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Abstract

In this paper we prove direct theorems for approximation of functions in I,y spaces for p < 1
using Taylor operator .
Keywords: Ip spaces, Taylor operator, degree of best approximation.

AadAl)
p <ULG st aladiul Sleladll & Jlsall sl ol & GusSla 55 e oyl Aiayie Gandl) 138 8 Ly
1 Lae Ip(U)
Gy Jazadl Aapd LG Sise cIp cleliad tdualidal) cilalsl)
1.Introductin And Preliminaries
The origin point of the complex interpolating approximation is the Taylor series
because it is interpolating polynomials. Many properties of Tylor sections are
introduced in(Dienes, 1957). In (Dienes, 1957) Dienes also proved that every point of
the circle convergence |z| = p is a limit point of the set of zeros of the sequence
{Sn )= defined below.
Let us now introduce the following notations:
Let JI,, the space of all polynomials of degree < n with complex coefficient
AndU ={[Z € C:|Z| < 1]}.
Also we need the following definitions:
Definition 1.1:
If f:U = R then

1
Ifllp = IfllL,w =W, If(@IPdz)? ,0 <p < oo, and if p = oo, we have

Iflleo = f 1oy = supzeulf (2)

So let
L(W) ={f:U - R:|Ifll, < }.

Definition 1.2:
A projection p: I,(U) — P, is bounded linear operator satisfy p = p?and If [,(U) =
B, ,then p = I is the identity operator.
Definition 1.3:(Carothers,1960 )
T is linear on the vector space X over the field F if and only if T(ax + by) =
aT(x) + bT(y) Vx,y € X and a and b scalars in F ,T is called bounded if and only
if there exists M > 0, such that ||T'(x)|| < M]|x||, where |[x|| is the norm of x.
Definition 1.4: (SAFF, 1998)
The Taylor projection is

£%(0)
Sn(f,2) = Xk=o o @",

where S,(j) (0) = f(j) (0) ,j=0,1,23,......,n
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Lemma 1.5: (SAFF, 1998)
For any projection p
1

$u®)(@) = 5= [, (A @A P)(2) T
where A, is the shift operator defined by
Ae (p)(2):=p (t2).

2. The Main Results

In (Boricchev, 2011) Alexander study the LP integrability of polyharmonic
functions and he shows:
Given p € (0,1) and a € R ,we study polyharmonic functions w on the unit disc D
suchthat [ [u(2)|P (1 - 1z]*)™* dm,(2) < .
In this article we improve the works above by studying the approximation of functions
in I,(U) using Taylor project.
Theorem 2.1:
Let p be any projection of the space I,(U) to the B,then, for the operator norm
induced by our norm in Definition1.1 over the unit disk U , we have ||S,(p)Il, <

ipll,
Proof:

IS8 @lp = [|57 fioa (4 @A @)@ |
= “ﬁfmﬂ tt p*(2) % ”p

==l 5|t
2miItl=1 ¢ 1 p

1 dt
< |— —
- |2T[i| f|t|=1 |t p ”p”p

1
= — fieadt lIpll, = lipll, .

What can be said about the rate of convergence of the Taylor sections? The answer is
intimately related to the familiar Cauchy-Hadamard formula for the radius of
R_oCx Z¥ That is 1
1/ p =limy_, o sup|Cy|*.
Then we need the following Lemma
Lemma2.2: (Geddes & Mason, 1975)
The Taylor operator defined in Lemma 1.5 satisfy
1
lim,,_, o, sup|f — Suln = i < 1.

As a direct consequence of the above Lemma we have:
Theorem 2.3:

1
If f €1, (U) forthe I, norm Ifll, =(J, If(DIP dz),
then Taylor operators S,, satisfy lim,,_. supllf — Syll, :}%<1 , Where p is the radius

of the largest open disk centered at the origin throughout which f has a single—valued
analytic continuation moreover, the sequence S,, converges to f for |z| < p.
Proof:

1 1
By the well know result || f — Snllﬁp <|If = Spll=,, and using Lemma 2.2 we obtain

1 1
. = . =1
hmn—>00”f - Sn”np < 11Inn—mo Sup”f - Sn”n :;<1
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Therefore lim,ellf — Sull,? <1«

For interpolating polynomials. We have the following lemma

Lemma 2.4: (SAFF, 1998)

Suppose f is analytic inside and on the simple close contour I" that the n + 1 points
Z9,Z1, -, Zn. If B, is the unique polynomial in JI,, that interpolates f in these
points,then

,z inside T,

f(2) = Py(2) =

where (z) = [r=o(z — zy).
Since the Taylor series S,, interpolates in the origin of multiplicity n + 1 by Lemma
2.2 we have

1 n(z)f (t)
27'[1']; n(t) — (t —z) dt

1 Zn+1f(t)
) =80 =50 ooy At Il <1 (25)
Theorem 2.6:
If f € 1,(U), where U,_(z €C: |z| < r).Then we have
limyoo supllf = Sullp < >
Proof:
The Proof is clear by using Thoerem2.3 and (2.5) «.
Corollary 2.7:
The Taylor series for f € I,(U,.) converges to analytic function on |z| < p for R >
p.
Proof:

Using Theorem2. 5 we have

1) v MOk n-1f"0 k|| -
B2 =[|sro 522 - SRap 2| =N Sunally

Using Theorem?2.3 to obtain

. MO _all s
lim,,_, ., sup ——z =limy,eo SUP [[S, — Sp-all, 2
P
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