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ABSTRACT

pol: superspace with two anticommuting variables. This dimensional reduction is a
Keywords: consequence of super rotation invariance in the superspace. In this paper we study the
Dimensional , generate conformal transformations in the properties of field theories which are
2;:1‘:;25:‘% invariant under such transformations. We show that the symmetries are

dimensionally reduced.

Introduction
Quantum field theories defined on a graded

manifold ) ={y* }={x*,0,6'} ...(1)
Where {x“} is a d-dimensional Euclidean space and

0,0

investigated [1-4]. Such theories are applicable to a

are anticommuting scalars, have been

variety of problems including the theories of
ferromagnetic in a quenched random magnetic field
[1,3,4], the problem of quark confinement [5], study of
dilute branched polymers [6] and the unification of
weak electromagnetic and strong interactions [7].
These super space quantum field theories were
originally introduced by Parisi and Sourlas [1] to
explain the equivalence between classical stochastic
field theories in d-dimensions 2and their quantum
counterparts in d-2 dimensions [8]: both of these
theories are related to the corresponding superspace
guantum field theories in the (d+2) dimensional super

space, and the dimensional reduction d—d+2is

attributed to the negative dimensionality of the two ant
commuting variables 8,6' [1, 2].

In this paper we address the question how
symmetries are dimensionally reduced: We study

general conformal symmetries in the super and show
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that if there is an invariance of the (d-2) dimensional
Lagrangian, then the corresponding (d+2)-dimensional
superspace Lagrangian invariant under the pertinent
super space transformation.

As a consequence we find that the full symmetry
structure of the superspace field theories is
dimensionally reduced.

As in ref. [2] we define the inner product of two

supervectors by introducing the metric tensor g, ;:
9up Y Y =Y Y, =X +(4/4)0'0 (2)

Note that g,, is not symmetric so that care must be
taken with the order of indices. We define
0,=(0lox*, 0106 ,0108") (3)

So that

............ (4) but 0y, ,=d-2

In the super space we define the symplectic
conformal group Osp(1, d+2) [9] by a generalization
of the ordinary conformal group to the superspace of

rotations translations, dilatation and special conformal

transformations are taken to be:

57y =gy —(-)*’ gy (6a)
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5 y'=2y"y’—g”y* (6d)
Here (=)’ denotes the grading of the indices and

in exhibiting these formulas we have not included the
that
transformations. By considering the combined actions

infinitesimal ~ parameters specify  the
of these infinitesimal transformations in different
orders the graded Lie algebra of the symplectic
conformal group can be abstracted: upon defining
R¥#, T* D, C“°

superrotations, super translations, super dilatations and

to be the generators of

special super conformal transformation respectively,
we find the following graded Lie algebra:

[R”, R"}=g"R™+ ()7 ()" 9" R~ (-)" " R~ ()" g R”

... (72)

[R7, T}= 7 ()7 g+ T~ ()" g T’
(7b)

[T*, T’}=0...(7)

[D, T*Y= -T* ... (7d)

......... (79)
[T*, C’}= 29D - 2R*

.................... (7g)

[D, D}=[D,R¥}=[C*,C’]1=0............ (7h)

Where [ , } denotes the graded commutator [2].
(For a related analysis see refs. [9, 10].) Before, we
establish the conditions under which a superspace
Lagrangian which depends on a super field ¢ is
invariant under sympletic conformal transformation

we must decide how the field ¢ transform. For

simplicity we take ¢ to be a superscalar [2] so that
5" ¢ =1y " -()"y" 0" 1¢(82)
o g =-0"¢......... (8b)
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Op ¢ = (y*0,+D) ... (8¢)
5 ¢ =2y yo,-y'y,0°+2Dy")¢... (8d)
Which is consistent with (eq.7). Here D is in general
some matrix but in the case of superspace D is a
commuting number that we shall call the scale
dimension of ¢ . {for super vectors and suppressions
[2] the pertinent super rotation terms must be added in
eq.8 }.
Results and Discussion

We first discuss superspace field theories invariant
under superrotations and super translations [1-4, 11]:
Obviously the super laplacian

[l.=06"0, L1,+A08,-8,...(9

is a superscalar: consequently the Lagrangian

5001 5 ¢ (-0.) g+ VIg)

Where V [¢] is an arbitrary local polynomial in ¢ is
invariant under super rotations and super translations
[1-4, 11]. The super field ¢(xB8') can be expanded
in terms of its component fields,

P(x08) =dp(X)+p(X)F'+0¢" (X)+W(X) 08 ....

If we substitute this expansion to eg.10 and
integrate over & and &' we find the following
component field representation of the superspace

Lagrangian:

[dodos, [¢]:% AW +W[—  +V'(H)]

... (12)
The effect of the super rotation (eg.8a) on the
component fields (eq.11) is given by a super symmetry
transformation which is parameterized by an

infinitesimal tensor o, that characterize the pertinent

super rotation: As an example a super rotation
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parameterized by non-vanishing o, and o, leads
to the super symmetry transformation

1 1 ,
O ¢:—EAX” O'ﬂggo—EAX” Cur @
O @ = —%AX” Cupg W=0" PO, o)
.. (13)

1
EAX”UWW—F@” NP

Op @' =

opW=-0"¢po,,—0" qo'aya

The invariance of the super space Lagrangian
(eg.10) under this super rotation is then exposed by the
invariance of the component field Lagrangian (eq.12)
under the  corresponding  super  symmetry
transformation (eq.13) [1, 2].

The super translation invariance, if expressed in
terms of the component fields (eg.11), also leads to a
super symmetry that leaves the component field

Lagrangian (eq.12) invariant [4, 11]: e.q.,
Srp=¢, 9~ ¢

Srp=g,W Sr g =€y W

under the super dilatation the free Lagrangian

s [4] :% 0“¢ 0,p...... (15)

transforms in the following way:
850 = ¥ 0, S, +2(D+1) 5,

As a consequence of (eg.4) we find that (eq.16) is

a total divergence in the super space
8505 = 0" (¥;6,) ... (17)

if we choose the scale dimension D to be
1
D = E (d=4)......... (18)

Consequently, eq.15 is invariant under super

dilatations. Recall, that in the case of conventional
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field theories the scale dimension of a scalar field is

1(d—4). Hence the scale dimension has been

2

dimensionally reduced, d+2—>d-2, As a

consequence of this dimensional reduction of the scale
dimension we conclude that if an ordinary interacting
(d-2) dimensional field theory is dilatation invariant,
the corresponding (d+2) dimensional superspace field
theory is invariant under super dilatations a direct
consequence of the relation (eq.4). for example, the
Lagrangian

5141~ 04 0,6+ (AI8)# (19

is super dilatation invariant in the (o+2)-
dimensional super space.

In the case of ordinary field theories the scale
dimension of a field agrees with its canonical
dimension of a field agrees with its canonical
dimension. However, due to the negative dimensions
of the anticommuting coordinates @ and &' this is not
true in the case of superspace field theories: for

example in the (o+ 2)-dimensional super space the

canonical dimension of the component fields (eq.11) is
two. But if we express (eq.8C) in terms of the

component fields, we find

opp=(x"0,+0)¢

opp=(X"0,+2)p

op ' =(X"0,+2)¢
SpW=(x"0,+3)w
Hence only for the anticommuting fields ¢, ¢' are

the canonical and scale dimension equal.
We now consider field theories invariant under the
superspace special conformal transformation (eq.8d).

In this case a straight forward computation that uses
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the relations (eq.4 and eq.5) reveals that if an

interacting  (d-2)-dimensional  ordinary  space
Lagrangian is information, then the corresponding
superspace Lagrangian (eqg.10) is invariant under the
special super conformal transformation (eq.8d). As an
example the Lagrangian (eq.19) is invariant under the
transformation (eq.8d) in (o+2) dimensional

superspace.

The differential representation (eq.8d) of the spatial
super conformal transformation mixes commuting and
anticommuting variables. Consequently, if we
substitute the component field expansion (eq.11) into
(eq.8d) we find that there is super symmetry
transformation of the component fields akin the super
rotation (eg.13) and super translation (eq.14). The
invariance of the superspace Lagrangian under special
super conformal transformations is equivalent to the
invariance of the corresponding component field
Lagrangian under the pertinent super symmetry
transformation. For example, if we parameterize the

transformation (eq.8d) with the super vector
v,=(0,...,a,0)...... 21)
In a (o+2)-dimensional super space, with a an

anticommuting constant we find the super symmetry

5C¢:—%szago

S.¢'=2ax"o,p+2a¢ +%Ax2aw

ocW=2ax"“0,p+6agp
Which leaves the component field representation of

(eq.19)

5:—%Aw2+w[— d+(AING 1+ o' [- +AI2DH* e

invariant.
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Finally, we discuss shortly the effects of finite
sympletic conformal transformations: The finite

special super conformal is

vy — (y*+c*y*)/(1+2cy+c*y?) ... (24)

For large c* we have

y*—c”/c?+@+c’ y?) (g - 2¢c ¢’ Ic?) y,+O(1/c?)

......... (25)

Hence we conclude that invariance under superspace
inversions

vy — @/ y)y* ... (26)

is a consequence of invariance under superrotations,
super translations and special super conformal
transformations. Notice that we indeed can define the
inverse of y* in the superspace
y2 (11'y?) =[ X2 +(41 A) 0 O[1] X2 —(41 A) (LI x*) 0'0] =1
.27
even though the inverse of the coordinates & and &'
does not exist.

Consequently we have shown that the inversion
invariance is dimensionally reduced. This can also be

verified by a direct calculation. Let us first consider a
free field theory 6 = %¢ - o ... (28

The exact two point function is [2]

_ l d ' eXp (I yﬁ Pﬂ)
(g(y) #(0)) = Wjd k dat dam........

Where we have used the super translation invariance
of (eq.28). Under an inversion (eq.26) the R.H.S of

(eq.29) transforms into

.
Ly ¢ k der do 22 )

(27) K°+Ad'a

(30)

The dimensional reduction d+2—>d —2 is thus a

consequence of the properties of the Jacobian
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determinant in the superspace: The two-point function
(eq.29) and hence also the Lagrangian (eq.28) is
inversion invariant is the superspace if we define the

super field ¢ (y) to transform in the following way

¢ () > y*) 2 g (W y*)y* (31)
This result also follows from fact that under an
inversion the superspace

integration  measure

transforms as
d'xd@ do=d*?y —» 1/y*)*?d*?y........
(32)

Using (eq.31) and (eq.32) we can characterize
inversion invariant interactions in the superspace.
Combining these results we conclude that if an
interacting Lagrangian in (d-2)-dimensional ordinary
space is inversion invariant, then the superspace
inversion. As an example, the Lagrangian (eq.19) is

indeed inversion invariant in the (o +2) dimensional

superspace.

Conclusion

We have shown that for any invariance of the (d-2)
dimensional field theory. there is a corresponding
invariance of the (d-2) dimensional superspace field
theory. Hence there is also an invariance of the
corresponding Stochastic differential equation in d-
dimensions [2]. As a consequence, the dimensional
reduction d+2 — d—2 goes for beyond the simple

diagrammatic equivalence. In fact, all nother

conserved currents and charges defined for a (d-2)-

dimensional field theory have their d +2 -dimensional
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counterparts, hence also, d-dimensional stochastic
counterparts exist [2]. Thus the formulation of
guantum field theories in terms of stochastic classical
differential equations and Nicolai transformations

[2,12] is completely equivalent to conventional

approaches.
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