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Introduction

Let R be a commutative ring with identity 1 and
let G be a finite group of automorphisms of R of order
n. Let:

R¢ = {r e R/g(r)=r, for all g € G}

The set R® is a subring of R, it is called the fixed
ring of G. A.G.Naoum and the author [1,2] studied the
relations between R and RS, they studied some certain
ring theoretic properties of R which satisfied in R®, for
more informations see [3,4].

In this paper we study some further results of the
ring RC. We show that if | is G-invariant and |G| is
invertible in R, then | is a maximal ideal in R if and
only if ImR® is a maximal ideal in R®, and if I is a
prime ideal in R, then INRC is a prime ideal in R®.

Also, we show that if (a,b) is a projective ideal of R,
then (a",b") is a projective ideal in R, where |G| =n.

Finally, we show that if R is e-ring (field) and |G| is
invertible in R, then R® is e-ring (field).

Ideals of R and RG:

In this section we study the relation between the
elements, and the ideals of R and those of R®. We start
with the following definition, remarks and proposition.

We recall that an ideal M of the ring R is said to be
G-invariant if g(M) < M, for all ge G,

Where g(M)={g(m);me M}.

Remarks:

I- If 1 is an ideals of R, then INRE is an ideal of RC.

2- If an element a in R® is invertible in R, then a is
invertible in R®.

The converse is clear [5].
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Proposition:
Let G be a finite group of automorphisrns of R of

6. y=]To,®) .

n
order n. Let beR,and let x=
i=1 i=1

z = » 0;(b)gs (D), where § is a 2-Cycle and
i=1

gi€ G.Then each of x, y and z belong to RS, in general,

. 9:(0)35,({)-+g(b) RS, where 5 is an m-cycle and

i=1

I<m<n-2
Proof: [5].

Theorem:

Let R be a commutative ring with identity 1 and G
be a finite group of automorphisms of R of order n and
|G| is invertible in R, Let M be G-invariant ideal of R,
then M is a maximal ideal in R if and only if M~ R® is
a maximal ideal in RC.

Proof:

Let acR® and agMNR®, then agM. But M is
maximal in R, so M+Ra=R. Since 1R, thenl ¢ M
+Ra, Thus I=m+ra, where m eM, r € R. Thus:

1= ”'1(2_1: gi(m)+aZ_:, ai(r) )

But M is G-invariant, implies gi(M)c M, so gi(m)eM,
for all gieG and then,
nt )

i=1

gi(m)eM. By Proposition (1-2) and Remark

1) @Y g(m)ere,
i=1

identity 1 and G be a finite group of
automorphisms of R of order n,Let R® be the fixed subring of R. In this paper we
study the relations between the ideals of R® and R and we study R® In case R is e-
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implies n* gi(meM NRE, and by Proposition (I-

n
i=1
n

2) Z gi(r) € RS, so azn:gi(r) e RCa.

i=1 i=1

Then le (M n R®) + R®a. Therefore M n R® is a
maximal ideal in RC.

Conversely, let J be an ideal of R such that McJ cR
then,

Mn R® < Jn R®c RC. But M R® is a maximal ideal
in R®, so Jn R® = R®. Since 1eR®, then 1€JNR®
which means 1elJ. Hence J=R. Therefore M is a
maximal ideal in R.

Theorem:

Let R be a commutative ring with identity 1 ring
and G be a finite group of automorphisms of R of
order n. If | is a prime ideal in R, Then In R® is a
prime ideal in R®.

Proof:

Let X, ye R® such that x.ye | nR®, then x.yel and
X.yeREC. Since | is a prime ideal in R, then either xel
or y el. Hence either xel n R® or yelnR®, then
INRC is a prime ideal in R®.

Before we start the next result, we recall that a
finitely generated ideal A which is generated by {a,
az..., an} in R is projective if and only if there exists an
n xn matrix M=(r;;) with elements in R such that:

i) UM =U, and

i) Ut =ann (M)

where U= (a), az..., an) eR" is a vector and U= {Xe
R" UX=0} is the orthogonal complement of U, X' is
the column vector which is the transpose of X [6].
Theorem:

If the ideal (a,b) is a projective in R, then (a",b") is a

projective in R®,

Proof:

Let (a,b) be an ideal in R®, implies that a,beR and
(a,b) is a projective in R,

then there exists a matrix M =[r“ r“j where rijeR, i, j
er r22

=1,2 such that:

) (a,b) M=(a,b) and

2) ann (a,b)=ann(M), thus:

(a.b). (rﬂ r“j =(ab)

r21 I’22

107

Hence ar i+br.1=a
arpt+bryo=b. Thus:
a(1-r11)=brz1 and b(1-r2)=ar1,. Therefore:

[0, " [o,(r)

and
bnf[(l'gi(rzz)) =a”f[gi(r12) ,0ieG
Put f[(l' 9;(111)) =1'511,ﬁgi (r) =S,

lj(l'gi (1)) :1_522'ﬂgi (r,)=s;,

Then 1-s11, Sa1, 1- S22; and 12 are in R® (by Proposition
1-2).

Thus a"=a" s11+ b" sp1 and b"=b" spo+ a" S12

Sll SlZ

Put M'=[ j .Hence (a",b")M'=(a",b").
S21522
Now to prove that ann(a",b™=ann (M)
Let (x,y)eann(a",b™, To prove (X,y)eann(M")={XeR";

M' X =0}

X 0
ie. M (yj - (Oj ,equivalently

S1X+sy =0 and sx+s2y =0. We use the induction on
the order G: If n=1, (x)y)eann(ab) implies
(x,y)eann(M).So:

X 0
M( j =( j Hence ri1x +rpy =0 and ra1x +rpy=0

y 0
But |G|=1, so R=R® and M =M". Thus (x,y)eann(M’).

Suppose it is true for n-1 that is ann(@"‘b ™
Hzann(M").

Let (xy)eann(a"b"),then (xa™,yb™)e ann(a,b).So
(xa™,yb™) e ann(M).

Thus spxa™ + suyb™=0, s1xa™ + szyb™1=0.
Therefore  (s11X,S21y) € ann(@™?,b™) c ann(M’)
(s12X,822y) € ann(a™1,b™) c ann(M).

Hence:

S11(S11X) + S21(S21y)=0

S12(S12X) + S22(S22y)=0.

Thus, su=1-(1- 3. (9, (1,,)-. 0, (1))
k=1

and

n-1

= Z(gl(rll) -0 (1))

k=1
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Hence

g(rll)(nz_l: gl(rll)"'gk (rll)) = Zri:gl(rn)- -Gy (rll) =311

Similarly for si2 S21 and sz2. Hence:

S11X + S12y=0, and Sz1X + Spy=0

Thus (x,y)eann(M") and ann(M"<ann(a",b".
Therefore ann(a",b")=ann(M).So (a",b") is a projective
ideal in R®.

e-ring and fields:

We start this section by the following:
We recall that a ring R is said to be e-ring if for all
xeR, there exists yeR such that xy=x [7].
Theorem:

Let R be a commutative ring with identity 1 and G
be a finite group of automorphisms of R of order n,
and |G| is invertible in R. If R is an e-ring, then R® is
an e-ring.
Proof:

Let xeRC, then x € R, but R is an e-ring, then there

n
exist yeR, such that xy=x, Thus xZgi(y) =nX, gieG.
i=1
n

So x(n‘lzgi(y)): X. This means n‘lz gi(y)eR®

i=1 k=1

[by Proposition 1-2 and Remark I-1(2)]. Therefore R®
isan e-ring. Finally, we have the following result.
Theorem:

Let R be a commutative ring with identity 1 and G
be a finite group of automoiphisms of R of order n
,such that |G| is invertible in R.If R is a field, then R®
is a field.
Proof:
R is a commutative ring with I, implies that R® is a
commutative ring with I.

Let reR®, r=0 then reR. Hence, there exists seR such

n
that r.s=l, then rz gi(s)=n, Since |G| is invertible in
k=1

Rthen r(n™) g;(s)) =1.By Remark 1-1(2) and
i=1
Proposition 1-2,

n'lz gi(s)=rteRCthen r has a multiplicative
i=1

inverse in R®.Therefore R® is a field.
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