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ABSTRACT

This paper contains some results a bout fully bounded modules. Various
conditions where given to ensure that bounded modules are fully bounded modules.

Introduction:
Let R be a commutative ring with identity and M a
unitary (left) R—module. M is called fully bounded
R -modute if M

submodule of M is bounded ( where M s called

is bounded and every proper

bounded R-module provided that there exists an

xeM

M =ann (X
R R( ).[1,p.70])

In the first section of this paper , the relation between

element such that

ann

fully bounded modules and bounded modules are

studied .In fact every fully bounded R -module is
bounded , but the converse is not true in general see(1.3)

However, we have shown that the converse holds in
the class of faithful fully stable modules, see(1.7). Next
we study some classes of modules that also related to
fully bounded modules, such as torsion-free, projective,

cyclic faithful and free modules.
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In section two, we study some properties of fully

M M
1 and 2 be two fully

M, &M
bounded R—modules, then 1 2

bounded, for example if

is fully

bounded R—module. Next the behavior of fully
bounded modules under localization is also considered

in this section, see (2.6).

We finally remark that R in this work stands for a
commutative ring with identity and all modules are
unitary (left) modules.

$1:.Fully Bounded Module

Definition(1.1): An R. module M is said to be fully
bounded if M is bounded and every proper submodule

is bounded as an R—module. M is bounded if there

annRM :annR(x) |

exists X€ M such that
1,p.70]

[

Corollary (1.2): Every fully bounded I:e-module is
bounded.

But the converse is not true in general for example.
Example(1.3):
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Lt R/ RSN

is map },We define +

and ® on R as follows:

(f+9)(¥)=f()+9(x) and
(feg)(X)=T(X)eg(Xx) vf,geR
VxeR.
(R, +,e)

is commutative ring with identity where
IR —> R uch that 1(x)=1 vxeR is the

identity element of R.

Let M-R as an R-module,then M is bounded

R -module [2,1.1.132) 1.
N={f eR;f(x)=0 Vxeg[-n,n]

Let

where N2 0 is an integer depending on
To prove N is a submodule of M .
NcM and N :¢ since the zero map is in N .

Let f’QEN n,m

, then there exists

f(x)=0,Vxg[-n,n]

non-negative

integers  such  that
g(x)=0 Vxg[-mm]
If n>m then
(f—9)(x)=f(x)-g(x)=0
vxe[-nn] ., f —9€N.

Let heR and feN ' then there exists an integer
n=0 such that f (X) =0 wx ¢ [_n’n]'
(heg)(¥)=1(x)+9(x)=0 vxe[-n,n]
he f €N

then thus N is a submodule of M .
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ann, N =
We claim that R {

h=0 . then h(a) =0 for some &€ R. Define
f"RoR

0 },IethER and

such that:

f(x):{OIf ...X#a

b...if...x=a where D# 0
Hence feR and
f(x)=0---Vxg[-n,n] where N>a,
Therefore feN and
(h' f)(a) - h(a) of (a) #0 .Hence
annRN ={ ol

While for each

f eN,ann N
=N ElR i{o}.For if

f(x)=0---Vxg[-n,n]

feN

then , N s non-negative

integer. Define h:R—>N such that:
0---¥Xxe[-n,n

x---if---xg[—n,n] XeR and
x#0
then NER  4ng
(he £)(x)=h(x)« f(x)=0 implies that

heanng f.
R Therefore N is not bounded R.

module.#
However we shell give in anther place the conditions

under which the converse of (coro.1.2) is true.
Let R be an integral domain and M be an R.

module .An element xeM is called a torsion
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ann,M =0
element of M if R

T(M)

. The set of torsion

elements denoted by is a submodule of M Af

T(M)=0

free.[3,p.45]

the R-module M is said to be torsion-

Proposition (1.4):Every torsion-free R -module (' where
R is an integral domain ) is fully bounded.

Proof : Since every torsion-free R -module is bounded
[2,propo. 1.1.6] and every submodule of torsion-free is
torsion-free .Which completes the proof .#

So we have the following results.

Corollary (1.5): Let R be an integral domain, then
(a)A projective R -module is fully bounded.

(b)A multiplication faithful R—module is fully
bounded.

(c)A cyclic faithful R -module is fully bounded.

(d)A divisible multiplication R—module is fully
bounded.

(e)A free R -module is fully bounded .

Z

Corollary (1.6): P (where P is prime ) is fully
bounded Z -module.

Recall that an R—module M is said to be fully stable
ann ann, (X)) =(X
if M( R( )= )for each XEM

5,c0r0.3.5]

The following proposition gives a partial converse of

[

corollary (1.2).

Proposition (1.7): Let M be bounded faithful fully
stable R-module, then M is fully bounded.

Proof : Since M is bounded fully stable ,then M is

cyclic [2,propo.1.1.4]. Thus M
[coro.1.5(c)].#

is fully bounded
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In the class of faithful fully stable modules , we have
the following characterization .

Proposition (1.8): Let M be faithful fully stable R
module, then M is bounded R -module if and only if
M is fully bounded.

An R-module M s said to be uniform module if
every non-zero submodule of M s essential [4] A
submodule N ofan R-modutle M s called essential
provided that NOK#0 for every non-zero

submodule K of M [4]
Now, we have the following proposition .

Proposition(1.9): Let M
0#XeM gy that :

be an R—module and

(1) RX is an essential submodule of M :

anng (X
R( ) is a prime ideal of R , and

M = annR(x).

(2)

ann
(3) R

Then M s fully bounded .

Proof : By (1),(2) and (3) every submodule of M is
bounded [2,propo.1.2.2]. Thus this completes the proof.#

The following results are consequence of proposition (
19).
Corollary (1.10): If M is bounded uniform R—module

ann, M
such that R

fully bounded.

is prime ideal of R , then M s

Corollary (1.12): If M is bounded uniform faithful R -
module , then M is fully Bounded .

An R-module M is said to be a prime module if

annRM = annR N

submodule N of M [6]

for every non-zero
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Proposition (1.12) : Letl\/I be a uniform R—module

annpM
and R is prime ideal of R Then the following

are equivalent:

1) M s bounded R -module .

2 M is prime R—module.

©)) M is fully bounded R—module.
Proof : (1)=(2) by [2,propo.1.3.4] .
2= (@3) Since M is

annhoM =ann N
R R for

submodule N of M and M s bounded [2,p.24]

prime ,then

every non-zero

(i.e. there exists X € M such that

ann,M =ann (X

R R( )). Thus
ann, N =anng (X

R R( ) ,therefore N is bounded
R—module.

(3)= (1) by [coro. 1.2] #

Proposition(1.13): If R is an integral domain and M
is faithful uniform

R -module ,then the following are equivalent:

@ M isbounded R -module .

2 M is torsion-free R—module.

3 M is fully bounded R—module.
Proof : (1)=(2) by [ 2,propo.1.3.6] .
(2)=(3) by [propo.1.4] .
(3)= (1) by [coro. 1.2] #
$2.Some Properties Of Fully Bounded Modules:

M M
1 and 2 be two fully

M, &M
bounded R-modules, then 1 2

bounded R -module.

M M
1 is fully bounded , then

N

bounded and every proper submodule 1 is bounded
xeN

Proposition (2.1): Let

is fully

1is

Proof : Since

gfhat is there  exists such  that
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ann~ N

RN = annR(x) M

. Also
N

every proper submodule 2 is bounded , that is there

yeN annRN2 = annR(y).

exists
We claim

ann,, (N; @ N,,) =ann, ((x, Y)).
Let F(XY) =(0,0) 50 (rx,ry)=(0,0)

It follows that FX= 0 and ry = 0 that is
FeannL (X Feann
R0 reanng(y)

2 is bounded and

2 such that

, therefore
re annRN1 . re annRNZ.Now .
(nl, n2) € Nléa NZ,then
r(nl’ n2) - (ml’ mz) - (O’O), implies  that

N, ®N
reannR( 16_) 2).Therefore

annR(Nlea N2) = annR((x, Y)) e

M,®M
1 2 is bounded R—module [2,propo.1.1.14],

which completes the proof. #
Note that a direct summand of a fully bounded module
need not be fully bounded in general. For example:

M=Z2®Z
Let P as a Z -module M is fully

bounded ,because M is bounded

(annz M=0= ann,, ((1L,0)))

and every proper

1
N=nZ®(—+2Z)
P n
submodule
Z o0
[2,coro.1.1.3and propo.1.1.14] is bounded , but p
is not fully bounded since it is not bounded Z -module.
By proposition (2.1) and by mathematical induction we

have the following:
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Corollary (2.2): A finite direct sum of fully bounded
R -modules is fully bounded.

However, an infinite direct sum of fully bounded R.

modules need not be fully bounded ,For example:

Z
P as a Z -module is fully bounded for all prime P

S
Z

—I ' P
[coro.1.6] , but p—IS.prime

is not fully bounded Z—module, because it is not

bounded Z -module[2,exa.1.1.16].

Proposition(2.3): Let M be an R-module and let |

annoM
R

Then M s fully bounded R -module if and only if

be an ideal of R , Which is contained in

M is a fully bounded R/I -module .
Proo f: If M is fully bounded R-module , then M

is bounded and every proper submodule N is bounded

, that is there exists

XxeN> annRN = annR(x).

We claim that annR/I N= annR/I (X)

» r+le anng /| (x) o

(r+Dx=0, . (r+)x=rx=0,. &

re annR(X) stherefore re annRN ,Jimplies that
mM=0vneN

Then (r + I)n =0vneN ,therefore

rHle annR/I N , thus N is bounded
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R/I -module and since M is bounded R/I -

module [ 2,propo.1.1.17].Then M is fully bounded
R/I -module.

Next, if M is a fully bounded R/I -module ,then

M is bounded and every proper submodule K is

bounded , that is there exists

yeKaannR“KzannR“(y).

annRK = annR(y).

We claim that

reannR(y) © ry =0 .

Let
ry:(r+|)yzo,that is
r+1 eannR“(y)’

r+1 eann K
therefore R/I ,

(r+ 1k =0vk e K

implies

that then

rk =0Vk € K therefore re annRK

bounded M -module and since M is bounded R.

,50 K is

module [ 2,propo.1.1.17 ] .Then M is fully bounded
R -module.#
Corollary(2.4): Let M be an R-module ,then M is

fully bounded R—module if and only if M is fully

R/annoM —

bounded R module.

n>LZn

Corollary(2.5): For each positive integer is

Z
a fully bounded N module.
Proposition(2.6): Let Rbea PID and M e a

finitely generated fully bounded R-module, S be a
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M

multiplicatively closed subset of R , then S is fully

R _
bounded S module.

Proof : Since ™M is fully bounded R-module, then

M is bounded and every proper submodule N is

bounded ,that is there exists
Xe N > annRN = annR(x) ,

anngN) . = (anng (X
, @npN)g=@mnp(x)g N
finitely generated [ 7,c0r0.4.5.2,p.203 ] , thus

ann No =anng ((X)<)
RS S RS S

is

N
[3,propo.3.14,p.43], hence S is a bounded

R M R. —
S is a bounded S

M
S is fully bounded

S module and since

module [ 2,propo.1.1.28 ].Then

R _
S module.#

Corollary(2.7): If P is a prime ideal of R (where R
is I:)lD) and M is finitely generated fully bounded

Journal of University of Anbar for Pure Science (JUAPS)

Open Access

M
R -module,  then P is fully bounded

R _
P module.
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