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Abstract

The quantile regression lines are infinite, but determining an informative quantile
regression line is a very hard matter, Composite quantile regression has been used to
treat this issue. If the number of independent variables is large, it becomes difficult to
interpret the variables accurately to overcome this problem may use the lasso
procedure via the Bayesian technique via using the Laplace distribution as the prior
distribution. In this paper, we will introduce a new Bayesian hierarchy is a mixture of
a new formulation for Laplace prior distribution and composite quantile regression.
The proposed method is compared with two other two existing methods in the same
field via testing the performance of two other methods via simulation studies
examples, and real data scenarios.

1. Introduction

The quantile regression (Qua-Reg) model is one of the important regression models.
In Qua- reg does not require any statistical assumptions, also it is very robust against
outlier data(Cade, B. S., & Noon, B. R. (2003). All these traits, make the Qua- reg of
an important regression model. Therefore, it is used in many scientific applications
such as Econometrics, finance, biological sciences, agricultural Sciences and
medicine. For dependent distributions that are strongly skewed and non-central, the
Qua- reg model is adequate. Using different quantile levels, the Qua- Reg model can
be used to estimate the relationship between independent variables and a dependent
variable in any position of the dependent distribution (Levin, J. (2002)). The quantile
regression levels refer to 7., ere 7., belongs to the interval(0,1). The Qua- reg
model is evaluated through the real relationship between the independent variables
and a dependent variable conditional function man quanta levels, where, Qyim (1) is

the quantile function at the many quantile levels (7).

The quantile function is equivalent to the inverse distribution function as follows:

Qyilx_(r) = Fy_iﬁc-(f) 0 < 7 < 1.There are infinite quantile regression lines to
L L

ddescribe the relationship between one response variable and many explanatory

variables . But choosing optimal quantile regression line is hard mater . To solve this

issue, we will use composite quantile regression (CO- Qua-Reg). Consider Q
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different quantile levels 0<7; <7, <--<7r<1 Let y; = x! B +¢& for

i=1,....,nandm=1,....,M,, the composite quantile regression (Zou and
Yuan,2008) is showm by

Q n
(8) = "ir Z[Z Prp i = 2] ﬁf)}, [1]
q i=1

=1
form=1,..., M.

m

Where p, (.)is the loss function, 7, = T

It is impossible to differentiable equation (1) at the zero point. Therefore,
minimization above equation can be achieved though algorithm which Koenker and
D'Orey (1987) recommended. But it's possible that this algorithm is ineffective. at
some quantile level. In order to estimate the ( CO- Qua-Reg) parameters, a Bayesian
technique has been used.

Now, the random error term ¢; being to asymmetric Laplace distribution (ALD).
Where ,the probability density function of the asymmetric Laplace distribution with
one assigned to scale parameter is

f(£|rq) = Tq(l — Tq)exp {—p,q(s)}. (2)
Then the joint distribution of y = (y,,..,y)7 given X = (xq, ...,x,)T ,p =

(By, ... Bi)T for comgosite quantile regression is

n
IX, ) = 1_[ (1 —1,) exp {— 2 prg i — x] ﬁa} [3]
q=1 i=1

Maximizing the probability function of the dependent variable (y) is equivalent to
Minimizing the Equation (1). (Benoit et al.,(2013)) and (Yu et al., 2013)) mentioned
to estimate the model parameters via link between Maximizing the probability
function of the dependent variable (y) with minimization in Equation (1). But there
are difficulty to solve Equation number (3) directly way, because of the mixture of
Qua elements. The (Huang and Chen (2015)) show the cluster assignment matrix
refer to C whose (i, q)""element C;, is belong to 1 if the i;, subject belongs to the g,
cluster, otherwise C;, is belong to 0. The cluster matrix C;, is treated with the
missing values issue. Therefore, likelihood belong to equation (3) is take the
following form

Q n
Forap) = [ [ ][ra0 - wdexp {pr, 0~ 2780 )]

q=1 i=1
By following the researchers Li et al. (2010), Kobayashi and Kozumi (2011), The
dependent variable y; takes the following form

& = 1910'_117,: + 1920-_1\/Fi Z; (4)
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Where v ;~ ~Exp (rq(l - rq)) and z;~ standard normal.

1-271 2
191 - rq(l—rqq) and 02 - Tq(1-7¢)
E(g;) = 9,0 E() + 9,071\ [v; E(z))
E(z;)) =0
E(g;) = 9,07 E(v))
1-21, _ 9, o1 Lo, = 1-2z, Tq(l_—rq):,ngl:l—_ZBh
7q(1—17y) 7,(1—1,) Tq(1—74) ot ot

Var(g;) = var(9,6 'E(v;)) + 93(c~ V)% /Var(v,) Var(z,)
Var(e;) = 95(67")?v;

Then Var(g;) = %
Let t = o 1v; therefore( t ) was distributed exponential distribution with the shape
parameter (T"(la—_f")) The formula (4) takes the following form

yi = xiTﬁ, + (1 - ZTq)tl' + 20—1/2\/t_i Z;
the our hierarchical model for the variables ¢;,z;,i = 1,2,....n are

yYi = xiTBT + (1 - ZTq)ti + 20'_1/2 \/t—l Zi,

tlo ~ o" (‘L’q(]_ —Tq))" e o li=1ti

i=1

2. The Bayesian Hierarchical of composite quantile regression

By following fadel alhusseini (2017) the lasso composite quantile (La- CO- Qua-
Reg) penalized regression solution is

Q n k
B =argmin ) {2 Prp 0= ] ﬁf)} + g ®
q=1\i=1 j=1

The Bayesian (La- CO- Qua-Reg ) model based on (5), for prior distribution must be
enforced a Laplace density in a loss quantile regression model, in accordance with

Tibshirani (1996).
oA

n(Blo, ) = —- e~ (6)
Now that we have the prior distribution as in equation (6), we can formulate it as a
scale mixture of a uniform distribution and a standard exponential distribution as in
the following statement.
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Proposition: in this part ,the formula for the Laplace distribution is scale mixture of
standard exponential distribution and uniform distribution .
It can be demonstrated mathematically as follows

e—aﬂlxl — f Ae—lz dz
z

>a|x|
G—Ae“"”"I = j oA Ae *dz
2 z>0|x| 2
Az=m
.[ ’ ol Py 1 d
= — A€ —am
w>Ao|x| 2 A

A ’ A
67 e MBI = j 22 e™ dm (8)

More details see (Remah ,2021)
Hence , the Bayesian hierarchical model is
yi = xiTﬁT + (1 - ZTq)ti + 2 0'_1/2 \/t_l Z;,
o Cig =x] Br=(1-264)t)?

n 1 n
1 Ezi=1zq=1 _1
foLs = | 202
i=1

e
47Tti
tlo~  o"(t,(1-71,))"e =1t
() e (-3
z~ |— exp| —= ) z;
2T P\72 i '
1
o, A~ uniform(——,—
Bl form(——,—)
m~ standard exponential
O~ O.a—le—ba
A~ lc—le—dl

(a, b, c and d) are hyper parameter
The Conditional Posterior distribution of parameters
1- The Posterior distribution of parameter ( Cy;)
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The posterior distribution of parameter C; = (Ciy Cjp, ... ... ,Ciq)T is the multinomial
distribution ;
p(Cily, X, a, B,z) « multinomial(1, py, ...., f)q), (9)

exp|-(yi—x{ B—(1-27g)m;/2zi]
Zqul exp[-(yi—x] B—(1-27p)z;/2zi]
2- The Posterior distribution of parameter ( Z;)
Given q , the posterior distribution of parameter z; for i = 1,...,n, is the Inverse

Normal ,invG(87,yT), where 67 = \/23=1 Ciq/ i —x[ B)?)

Andy" = ¥H_; Cin/2
3- The Posterior distribution of parameter ( t;)
the posterior distribution of parameter t; is the inverse Normal distribution with

where py =

2 X
shape parameter (“% + 20) and scale parameter \/% ST ~InvG (ul, 1)
j

4- The Posterior distribution of parameter (f)
the posterior distribution of parameter B is multivariate distribution N(x;B +

(1-2t)t,2 07 /2,/1).

5-The Posterior distribution of parameter (w)

the posterior distribution of parameter w is standard exponential

6-The Posterior distribution of parameter( o)

The posterior distribution of parameter o is a gamma distribution with shape

s T R— 2
parameter (a + (32—")) and scale parameter (Z;Ll((y‘x‘zf# +t)+b)
2L

7- The Posterior distribution of parameter( 1)
The posterior distribution of parameter 2; is a gamma distribution

with shape parameter (q + ¢) and scale parameter (Hlel {Aj < T;; l})

aj|Bj
We build a good Gibbs sampling algorithm for the above parameters, with giving
some initial values fory,zt B,0, and A .Also give initial values for hyper
parameter (a, b, c, d)
The our MCMC algorithm is run 13000 iterations , but burn-in 3000 first
samples in order to stationary of samples MCMC. The our proposed algorithm
was an fast and very efficient.
3. Simulation approach
4. In this paper, set of scenarios simulation approach ,for testing the efficiency
of our method (BCQRegN lasso ) has been used. The new our proposed method
was compared with two other methods , like (BAYESIAN COMPOSITE
QUANTILE REGRESSION WITH NEW LASSO refer to (BCQRegU)) that
introduced by alhuseini ,fadel hamid hadi (2017), and (Bayesian Lasso Quan-
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Reg that introduced by (Li et al. (2010)) .We run the MCMC algorithm in with
three quantile levels (t = 0.25,t = 0.50,and t = 0.95) under various types of
error distributions term, first error distribution is standard normal with mean zero
and variance one, second error distribution is normal mature distribution
e;~0.5N(2,2) + 0.5N(—2,2), and third error distribution is t- distribution with 3

degree freedom e;~ts)
where MMAD = median(mean(|x"f — x"B]))

. For choosing best method , we will used (MMAD)

3.1 Sparse Case: In this case, we give the true vector B = (1,0,2,0,1,0,0)",
then the regression model is

Vi = Xi1 + 2Xj3 + Xj5 + €
We generate the explanatory variables from multivariate N, (0,X,) (p is number

of independent variables)with (Z,); = 0.5/k=U . The error distribution generated
with the three various types . Three sample size used in this study . Below table

shows MMAD values in sparse case.
Table 1.The (MMAD:s) for the simulation in sparse case.

i=1,2, 0, 100,

Comparison Methods e;~N(0,1) e;~0.5N(2,2) e;~t3)
+0.5N(-2,2)
LassoN,_q s 1.979 (0.872) 1.892 (0.865) 1.319 (0.737)
LassoN,_qso 1.635(0.883) 1.562(0.873) 1.182(0.815)
n=50 LassoN,_q o5 1.041(0.793) 1.172(0.623) 1.003(0.568)
BCQRegU 0.852(0.551) 0.973(0.461) 0.819(0.451)
BCQRegN lasso 0.719(0.467) 0.636(0.511) 0.783(0.413)
LassoN,_q 5 1.878(0.948) 1.969(0.915) 1.573(0.892)
Sim1 LassoN,_gso 1.583(0.932) 1.461(0.896) 1.348(0.941)
LassoN,_q o5 1.263(0.852) 1.143(0.867) 1.045(0.897)
n=100 BCQRegU 0.829(0.581) 0.750(0.474) 0.987(0.584)
BCQRegN lasso 0.622(0.368) 0.704(0.484) 0.761(0.587)
LassoN,_q s 1.963(0.986) 1.983(0.978) 1.813(0.968)
LassoN,_qs 1.952(0.896) 1.872(0.902) 1.614(0.856)
LassoN,_q o5 1.452(0.768) 1.572(0.751) 1.314(0.652)
=ED BCQRegU 0.732(0.464) 0.642(0.419) 0.686(0.429)
BCQRegN lasso 0.511(0.314) 0.484(0.289) 0.541(0.352)
Note: In the parentheses are SDs.
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Table 1 presents the results for MMAD and SD for the three existing methods in the
comparison under various types of error distributions and three various of sample
size . It is Cleary from Table 1 that the performance of our method (BCQRegN
lasso) appears, compared to the other two approaches, it is well. In general, the
(MMAD) generated by our method (BCQRegN lasso) is smaller than the (MMAD)
generated by other two methods (BCQRegU and LassoN) for all sample size and
error distribution under consideration
3.2 dense Case: In this case, we give the true vector

B = (0.85,0.85,0.85,0.85,0.85,0.85,0.85)", then the regression model is

yi* = 0.85X11 + 0.85X12 + 0.85X13 + 0.85Xi4_ + 0.85X15 + 0.85X16 + 0.85Xi7

i=1,2,..........,100

We generate the explanatory variables from multivariate N,(0,%,) (p is number

of independent variables)with (Z,),, = 0.5/¥=! . The error distribution generated
with the three various types . Three sample size used in this study . Below table

shows MMAD values in sparse case.
Table 2. The (MMAD:s) for the simulation in dense case.

Comparison Methods e;~N(0,1) e;~0.5N(2,2) e;~t(3)
+0.5N(-2,2)
LassoN,_g s 0.969 (0. 607) 0. 914 (0.575) 0.921 (0.782)
LassoN,_gso 0.838 (0.653) 0.855 (0.659) 0.749 (0. 580)
n=50 LassoN,_g o5 0.812 (0.549) 0. 756 (0.573) 0.729 (0.509)
BCQRegU 0.682 (0.489) 0.597 (0.419) 0. 599 (0.453)
BCQRegN lasso 0.424 (0.268) 0.480 (0.307) 0.413 (0.240)
LassoN,_g s 0. 914 (0.736) 0.826 (0.715) 0.832 (0.665)
Sim2 LassoN,_gso 0.818 (0.616) 0. 813 (0.507) 0.802 (0.627)
LassoN,_g o5 0.745 (0.569) 0.849 (0.680) 0.739 (0.596)
n=100 BCQRegU 0.581 (0.407) 0.599 (0.509) 0.521 (0.382)
BCQRegN lasso 0.417 (0.295) 0.476 (0.294) 0.450 (0.323)
LassoN,_g s 0.949 (0.781) 0.908 (0.749) 0.856 (0.715)
LassoN,_gso 0.852 (0.679) 0.890 (0. 670) 0.8691 (0.662)
LassoN,_gos 0.749 (0.547) 0.802 (0.527) 0.789 (0.519)
n=150 BCQRegU 0.589 (0.408) 0.572 (0.381) 0.494 (0.306)
BCQRegN lasso 0.411 (0.253) 0.352 (0.179) 0.465 (0.217)
Note: In the parentheses are SDs.
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Table 2 presents the results of the MMAD and SD for the three existing methods in
the comparison under various types of error distributions and three various of sample
size . It is Cleary from Table 2 that the performance of our method (BCQRegN
lasso), compared to the other two approaches, it is well.

In general, the MMAD generated by our method (BCQRegN lasso)is smaller than
MMAD generated by other two methods (BCQRegU and LassoN) for all sample
size and error distribution under consideration.

figure-1- histogram of our proposed method (BCQRegN lasso) parameter
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figure-1- histogram of our proposed method (BCQRegN lasso) parameter estimate for
simulation in sparse case

Figure -2- Trace plots of our proposed method (BCQRegN lasso) for simulation in sparse case
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figure-3- Histogram of our proposed method (BCQRegN lasso) parameter estimate for
simulation in dense case

S g 30 ST jhe aaldl (g giudl 5 puabiall ol alall jaigell 8 51 Gald 2o
(c\.mn‘)!\ e.uﬁ)é\)d\ a8yl oYl Jos dalaiacall dpanill g 3ol Y salall o) gian Page 1254


https://doi.org/10.31272/IJES2024.

2023 Kisad/ ydis gttt /gty /il / ol g ol st piligd a3k / usan gl A sl At
A AN oL 7 0 b Dt iy ks 1 3308 / o gy

Iraq Journal For Economic Sciences / ISSN:1812-8742 / ISSN ONLIN:2791-092X
https://doi.org/10.31272/1JES2024.80.S.54

Histogran of Coellicient

0l 19

Fresquenczy

2|

listogran of Coefficient

B

100

Frequency

o

F requency

Frequency

Histogran of Coellicient

B

100

o

Histogran of Coafficient

0 20

T T T
20 o 1m 20

BE

Histogran of Coellicient

<]

1

Histogran of Coafficiant

0o

Frequency

| B R |
20 o 1m 20

=k

Histogran of Coellicient

0 20 30

[

=20 [} 10 20

Figure -4- Trace plots of our proposed method (BCQRegN lasso) for simulation in dense case
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Figures 1-4 shows the histogram graphs and Trace plots through two simulation
examples. From the histogram graphs to parameters estimates that belong to our
method (BCQRegN lasso) is very closed from histogram of normal distribution. from
trace plot ,we see our MCMC samples of the posterior distribution was convergence
to very stationary.

4. Air Pollution Dataset

three methods are being used for the analysis of the air pollution data using the
quantile regression model. within the R program's (bayesQR) package contains the
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air pollution data (Lindmark and Karlsson, 2011). The Norwegian Administration of
the Public Roads measured this dataset. The air pollution data consists of one

independent variable and a set of independent variables as shows in plow table
table -3- Show the dependent variable and independent variables

Name variables Symbol variables Type variables

the log (concentration of NO2 per hour) y Dependent variable
log (number of cars per hour) x4 Independent variable
temperature X Independent variable
wind speed in meters per second X3 Independent variable
temperature difference Xy Independent variable
wind direction X5 Independent variable
time of day in hours Xe Independent variable
day number X7 Independent variable

In this section , we analyzed the above data by three methods shows in simulation
section . To evaluating these methods under study mean absolute error (MAE) has
been used, under three quantile levels 7 € {0.25,0.50 and 0.95}. From results listed
in table 4 , we see our method (BCQRegN lasso) have a good performance until
with real data compared with other methods , because of the MAE is computed by
our method (BCQRegN lasso )is smaller than MAE is computed by other two

methods.
Table. 4 Mean absolute errors (MAE)for the our proposed method and other two methods.

Methods LassoN,_g 25 LassoN._y 5o LassoN,_g o5 BCQRegU BCQRegN lasso

MAE 34.432 31.732 28.971 12.452 9.591

From results listed in table -5- , we see the independent variables have positive and
negative effective as showing the below tables

Table 5. Parameter estimates for our method (BCQRegN lasso) and other two
methods.

assoN BCQRegU BCQRegN lasso

Variables 71 =0.25 7, = 0.50 73 = 0.95 Q=4 Q=4
Intercept 142.775 321.826 203.687 262.832 183.981

X1 —2.613 —-1.025 —3.762 -1.624 -2.526

Xo 0.178 0.142 0.062 0.002 0.000

X3 0.000 0.000 0.000 0.000 0.000

X4 —2.167 —-1.831 3.762 0.523 1.230

Xg 0.054 0.071 0.542 0.000 0.000

Xg 0.032 0.089 0.215 0.672 0.452

X7 0.039 0.167 0.362 0.341 0.521

S g 30 ST jhe aaldl (g giudl 5 puabiall ol alall jaigell 8 51 Gald 2o
(sbaa¥) e.uﬂ)é\)d\ a8yl oYl Jos dalaiacall dpanill g 3ol Y salall o) gian Page 1256



https://doi.org/10.31272/IJES2024.

2023 Kiaud/ i elend! /g sl /o /gl pndadt aih! piligt snli- 3 / dyoluakis aglad A patf At

93‘ al! gau:.im :)\H?‘ d-yah'M' W‘ 3’5@ 1 '54@‘ / ‘3‘33&}
Iraq Journal For Economic Sciences / ISSN:1812-8742 / ISSN ONLIN:2791-092X
https://doi.org/10.31272/1JES2024.80.S.54

From results listed in table 5, in LassoN method the variable (x3) is unimportant in
response variable ,but rest independent variables have importance in response
variable under all quantile levels. But in the BCQRegU method there are two
variables ( x; and xg) are unimportant in response variable .But in the BCQRegN
lasso method there are three variables (x,, x; and xg) are unimportant in response
variable.

5. Conclusion and Recommendation

5.1 Conclusion: This paper introduced a new contribution for Bayesian new lasso
composite quantile regression with a new hierarchical . The our Gibbs sampler
algorithm was simple to implement and effective compared with other algorithm .
The our method (BCQRegN lasso) has a well performance compared with other
methods in the same filed, this clear from simulation approach and real dataset.

5.2 Recommendation

The our method , Bayesian new lasso composite quantile regression with a new
hierarchical (BCQRegN lasso)will encourage the researchers for developing other
Bayesian composite quantile regression model through using a new formulation of
Laplace distribution to presents a new formula provide as a good algorithm.
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