character   of degree q 

of  H  1, =  H  as claimed. 

  

Now since 1, =  H  for each irreducible character 

  of degree q of H , hence j

t

j

j

q

i

iH m  
=

−

=

+=
1

1

1

 

where 
j  are linear characters of H with multiplicity 

mj . Since qq += 2)1( and qq
q

i

i −=
−

=

2
1

1

)1( we 

have .2)1(
1

qm j

t

j

j =
=

 Since H possesses q2 -1 non-

principal linear characters, there exists at least one 

non-principal linear character   such that 

0, =  H .Put .1, mH =  Since 

1)( +−= HHHt   we have mHt −= 21,)( . 

Hence 

m 2 and so 22)1(
`

1

−
=

qm j

t

j

j  where  runs 

over 1j .This means 

there exists some non-principal linear character   of 

H such that 0,   H . If we suppose nH =  , , 

then nHt −= 1,)(  . Since n 0 this shows that n 

= 1.Therefore there exists a non-principal linear 

character   such that 1, =  H . 

Theorem (3.5) : 

        Let G = SL(3,q) where q > 2 is a power of prime 

p and d = 1 and let H be a sylow p-subgroup of G. 

Then for all irreducible characters χ of G, H is a χ-

subgroup. 

  Proof:  

         By table (3.3) the characters ρ and ψ have 

degrees q3 and q2+q respectively. 

Now if we restrict them to H we see that for all 

nontrivial xH we have 0)( =xH  and qxH =)(  

or 0. Thus from the values of the other characters of G 

on H we get: 

       ,1)( += HHi    ,)( HHHj  +=   

,12)( ++= HHHr    ,1)( −= HHs   and 

.1)( +−= HHHt   

    Since ρ(1) = q3 is the order of H, Lemma (2.3) 

shows that H  is the regular character of H and 

 
=

)(
)1(

HIrrH 
 . On the other hand by the 

lemma (3.4) there exists a non-principal linear 

character φ of H such that 0, =  H  then, since 

1, = H  , we have 

           1, =+  HH  ,  1,12 =++  HH  ,  

1,1 =− H  and 1,1 =+−  HH . 

 

Also by the lemma (2.3) there exists a non-principal 

linear character   of H such that 1, =  H . Thus 

1,1 =+  H  ,and H is a χ-subgroup. 

 

Now we consider the case that d=3 .The following 

table in [6] show of the values of irreducible characters 

of SL(3, q) on the conjugacy classes which contain the 

elements of  H . 

 

Table (3.6) : Values of characters of SL(3,q)  on elements 

of H when d = 3 

 
)0(

1C  
)0(

2C  
)0,0(

3C  

1 1 1 1 

ψ q2 + q q 0 

ρ q3 0 0 

ζi q2 + q +1 q +1 1 
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ηj q3 + q2 + q q 0 

θk 
(q3 + 2q2 

+2q+1)/3 

(2q +1)/3 or 

(1-q)/3 

(2q +1)/3 

or (1-q)/3 

εr 
q3 + 2q2 + 

2q+1 
2q +1 1 

μs q3 -1 -1 -1 

νt q3- q2 - q +1 1-q 1 

ωm 
(q3- q2 - q 

+1)/3 

(1-q)/3 or (2q 

+1)/3 

(1-q)/3 or 

(2q +1)/3 

γn 
(q3- q2 - q 

+1)/3 

(1-q)/3 or (2q 

+1)/3 

(1-q)/3 or 

(2q +1)/3 

 

where 1 ≤ i ,j≤ q-2 , 1 ≤ r≤ (q2+5q+4)/6 , 1 ≤ s≤ (q2 -

q)/2 , 1 ≤ t≤ (q2+q-2)/3 and 1 ≤ k, m, n ≤ 3. 

By the values of characters ωm and γn on the conjugacy 

classes 
)0(

1C ,
)0(

2C and 
),0(

3

I
C  we have 

                   

})(,)(,){(})(,)(,){( 321321 HHHHHH  =  . 

Definition (3.7) : 

        Let H be a normal subgroup of group G and α and 

β be characters 

of H. Then β is called a conjugate of α in G if there 

exists gG such that 
g = ,where 

)()()(
11 −

== − gg hghgh   for hH .  

Theorem (3.8) [6] : 

       Let G = GL(3,q) then the elements of each set of 

characters },,{},,,{ 321321  and 

},,{ 321  of SL(3,q) are conjugate in G. 

Lemma (3.9) : 

        Let H be a subgroup of G, xNG(H) and   be a 

character of H. Then 
x  is a character of H and 

)1()1(  =x
. Furthermore =  ,, xx

 and in 

particular 
x  is irreducible if and only if   is 

irreducible. 

   Proof:  

     Since xNG(H) so xhx-1H for hH. On the other 

hand by definition (3.7) 

)()()(
11 −

== − xx hxhxh  so 
x  is a character of 

H. Also 

)1()()1( 1  == −xxx
. 

.,)()(
1

)()(
1

)()(
1

,

1

11

==

==





=



−

−−





zz
H

hh
H

hh
H

Hhz

x

Hh

xxx

Hh

xxx

x



 

Therefore 
x  Irr(H) if and only if   Irr(H) . 

Lemma (3.10) :  

        Let G be a normal subgroup of group L and H be 

a Sylow subgroup 

of G. Let χ and   be irreducible characters of G and 

H, respectively. Let IL then 

           = xI

HH  ,,  for some xNL(H) . 

In particular = 1,1, I

HH   . 

   Proof:  

       By the Frattini argument lemma (1.6) shows L = 

GNL(H). If  IL then 

l = gx where gG and xNL(H) .Thus 

                    

.,)()(
1

)()(
1

)()(
1

,
11

==

==





=



−−

xx

H

x

HHh

x

H

x

Hh

x

H

Hh

HH

hh
H

hh
H

hh
H

x







Since χ Irr(G) so χg = χ thus 
x

H

gx

H

I

H  ==  and 

this implies = xI

HH  ,, . 

In particular if  = 1 then since 1x = 1 so 

= 1,1, I

HH  . 

Theorem (3.11) : 

        Let G = SL(3,q) where q > 2 is a power of the 

prime p and d = 3. 

Let H be a Sylow p-subgroup of G. If χ is an 

irreducible character of G then H is a χ-subgroup. 

  Proof:  

       We use the same method as we used to prove 

theorem (3.5) .Thus ρH is the regular character of H 

and ψH is the character of degree q2+ q of H. Therefore 

for characters ζi , ηj , εr , μs and νt  we have: 

    ,1)( += HHi    ,)( HHHj  +=   

,12)( ++= HHHr    ,1)( −= HHs   and 

.1)( +−= HHHt   

Lemma (3.4) shows H has some non-principal linear 

characters   and   such that 0, =  H and 

1, =  H . Since ρH  is the regular character of H so 

1,, ==  HH  .Hence 

1,)(,)(,)(,)( ====  HtHsHrHj
 

and 0,)( =  Hi  .Also 1, =  H  implies 

1,)( =  Hi .Therefore the restriction of characters 

ζi , ηj , εr , μs and νt  on H have at least one linear 

constituent with multiplicity one. So the only 
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remaining characters to consider are θk, ωm and γn for 1 

≤  k,m,n ≤ 3. 

Using the Frobenius reciprocity we have, 

          

1,,,, ==== G

t

G

s

G

r

G

j   and 

0, = G

i  . Also if 

,,)(,)(,,)( nHnmHmkHk NandMK ===   

then                         

,,,,, n

G

nm

G

mk

G

k NandMK ===   for 1 

≤ k, m, n≤ 3.  

Therefore if we induce  to G we get 

                   


===

+++

−++−++−+−+=

3

1

3

1

3

1

222

.

)3/)2(()2/)(()6/)45(()2(

n

nn

m

mm

k

kk

tsrj

G

NMK

qqqqqqq



  

Using the fact that  G(1) = |G : H| (1) we calculate 

the value at 1 and simplify the above equation we have 


===

++++−−=
3

1

3

1

3

1

532 ).1()1()1(:
n

nn

m

mm

k

kk NMKqqqHG 

Since 1: 235 +−−= qqqHG   we get                                    


===

+=++
3

1

3
3

1

3

1

.1)1()1()1(
n

nn

m

mm

k

kk qNMK   

Since 

          θk (1) = (q3 + 2q2+ 2q + 1)/3  and ωm(1)= γn(1) = 

(q3- q2 - q + 1)/3 

 

so we have  

(
=

3

1k

kK )((q3 + 2q2+ 2q + 1)/3) 

+ )(
3

1

3

1


==

+
n

n

m

m NM ((q3- q2 - q + 1)/3) = q3+1 . 

Hence by considering  ==
==

3

1

3

1
,

m mk k MMKK  

and  =
=

3

1n nNN  

We get 

      K ((q3 + 2q2 + 2q + 1)/3) + (M + N)((q3- q2 - q + 

1)/3) = q3 + 1 

So 

   (K+M+N) q3+(2K-(M+N)) q2+((2K-(M+N)) 

q+(K+M+N) = 3(q3+1) . 

Thus 

           (A - 3)(q3 + 1) = - B (q2 + q)   ……. (*)  

where A = K+M+N and B = 2K-(M+N). Since K, M 

and N are non negative integers and are not all equal 0, 

so A is a positive integer. Since  

q \ -B(q2 + q) so q \ A-3 and this means that A- 3 = tq 

for some integer t. Hence simplifying equation (*) 

implies -B = t(q2- q + 1). Thus 

                          0 ≤ 3K = A + B = 3- t(q -1)2 . 

    Since d = gcd(3, q-1) = 3 so we can consider q > 3, 

which in this case 

A = 3 + tq > 0 implies t ≥ 0 and A + B = 3- t(q-1)2 ≥ 0 

shows t ≤ 0. 

Thus t = 0, A = 3 and B = 0 which these conclude K = 

1 and M + N = 2. 

Therefore 
=

3

1k

kK =1 and )(
3

1

3

1


==

+
n

n

m

m NM =2 . So 

for some k, Kk =1 and 

1,)( =  Hk  .Let 1,)( 1 =  H  then by theorem 

(3.8) the characters θ1, θ2 and θ3 are conjugate in L = 

GL(3,q) .Hence by lemma(3.10) we have 

        1,)(,)(,)( 321 === y

H

x

HH   for 

some x , yNL(H).  

On the other hand by lemma(3.9) , φx and φy are linear 

characters of H so the restriction of characters θ1, θ2 

and θ3 to H have at least a constituent of degree one 

with multiplicity one. 

Also by table (3.6), 

            

})(,)(,){(})(,)(,){( 321321 HHHHHH  =  

so 1
3

1

=
=m

mM  and 1
3

1

=
=n

nN  .Therefore for some m 

and n we have Nn = 1 and Mm = 1 which this means 

1,)(,)( ==  HnHm .Now we can suppose 

1,)(,)( 11 ==  HH . Theorem (3.8) shows 

the elements of each set of characters },,{ 321   

and },,{ 321   are conjugate in L= GL(3, q). 

Therefore by lemma (3.9) and lemma (3.10) there exist 

r, s, t, u NL(G)         such that 
utsr and ,,  are 

linear characters of H and                                                                                                                               

1,)(,)(,)(,)( 3232 ==== u

H

t

H

s

H

r

H   Hence for 1 

≤ m, n ≤ 3 the characters (ωm)H and (γn)H have a linear 

constituent with multiplicity 1. This completes the 

proof . 
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