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In this paper we study some results concerning the existence of splitting fields
which are generated by roots of polynomials.

Introduction and preliminaries
These results are basic to Galois theory consider the

polynomial ring K[X] over field K .Let f(x) belong to
K[X] in the quotient ring K[X]/f(x). We let g(x)

denotes the coset (g(x)+f(x)). Thus if 9(x)= 2isoKix ,
then by the definition of addition and multiplication of

N
x)=>" K .

cosets we have that gix z'=° iX , We considered a

field K contains in a complex numbers € and a cubic

polynomial F)=x"+px+gek(x] Also, we

obtained explicit expression involving extraction of
square and cubic roots for the three roots “'%2 and
23 of f(x) in C and we were beginning to study the

splitting field extension E=Kl@.020) |t )

factors in K[x] either all the roots are in K or exactly

one of them (say ®3) is in K and the other two roots
of irreducible quadratic polynomial in K[x] In this
case E=K(@) js 3 field extension of dimension 2
over K. Therefore if % denotes one of the roots, we

know that (@)= K)(F(x)) is a field extension of
dimension 3 =deg(f)over K .also we have

KeK(@)<E i follows from the multiplicatively of

dimension that 3 divides the dimension of E over K.
Definition. [2]

A polynomial f(x) belong to K[X] is said to split
over a field S contains K,if f(x) can be write it factor
as product of linear a factors in S[X],such that K is a
field.
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Remark .[1]

0= (al —052)(052 _0‘3)‘5 E ,since

2 _ 13 2 . . .
0% =-4p"=279" €K ither K or K(5) is an extension

field of dimension 2 over K, since KcK@)cE jt

follows that 2 also divides 9™k (E).
§eKand 9iMe (£) =3 or

5K and 9Mk (E) =6,
Proposition. [ 4]
Let K be a field .If f(x)is a non-constant

polynomial in K[x ] then there exists a field extension
F/K such that F contains a root of f(x) .
Now by the following we can show that C is the field

2 .. R .
of complex numbers  [X"+1 is irreducible in R[X].

R[X]={a+bx| abeR}

Now, is a field where

X=x+ [ +1) Since X*=-1
field of the complex numbers.]

Definition . [5]

Let K be a field .A polynomial f(X)e K[X] is said to
split over a field S=2K if f(x) can be factored as a
product of line a factors in S[x].

A field S containing K is said to be a splitting field for
f(x) over K if f(x) splits over S but over no proper
intermediate field of S/K.For example The field of
complex numbers C is s splitting field for the

, we may call C the

. 2 . .
polynomial X"+l over R .this follows, since

2 v
X+ 1= (crix=i) C[x], and C/R has no proper

intermediate  field because [C:R]=2 .Now if
CoLoR where L is an intermediate field of C/R,
then 2=[C:R]][L:R] and so either [C:L][=1 or
[L:R]=1 .Then either C=L or C=R and note that C is

Also we study the roots of cubic
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the splitting field of X*+Lover Q since X°+1 splits
over Q (L).
Proposition . [5]

Let K be a field and f(x) be a polynomial in K[x] of
degree n . Let F/K be a field extension .If f(x)=c(x-
cl)(X-c2)....(x-cn) in F(x). then "is a splitting field for
f(x) over K.
Also,if we have K a finite field.Then cardinality of K
is pn for some prime p and some positive integer
n.Every k belong to K is a root of the polynomial
XPn —X and K is the splitting field of this polynomial
over prime subfield Zp.

Therefore,if the roots are known as al and o2 then

The field Q(A’%)

field for X' —3over Q.
Now we can say that if K be field and f(x) be

constant ~ polynomial over K. Then there is a

splitting field for f(x) over K. and if E /K

is a field extension and f(x) be an irreducible

K[X] s abeE

for the last example is a splitting

polynomial in
K(a)zK(b)
Also, we can use other concept to obtain splitting field
by normal extension such that ((if a finite extension E /
K is normal ,then it is a splitting field over K and f(x)
bolong to K[X].)).

Therefore , if E/ L and L / K be a finite extensions and
if E/ K is normal then E / L is normal(E /L is splitting
).Now we can give the following fact about two

splitting fields[Let f(x)eKlx], Any two splitting
fields for f(x) over K are isomorphic],

also, let F/K be a field extension and abeF . Then a
and b are called conjugates, if a and b are roots of the
same irreducible polynomial over K.

Examples

1 The field QV2)=B+bv2:abeq) g, splitting field
of X' =2€QlX] e Q

are roots of f(x) then

2. A splitting field of X +1€RIX] over R is the field
C.
Proposition[2]
it Kis field and T €K then:
There exists splitting field of polynomial; f on K.
Any two splitting fields of f on K are two isomorphism
fields on K.
Splitting fields are unique up to isomorphism over K.
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Proposition .[3]

Y3
Let K be subfield of C let f(X)=X*+Px+aeK[X]
an irreducible cubic polynomial and let E denotes the
splitting field of f(x) in C. Let =(@—a)a—a)
where % are the roots of f(x). If €K then diMk
(E)=6
Proposition. [1]
Suppose is any field extension f(x)
eK[X] and # is the root of f(x) in L. If Jis an
automorphism of L leaves F fixed pointwise, then

5B s also a root of f(x).
Proof

KclL

If f(x): Z fix ,and since [} is one of the roots that is
mean f()=0 then 2 h(B) =63, (ﬂ )= 5(0)=0

Example
3
Let f(x)=x"-2 which is irreducible over Q. The

three roots of f in C are %, w32 and o’ %, where
PO
2 2 isaprimitive cube root of 1.

Finally,to show that the splitting fields always
exist[for if g is any irreducible factor of f,then K[X]/
(g)=K(a) is an extension of K for which g(a)=0,where
a denotes the image of X.Then g and f are splits off a
linear factor,induction implies that exists a splitting
field L for f.

Conclusions

We gote that a polynomial f(x) € K[X] always
has a splitting field, namely the field generated by its

roots in a given algabric closure K of K. Also we can
apply these roots of any non-constant polynomials by
Galois theory.We obtained a new result (every normal
extension is splitting field, and splitting fields are
unique. let K be a field by a root of polynomials f(x)

€ K[X] we mean an element & in an over field of K

such that f(a)=o. It is easy to see that a non-zero

polynomial in K[x] of degree n has most n roots.
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