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Abstract

In this work, the concepts of finitely pseudo-injective modules and finitely pseudo-injective modules are
generalized to nearly finitely pseudo-injective modules. Many basic properties of nearly finitely pseudo-injective
modules are obtained, characterizations of nearly finitely pseudo-injective modules are obtained, and
relationships between nearly finitely pseudo-injective modules and other classes of modules are studied. New
characterizations of semi-simple Artinian ring in terms of nearly finitely pseudo-injective modules are
introduced. And Endomorphisms ring of nearly Finitely-pseudo-injective modules are studies.

Introduction
Throught this paper, R will denote an associative,
commutative ring with identity, and all R-modules

are unitary. For an R-module M, J(M), E(M) and
5 = Endg (M) will respectively stand for the

Jacobson radical of M, the injective envelope of M
and the endomorphism ring of M. An R-module M is
called Pseudo-N-injective if for any R-submodule A
of N and every R-monomorphism from A into M can
be extended to an R-homomorphism from N into M
[9]. An R-module M is called Pseudo-injective if M is
Pseudo-M-injective [7]. An R-module M is called
nearly quasi-injective if for any R-submodule N of M

and every R-homomorphism f: N — M there exists
an R homomorphism
g: M — M such that g(n) — f(n) € J(M), for
all m € N where J(M) is the Jacobson radical of M

[3. An  R-module M is called nearly Pseudo-
injective if for any R- submodule N of M and for

each R-monomorphism f:N — M, there exists
g:M — M such that goi(n) — f(n) € J(M), ie
g(n) — f(n) € J(M) [1]. An R-module M is called
nearly P-injective if for any principle ideal | of R and
each R-homomorphism f:I — M| there exists an
element meM such that
flx) —xme J(M),for all x €1 [3]. An R-module

M is called nearly injective if for each R-
monomorphism f: A — E(where A and B are two

R-modules), each R-homomrphism g: 4 — M, there
exists an R-homomorphism h: B — Msuch that
(hof)(a) — g(a) € J(M), for all @ € A [3]. An R-
monomorphism f: N — M is called nearly split, if
there exists an R-homomorphism g: M — N such
that (gof)(n)—n € J(N)foralln €N [3]. An

R-monomorphism f: M — N is called nearly
pseudo-split, if there exists an R-homomorphism
g: N = M such that (gof)(m) — I, € J(M) fo
roall m e M, where [; is the identity R-
homomorphism on M, i.e (gof)(m) — m € J(M) for
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all m € M [1]. Aring R is self-injective, if and only
if for every ideal I in R and every R-homomorphism
f:I— R, there exists an element 7 € R such that

f(x) =rxforeachx € I[2].

81:Basic properties of nearly Finitely-pseudo-
N-injective modules

In this section we introduce the concept of nearly
Finitely-pseudo-N-injective module as a
generalization of Finitely pseudo-injective modules.
_Definition (1.1)

Let M and N be two R-modules. M is said to be
nearly Finitely-pseudo-N-injective module, if for any
finitely generated R-submodule A of N, and any R-
monomorphism f: A —+ M, there exists an R-
homomorphism g:N—=M such
that g(a) — F(a) ejy for all a in A e
(goi,)(a)— f(a) (M) forall ain Aand iy isthe
inclusion mapping from A into N. An R-module M is
called nearly Finitely-pseudo-injective module if M is
nearly Finitely-pseudo-M-injective. A ring R is called
nearly Finitely-pseudo-injective, if R is nearly
Finitely-pseudo-R-injective as R-module.

Examples and Remarks (1.2)

1-All finitely Pseudo-injective modules are nearly
Finitely Pseudo-injective module.

2- All Finitely Pseudo-injective modules are trivial
examples of nearly Finitely Pseudo-injective
modules.

3-Every nearly injective R-module is nearly Finitely
Pseudo-N-injective, for all R-module N.

4- Every nearly quasi- injective R-module (so nearly
injective  R-module) is nearly Finitely Pseudo-
injective.

5-Every nearly Finitely quasi- injective R-module is
nearly Finitely Pseudo-injective R-module.

6- £, as a Z-modules is nearly Finitely Pseudo- Z -

injective. Since Z 5 is finitely-Z c-injective

7-Z 4 as a Z-modules is Finitely Pseudo -injective.
8-1t is not necessary that every submodule of nearly
finitely pseudo-injective module is nearly Finitely-

pseudo-injective. For example Q as a Z-module is
nearly Finitely- pseudo-injective but Z as a Z-
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submodule of Q is not nearly Finitely- pseudo-
injective.
Proposition (1.3)

Let M and N be two R-modules. If M is nearly

Finitely-pseudo-N-injective, then M is nearly
Finitely-pseudo-A-injective  for each finitely
generated R- submodule A of N.

Proof

Suppose that M is nearly finitely-pseudo-N-injective
R-module. Let H be a finitely generated R-submodule

of Aand f: H =+ M be an R-monomorphism, let I

be the inclusion mapping from H into A, and i, be

the inclusion mapping from A into N. Consider the
following diagram:

Since M is nearly finitely-pseudo-N-injective, then
there exists an R-homomorphism g: N — M such
that

(ge iyo iy)(x) = f(x) € J(M) for all x € H.
Now put gy =g0° i, To prove that
(g1° ig)(x) — f(x) EJ(M)forallx € H.
(g1 fg)(x) = f(x) = ((g © ig))o i) (x) = fx) €](M).
Hence M is nearly-pseudo-A-injective.

As an immediate consequence of proposition (1.3),
we have the following corollary.

Corollary (1.4)

Let N be any finitely generated submodule of an R-
module M. If N is nearly Finitely-pseudo-M-
injective, then N is nearly Finitely-pseudo-injective.
The next proposition shows that nearly-pseudo-N-
injective is inherited by a direct summand.
Proposition (1.5)

Any direct summand of nearly Finitely-pseudo-N-
injective R-module is nearly Finitely-pseudo-N-
injective.

Proof

Let M be a nearly Finitely-pseudo-N-injective R-
module, and let A be any direct summand R-
submodule of M. Thus, there exists an R-submodule
A" of M such that M = AGA". Let B be any
finitely generated R-submodule of N, and
f:B —+A be an R-monomorphism. Let

g=Jsof where J;:A = M= ADA" is the

injection mapping. Then g is an R-monomorphism.
Now, consider the following diagram:

ISSN: 1813 - 1662

gl f

M
Since M is nearly Finitely-pseudo-N-injective, then
there exists an R-homomorphism A: N — M such

that (Aeig)(b) —g(b) € J(M).Let
my:M — A be the natural projection R-
homomorphism from M = A@A" into A. Then
a=my2A:N—= A itis clear that & is an R-
homomaorphism. To prove that
(aoig)(b)— f(b) €J(A4). Whereig:B = N
is the inclusion mapping. Since 7;: M — A isan R-
homomorphism, then by [4,P.214], =, (J(M)) < J(4).
Thus  m((Aeig)(b) —g(b)) € J(A). That s

(a0 2) 0i5)(b) = (40 g © ) (B) €] (A).
Hence,

(aeig)(b) — F(b) € J(A). Therefore A is nearly
Finitely-pseudo-N-injective. #

From proposition (1.5)and corollary (1.4) we have the
following corollary.

Corollary (1.6)

Any direct summand of nearly Finitely-pseudo-
injective R-module is also nearly Finitely-pseudo-
injective.

The following proposition shows that nearly Finitely-
pseudo-N-injectivity is an algebraic property.
Proposition (1.7)

Isomorphic R-module to nearly Finitely-pseudo-N-
injective R-module is nearly Finitely-pseudo-N-
injective, for any R-module N.

Proof

Let M be a nearly Finitely-pseudo-N-injective R-

module and let M, == M where M, is an R-module.

To prove that My is a nearly Finitely-pseudo-N-
injective R-module, let H be a finitely generated R-
submodule of N, and f:H — M, be an R-

monomorphism. Since My = M, then there exists an
isomorphism  A:M; — M. 1t is
Ao f:H—-M

consider the following diagram, where i: H — N is

clear that
is an R-monomorphism. Now,
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the inclusion mapping. Since M is nearly Finitely-
pseudo-N-injective R-module, then there exists an R-

homomorphism g:N — M such that g @i=Ad o f
and (goi)(x) — (A= F)(x) €J(a) for all x in H.
Now since 4 is an isomorphism, then there exists an
isomorphism A™*: M — M, such that 1o A7 =1,
is an identity R-homomorphism.

H

f

Pt A e g= gq: N — M, | itis clear that g4 is
an  R-homomorphism. To prove that
(g1 ° )(x) — F(x) € J(My ). since
A™h:M — M, is an R-monomorphism, then by
[4,P.214],A7 1 (J(M) S J(M, ).Since
(gei)(x)—(Ae FAl(x)EJ(M) for allx inH,
therefore A7 ((g o 1)(x) — (A > £)(x)) € J(M; )
That
is (At e g)ei)(x)—((A e B) o F)(x) € J(M, )
Thus (g2 i)(x) — f(x) € J(M;) Hence
M, is a nearly Finitely- pseudo-N-injective R-
module.

Proposition (1.8)
Let NyandN, be two R-modules, such that

Ny =N, If M is a nearly Finitely-pseudo-IV,-
injective R-module, then M is a nearly finitely-
pseudo-/N 5 -injective R-module.

Proof

Suppose that M is a nearly Finitely-pseudo-IV;-
injective R-module. To prove that M a is nearly
Finitely-pseudo-/V5-injective R-module, let X be any
finitely generated R- submodule of N,, and
f:X = Mpe an
Ny =N, so
g:N, — Ny Since X is a finitely generated R-

R-monomorphism.  Since

there exists an isomorphism
submodule, then g(X) is a finitely generated R-

submodule of N,. Define
a:g(X) = M by a(g(x)) = f(x)forall x in X.
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Then lrd is  well-define. For if, let
glx)=g(y),wherex,y €X, since g is an

isomorphism, thus x = v and hence f(x) = f(v).

Now, we have to prove that & is an R-
monomorphism. Suppose that
a[:g(x]) = a[:g(y)), where

xy €X. Thus f(x)=F(v). But fis an R-

monomorphism, so X = ¥ which mean that

g(x) = g(y). Therefore & is an R-monomorphism.
Consider the following diagram:

Eg(x)
g(x) — N,

\/

Since M is a nearly Finitely-pseudo-N4-injective R-
module, there exists an R-homomorphism
B:N, =M such that

(Beoiym)glx)—alglx))ej(M)  for
all glx) e g(X)and x in X,
L'g,:x}:g[}{:] — N is the inclsion mapping. Define,
y:N, = Mby

where

y(v) =ﬁ‘[g[}r])for ally € N, . It is clear
that ¥ is an R-homomorphism. In fact, if
Y1, ¥z € Ny, then

¥ +2,) = BlgOn, +2)) = o) + 3(v)) = Bla(r) + B(a (3)) =
y(r) +¥(2)

And if r in R and y in N5 then
y(ry) = B(g(ry)) = B(rg(») = rB(g(»)) = rv(¥)-
Now, we have to prove that (y)(x)— f(x) € J(M)
where iy:X — N, is the
Consider
¥(x) = F(x) = Blg(x)) — alg(x)) = (B © iy0)) (g(x)) — (g (x)) € J (M)
, which implies that (¥ ){x) — f(x) € J(M) . Hence
M is a nearly Finitely-pseudo-N;-injective R-
module.

The following theorem is a characterization of nearly
Finitely-pseudo-N-injective module.

Theorem (1.9)

Let M and N be two R-modules. Then M is nearly
Finitely-pseudo-N-injective if and only if M is nearly
Finitely-pseudo-N-injective for every free R-module
N.

Proof

(=) Trivial.

(=) let A be a finitely generated submodule of R-

inclusion mapping.

module N and g: 4 — M be an R-monomorphism.
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Since N is a set, thus by [10,Th.3.2,P.58], there
exists a free R-module, say F, having N as a basis.

Now consider the following diagram: where i, is the
inclusion mapping from A into N and i, is the
inclusion mapping from N into F.

A iN
ASN-F
ha 1}

M

By hypothesis, there exists an R-homomorphism
h:F = M such that

(Re (iyoiy))(a)— g(a) € J(M)foralla € A.
Put hy = hoi,:N — M. Itis clear that h, isan R-
homomorphism. Now, for every @ € A | we have
(hyo1,)(@) — g(a) = (ko iy) 2 1,)(a) — g(a) € J(M).
Therefore M is nearly-pseudo-N-injective R-module.

Before we give the next proposition, we introduce
the following concept.

Definition (1.10)
Let M and N be two R-modules. An R-

monomorphism f:M — N s said to be nearly
Finitely-pseudo-split, if for each finite set
B ={mym, ..,m;} is contained in N, where
icZ
homomorphism ggz: N — M (gz may depend on B)

there exists an R-

such that (g 5 ° F)(mg) — Iy (my) € J(M) for allms € B
where I, is the identity R-homomorphism on M.
That is (gg e F)(ms) —ms € J(M)for allm; € B.
Proposition (1.11)

Let M and N be two R-modules. If M is nearly
Finitely-pseudo-N-injective, then each R-
monomorphism a: M — N is nearly Finitely-pseudo-
split.

Proof
Suppose that M is nearly Finitely-pseudo-N-injective
R-module and let @M—-N be any R-

monomorphism, and a,,a,, ...,a, € M..  Define
B:a(M)—= M by
B(a(m)) =m for all m € M. First, we prove that B

is well-defined. Let a(m,)=a(m,) where
my ,my €M Thus
a(m,)— a(m,) = a(m, —m,) =0 and

consequently m, —m, € kera = {0}, this means
that .y —m, = 0, and hence m,; = mM,, which
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indicates that g(a(m,)) = B(a(m,)). Therefore 3 is
well-defined.

Now, we have to prove that 5 is an R-
monomorphism, that is ker§ = {07}. Suppose that
,G[a(mj) =0,then m =0, and hence a(m)=0
(since @ is an R-monomorphism). There fore

kerff = {0}, this proves that f§ is an R-

monomorphism. Now consider the following
diagram:
a(M) = N
B h
M

Where i: (M) — N is the inclusion mapping.
Since M is nearly Finitely-pseudo-N-injective, then
there exists an R-homomorphism h: N — ar such that
(hoi)(m) — Blalm)) € J(M). That is
(hea)(m) —m € J(M). Hence & is nearly Finitely-
pseudo-split R-monomorphism.

As an immediate consequence of Proposition(1.11)
we have the following corollary.

Corollary (1.12)

If M is nearly Finitely-pseudo-injective R-module,
then each R-monomorphism f: M — M is nearly

Finitely-pseudo-split.

(ho i) (@)= g(a) = ((Bohy)ei)(a) = g(a) = (Bo (hyo))(a) —g(a) =

(Bo(a°g))(a) —gla) = (B°a)(g(a)) - g(a) € J(M).

The following proposition gives a characterization
of nearly finitely-pseudo-E(M)-injectivity.
Proposition (1.13)

Let M be an R-module. Then M is nearly Finitely-
pseudo-E(M)-injective if and only if each R-
monomorphism a: M — E(M) is nearly Finitely-
pseudo-split .

Proof

(=) by Proposition (1.11) and Corollary (1.12)

(=) Suppose that each R-monomorphism
a: M — E(M) isnearly Finitely-pseudo-split. To prove
that M is nearly Finitely-pseudo-E(M)-injective, let A
be a finitely generated R-submodule of E(M)
and g: A4 — M be an R-monomorphism.

Since E(M) is an extension of M, then by [11,P.43]
there exists an R-monomorphism say
a: M — E(M). Consider the following diagram.
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A A E{M)

S
g h
M
al |B
E(M)

Where i:4 — E(M) is the inclusion mapping. Now
aog:A— E(M) is an R-monomorphism. Since
E(M) is injective( hence E(M) is a pseudo-injective),
there exists an R-homomorphism h,: E(M) — E(M)
such that (hy o i)(a) = (a = g)(a) for all a in A
Since a: M — E(M) is nearly Finitely -pseudo-split,
therefore, there exists an R-homomorphism
B:E(M)— M such that (8= a)(a) —a € J(M)
for finitely number of ain M. Put b = 5 o hy, it is

clear that h is an R-homomorphism. For each a in A
we have

Thus (hei)(a)— gla) EJ(M)foralla€ A.
Hence M is nearly Finitely-pseudo-E(M)-injective.

Theorem (1.14)
If M, & M, is nearly Finitely Pseudo-injective R-

module, then M; is nearly Finitely—M}-—injective for
each i,j=1,2 ,i# j

Proof
Let m, @ m, be an nearly Finitely Pseudo-injective

R-module, we show that Mis nearly Finitely-M,-
injective.Let A be any finitely generated R-
submodule of M5, and fA— Mibe any R-
monomorphism.  Define g:A — M,(BM, by
gla) =(f(a),a)for all a € A, then g isan R-
monomorphism. Since M, €& M, is nearly Finitely
Pseudo-M, B M -injective R-module, and (0) &M,
is an R-submodule of am@m, thus by
Proposition(1.3) M, & M, is nearly Finitely Pseudo-
(0) @ M,- injective R-module. Since M5 isomorphic
to (0)@M, thus by Proposition(1.8) M, &M, is
nearly Finitely Pseudo-M-injective R-module. Thus
there exists an R-homomorphism h: M, — M, @& M,
such that h(a) — g(a) € J(M,BM,)forall a € A. Let
m:M,@M, > M, be the natural projective R-
M, &M, to M,put
hy=n,°h:M, - M, .Thus for eacha € A we have

homomorphism  of
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that

hy(a) = f(a) = (m,°h) (@) — 3 (f(a),a) = ny(h(a)) — 7, (g(a))

=m,(h(a) — g(a)) € J(M,) [8]. Therefore M, is
nearly Finitely-M 5 -injective R-module.
Consequently, M is nearly Finitely-M -injective.
The following corollary is immediately from
theorem(1.14).

Corollary (1.15

If ;.4 M, is nearly Finitely-pseudo-injective R-
module, then M, is finitely- My -injective for all
LJkEAand j+ k.

Proof:-

Let &,., M, be a nearly finitely-pseudo-injective
R-module, we show that M; is nearly finitely- M,-
injective. Let A be any finitely generated R-
submodule of My, and let f: A — M; be any R-
monomorphism.  Define  g:4 =@, ., M, by
gla) =(0,0,..,f(a),0,..,0),Yaed, we have to
prove that g is monomorphism. Let a,,a, € 4,
and g(a,) = g(a,).Then
(0,0, ..., f(a,),0, ...,0) = (0,0, ..., f(a,),0, ...,0) and
hence f(a;)=f(a,). But f is an R-
monomorphism, so &y = 5. Therefore g is an R-
monomorphism. Since €B;-, M; is a nearly finitely-
pseudo- &, M, —injective R-module, and
0808 .6M 0. HoHo is an  R-
submodule of &&,., M; , thus by Proposition
(13) B M, s a nearly finitely-pseudo-
0H0E..BM, BOE ... ® 0 & oinjective R-
module. Since M, isomorphic
0 0H0H .. &M, B0DH..H0HO, thus by
Proposition (1.8) &,., M; is a nearly finitely-
pseudo-M, -injective R-module, then there exists an
R-homomorphism  h: M, =&,., M, such that

hia)— g(a) € J(M,),Va € A. Consider the
following diagram.
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Let 7;:6B,.4 M; — M; be the canonical projection
Of $EE.¢’1 Mi to M_;l" put h}- = ﬂ-}- Q h.: Mk — M_;l"
Thus Va € A, We have that
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AL)= M

e ¢

h}'(aj _f(aj = (R}'O hj(aj_ﬂ_;( 0,0,---,f(aj, ...,0,0) :R}[h(aj)_ }[Q‘(O‘J) =

‘R'}-[ h(a) — g(a]) € f[M}-).

Therefore M; is a nearly finitely-M . -injective R-
module.

Corollary (1.16

For any integer 11 = 2, M™is nearly Finitely-pseudo-
injective R-module if and only if M is nearly finitely-
quasi-injective.

82: Endomorphisms ring of nearly Finitely-
pseudo-injective modules

In this section, we study some properties of
endomorphisms rings of nearly Finitely-pseudo-
injective modules.

Before we give the main theorem of this section we
need to recall the following lemma.

Lemma (2.1) [3]
Lete M be an R-module, S = Endg(M)

and A(S) = {f € 5: N ker(f)is an essential in M},
then A(5) is two sided ideal of S.
Theorem (2.2)

Let M be a nearly Finitely-pseudo-injective R-
module, and S = Endg(M). Then S5/A(S) is a

regular ring.
Proof
Let A+ A(5) e S/A(5), where L € 5. Put

K =ker (A)and let L be a finitely generated
relative  complement of K in M. Define
6: A(L) = M, by 8(A(x)) = x,vx €L. We have
to prove that Bis  well-defined. Let
Axy) = Alx,), where x;,x, E L. Thus
Alxy) —A(x,) =0, that is

A(x; —x,) = 0.Hence x; — x, Eker(1) =K.

Since
x,,%, € Lthen x; —x, EL,where x, —x, € LN K = (0),thus x; —x, = 0

, which implies that xy = x5. It follows that
8(A(x,)) = 8(A(x,)). Therefore & is well-defined.
Now, we have to prove that & is an R-
monomorphism. That is ker(8) = (0). Suppose
B(A(x)) = 0, then x = 0.Thus A(x) = 2(0) = 0. Since A is
well-defined monomorphism. Therefore & is a
monomorphism. Consider the following diagram:

M
Where i: A(L) — M is the inclusion mapping. Since
M is nearly Finitely-pseudo-injective, then there
exists an R-homomorphism

@: M — M, such that 0(A(x)) — 8(A(x)) € J(M), ¥x € L. that
is for all xE L, we have
O(A(x)) = 8(A(x))+ j, forsome jEJ(M). Let

uEK@SLhenceu=x+y,wherex€ K,y € L. Then
(A= 200) (u) = A(w) — (A84) (w) = Ax +y) — FOD(x + y) = Ax) + 1y) —
(A02)(x) — (281 (y).

Since K = ker (4), and xe x , then A(x) = 0,
whence

(A= 402 () = A() — 8D = A0) - 2(0(a(x))), but
G(A(x)) = 8(A(x)) + j, then,
(=200 (@) = A() = HE(AGN) + 1) =207 = 8(20)) = 2() =2() - A1) -
A() € J(8M)

, which implies that u € Nker(4 — A®A). Hence for

each uexk @ L , then u € Nker(A — A@A). Since
K& L is essential in M, then by
[8,lemma(5.1.5)a,P.109], Nker(i — ADA)is
essential in M. hence (A—A@i) € A(S). Thus
A+ A(S) = (A04) + A(S). That is
A+ A(5) =(A+A(9))(0+ A(5))(2+ A(s))- Hence
S/A(S) is regular ring.

Proposition (2.3)

If M is nearly Finitely —pseudo-injective R-
module, and S = Endg (M), then j(5) € A(S).

Proof
Let @ € J(5). Since M is nearly Finitely-pseudo-

injective, then by Theorem (2.2 ) S5/A(S) is regular
ring. That is there exists A €5 such that
a+A(S) = (a+AS))(A+A5))(a+A(S)) Thus
a —ada € A(S). Put g— 4 a1q Since J(5) isa
two sided ideal of S, then A € J(5). Since J(5) is
a quasi-regular, then (I, — ad)™1 exists, where
IL,:M—M is the identity R-homomorphism.
Hence(ly, — ad)(Ly —ad)™ =1,
(I — al)Ha— ada) = (hy — ad) Iy — ada = lya = a-
Thus (Iy—ad) B =a. Also since
B eAs), (I, —a)tes and A(S) is two sided

since
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ideal, then Lemma(2.1) « = A(S). There fore

1(5) < A(S).

The following corollary is
Theorem(2.2) and Proposition(2.3).
Corollary (2.4

Let M be a nearly Finitely-pseudo-injective R-

module, and 5 = Endg(M). Then
INK=IK+A(S)n (InK) for each two sided
ideals I and K of S.
_Proof
Since M is nearly Finitely-pseudo-injective R-
module, thus by Theorem (2.2) s/a(s)is regular ring.
Let I and K be any two sided ideals of S, and let
AEINK, thus 1+ a(s) € 5/a(s). Since 5/A(5)
is regular ring, then there exists an element
a+ A(S) € S/A(S) such that
A+ AS) = (A +A(S))(a+AS))(A+ AS)).
Therefore A — Axd € A(S) n (I n K).
Put 4, = A — Aad, then
A=Aad+ A e IKNnAS)Nn(INK).
ThusI nK S IK + A(S) n (I n K}.Since jx = rand
IK €K, Then IKCINK. And  since
ASIn{INK)SINK, thus
IK+AS)N(INK)SINK. Therefore
INK=IK+ AS)n{INK).

The following corollary is an immediately from
Corollary (2.4).
Corollary (2.5)

Let M be a nearly Finitely-pseudo-injective R-
module, and 5 = Endg(M). Then

K =K?+ A(5)n K for each ideal K of S.
Proposition (2.6)

Let M be a nearly Finitely-pseudo-injective R-
module, and

5= Endz(M). If A(S)= (0), then S is self
Finitely-pseudo-injective ring.
Proof

Suppose that M is nearly Finitely-pseudo-injective

R-module, and A(5) = (0), then by Theorem (2.2)
S/A(S) isregular ring, that is S is a regular ring. To

prove that S is self Finitely-pseudo-injective ring, let
| be an ideal of S and f:I —+5 be an R-

monomorphism. Define a finitely generated
submodule IM to be generated by

fAm: 1 €1,m € M}, it follows that if x € IM, then
Apdy, oA, ET and

my, My, ..., m, €M, where n € Z7 such that

immediate from

there exists

x=X", A,m, Define g./m - mas follows for each

x= Z?=1Aimi € IM, 8(x) =8(Z?=1Aimi) = Z?:lf(’li)mi '
For each x,v € IM , we have
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x=E Aimpand y = Xl_  aym'p where
A,a; €1and mi,m’j EM, for

ali=12,..,n,j=12,..tandt,n € Z™

Since S is regular ring, thus each finitely generated
ideal of S is generated by an idempotent. Thus the
ideal of S  which is  generated by

Apdg, LAy, a,, ., a, has the form eS

where e = e € 5. Since A;,a;belong to the ideal

of S, which is generated
byi, A5 .. A, @, .., a, TO
alli=12,...,nj=12,..t. Thus

Apa;€EeS foralli=12,..,nj=12,..t, and this
J-
7
si-,s"}- €Sforalli=1,2,..,n,j=12, . .tand t,neZ?t

implies that A4; = es;and a; = es; for some

Hence e, =e(es,) = e’s,=es, =1, for all
i=12,..,1n and
ea; =e(es’;)=e’s’, =es’, =a; for all
=12, ...t Therefore
F(A) = f(e)d,and f(a;) = f(e)ayfor all i =1,2,...,m,j = 12, ..t
. Thus
0(x) = 8(Ziz1 Aim;) = By f()m; = Bz f(e)him; = f(€) Bizy Am; = f(e)xs

and similarly we have 8(y) = f(e)y. & is well-
defined, since for all x,y e in, if X=y, we have just
proved that a(x) = f(e)x and 8(y) = f(e)y, Hence
B(x) = 6(¥). It is clear that & is an R-
monomorphism. Thus  we have the following
diagram:

MM

M
Where i: [M — M is the inclusion mapping.
Since M is nearly Finitely-pseudo-injective R-
module, thus there exists an R-homomorphism
@:M — M such that o(x)—6(x)ejnn for
allx €IM. For each m&E M, if A€, then
(A (m) = 0(Am) = 8(Am) =8(Am) +j = fF(A)m+
for some i € J(M)- Hence
(B4 — F(D))(m) € J(M),VAEL Therefore
N ker(®A— f(A))is essential in M for alld €1,
Since A(S) = (0), implies that @1 — £(4) = 0 that
is @4 = F(A) for all A € 1. Thus S is self Finitely-
pseudo-injective ring.
83: Characterization of Rings by means of
nearly Finitely -pseudo-N-injective R-modules
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In this section, we introduce some new
characterizations of semi-simple Artinian ring by
means of nearly Finitely pseudo- N-injective R-
modules.

Theorem (3.1)

The following statements are equivalent for a ring R.
1.R is a semi-simple Artinian.

2.Every R-module is nearly Finitely-pseudo-N-
injective for every R-module N.

3.Every finitely generated R-module is nearly
Finitely-pseudo-N-injective for every R-module N.
Proof

(1) = (2) Suppose that R is a semi-simple Artinian

ring. By [6,Th.3.7, P.439] Every module over semi-
simple Artinian ring is injective. That is M is N-
injective for every R-module N, then by[1, example
and remark (1.2.2)(3),P.19] every R-module is
nearly-pseudo-N-injective and hence by example and
remark (1.2) every R-module is nearly Finitely-
pseudo-N-injective .

(2) = (3) trivial .

(3) = (1) Suppose that every finitely generated R-

module is nearly Finitely-pseudo-N-injective for each
R-module N. Let M be any simple R-module, Then
M is finitely generated. Hence by our assumption M
is nearly Finitely-pseudo-N-injective for any R-
module N. Now, since M is simple then
J(M) = (0)[8, p. 218].and Hence by [5, Prop.2.1]
M is injective. Now, every simple R-module is
injective. Thus by [8,Ex.18,P.272] R is regular ring.
And hence R is Jacobson radical. Therefore every
finitely generated R-module is injective. Hence R is
semi-simple Artinian.

Theorem (3.2)

The following statements are equivalent for a ring R.
1. R is semi-simple Artinian ring.

2.For each R-module M, if M; and M, are nearly

Finitely-pseudo-N-injective R-submodules of M, then
M; n M, is nearly Finitely-pseudo-N-injective R-

submodule of M, for each R-module N.
3.For each R-module M , if M; and M, are N-
injective R-submodules of M, then 7 pz, is nearly

Finitely-pseudo-N-injective R-submodule of M, for
each R-module N.

4.For each R-module M, if M, and Mz are pseudo-
N-injective submodules of M, then 7 n p, s

nearly Finitely-pseudo-N-injective R-submodule of
M, for each R-module N.

Proof

(1) = (2) Follows from Theorem (3.1).

(2) = (3) trivial.
(3) = (4) trivial.
(4) = (1) Let M be any R-module, and a7y = £

is the injective hill of M. Let
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Q=E®E, K={(xx) €Q:x € M} and
Q =Q/K-Put p, = {y+KeQ:yeE®0)}

and  M,={y+KeQ:ye (0)@E}  then
Q=M + My for if = b+ K where h e Q = E®E-
Thus  p = (hy,hy) = (hy,0) + (0,h,) ~ Where
hy, h, €E, then
ho=(hy,0) + (0,hy) + K = ((hy,0) + K) + ((0,hy) + K)
. Since (., 0) + k € m,and (0,h,) + K € M, , thus
he M, + M,. Hence Q0 S M,+M, It is easily
to prove that M, and pf, are R-submodules of @
Thus M, +M, is R-submodule of (). So
M+M, < @ From preceding argument, we have
Q = M;+My ap:E— M; by
a(y) = (,0) + K, vy € E- We have to prove that

Define

{1y is an isomorphism.  Assume that

Vi,¥2 € E andr € R» then
a(n+y) =0 +y2, 0+ K =00 +K+ (0 +K =
ay (1) + a(y2)

-And a(ry) = (ry.0) + K = r((y 0) +K) =ray(y)
Therefore Cf7 is an R-homomorphism. Now, let

a(y1) = a1 (y2): en (31,0) + K = (3,,0) + K
and hence (y; —y,,0) € K. Thusyl —y,=0 and

so Vi = Vo. Therefore f1 is R-monomorphism.

To prove that Cff is an epimorphism, let

whence 4 — (d,0) € E®@0, then

Q+KEIW1'

a,(d) = (d,0) + K = a + K, which mean that (t'y
is an epimorphism. Now, define ¢,: E — M, by
ay(y) = (0,y) +K, vy €E. Similarly, we can

prove that (9 is an R-isomorphism. Since

(E®(0)) nK = (0)and ((0)®E) n K = (0) because
fxe (E®() nkK then x € E®(0) and x € K-
Hence x=(x,0),x; EE and

x=(yLyi)y €M Then x=(y,y;) and
consequently y, = 0, Thus x = (0,0). Since E is

an injective R-module, hence E is N-injective for
each R-module N. Therefore by [5,Prop. 2.1] pf; is

N-injective R-submodule of @ for i=1,2. Thus by
hypothesis p1, n M, is nearly Finitely-pseudo-N-
injective R-module. Define .07 — p, 0 M, by
fm)=(m0)+K for all m € M. We claim that
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Min M,={y+KE€Q:y € M®0)} Let
x€EM; N M, , then x€ M; and x € M,.
Therefore x=y+K,y€eE®0) and

x=y +K,y € (0)®E. Then
y =(a,0)+ K = (0,a") + K which implies
that (a — 0,0 —a’) €K, thatis (a,—a’) € K.
Therefore @ = —a’, a € M. And
consequently y = (a,0) € M@(0). Then
x=y+KeQ and yeum@) Therefore
x E{y+K€Q:yeM®(0)} This shows that
Min Myc{y+KeQ:yeM®0)}

Now, let xe{y+ K€ Q:yeM®0)} then
x=y+Kke(Q Where yeM®0) Thus
y = (a,0) € M®(0) Where g e M. It follows that
(a,a) EK: Then
k=(aa)+K=((a0)+K)+((0,a)+K)
Therefore x=(a0)+K=(0-a)+K But
(a,0)+KeM, and (0,—a)+Ke M, So
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