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In this paper, we define another types of Lindelof on bitopological space,
namely N-Lindelof , S-Lindelof and pair-wise Lindelof spaces, and we introduce
some properties about these types.

Introduction:

In 1963, the term of bitopological space was used for
the first time by Kelly [1].A set equipped with two
topologies is called a bitopological space and denoted

by 7 7) where (XD and (X07) are two
topological spaces. In 2010 N.A.Jabbar and A.l.Nasir
introduced N-open set [2]. A subsetAof a

bitopological space(X’T’T’) is called an N-open set

if and only if it is open in the space (X,zv7) ,

where 7V T is the supremum topology on X

contains 7 and 7 .In this paper, we introduce the
concept of N-Lindelof space. A bitopological space

(X,7,7') is said to be an N-Lindelof space if and only

if every N-open cover of X has a countable
subcover, we study some properties of this kind of
Lindelof space. Also we introduce the concept of S-
Lindelof and pair-wise Lindelof. We also study the
relationships among the three kinds of Lindelof
spaces.

1. N-Lindelof Space

In this section, we give the definitions of N-open set,
N-Lindelof space in bitopological spaces.

open cover of X which is an N-Lindelof space
.Therefore, there exists a countable number of

{U,iaea} 5 {(X=A} U {u,icacN]|

is a
countable subcover of X .Since Ac X and X—A
{U i lieAcN }

covers no part of A | then “ is a

countable subcover of A .So A is N-Lindelof set .
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1.1 Definition [1]

Let X be a non-empty set, let ©* 7%

topologies on X,
bitopological space.
1.2 Definition [2]

be any two

(X,z,7") is

then called

A subset A of a bitopological space (X,7,7) is called
an N-open set if and only if it is open in the space
(X, 7v7)  \where 7V 7'is the supremum topology
on X contains 7 and 7 .

1.3 Definition [2]

The complement of an N-open set in a bitopological

space (X,7,7) is called N-closed set.
1.4 Remark

Let (X,77) pea bitopological space, then:

Every open set in (X,7) orin (Xs7)is an N-open
setin (X.7.7)

Every closed set in (X,7) orin (X:7is an N-closed
setin (X,7.7)

1.5 Note:

The opposite direction of remark 1.4 may be untrue as
the following example shows :

1.11 Definition [2]

Afunction T (X7 7) =TT 5 qaid to be an
N-continuous function if and only if the inverse image
of each N-open subset of Y is an N-open subset of X .
1.12 Theorem

The N-continuous image of an N-Lindelof space is an

N-Lindelof space .
Proof:

Let (X770 pe an N-Lindelof space, and let
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f:(X,7,7) > (. T.T") be an N- continuous, onto
function. To show that .7, 7 )is an N-Lindelof
space ,let {U“ rach }

-1 .
then {f (Ua)'aEA} is an N-open cover of X,
which is N-Lindelof space .So there exists a countable

be an N- open cover of Y.

-1 .
number of {f (Ua)'O’EA} such that the family
-1 .
{f (U“i) leldc N} covers X and since f is onto,
then {U“i ‘1eAcN } is a countable subcover of

Y Hence Y is N-Lindelof space.

2. S-Lindelof Space

In this section, we give the definition of S-Lindelof
space, then we study pair-wise Lindelof space in
bitopological spaces and relationships between them
and the N-Lindelof.

2.1 Definition [3]

A subset A of a bitopological space (X,7,7) is said

to be S-open set if it is 7 -open or T’—open. The
complement of the S-open set is called S-closed set.
Example

Let X = {1,2,3}’ r=1{p,{}, X}and 7' = {9,{2}, X }
then 7 7'= 1112125 X} i5 the family of al

N-open subsets of (X,7,7). {2} is an N- open set in

(X,7)

(X, 7 7) byt it is not open in both and

(X,7) 50 8} is an N-closed set in (X+7:7) which
is not closed in both (X+7) and (X, %)

1.6 Definition [2]

Let (X, 77) pe 4 bitopological space, letA be a
subset of X .A subcollection of the family 7V 7' s

called an N-open cover of A if the union of members
of this collection contains A .

1.7 Definition

A bitopological space (X,7,7) is said to be an N-
Lindelof space if and only if every N-open cover of
X has a countable subcover.

1.8 Corollary
it (X.%7) is an N-Lindelof space. Then both
(X,7) and (X57) are Lindelof spaces.

Proof:
Follows from remark 1.4.
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1.9 Corollary
If 7 is a subfamily of 7 . Then (X,7,7) js an N-

Lindelof space if and only if (X:7) and (X,7) are
Lindelof spaces.

Proof :

Necessity , follows from corollary (1.8). Sufficiency,

in view of 7 is a subfamily of 7’ , then

vt =7 g4 (X,0,7) s N-Lindelof .

1.10 Corollary

The N-closed subset of an N-Lindelof space is N-
Lindelof .

Proof:

Let (X:%7) pe an N-Lindelof space and let

A be an N-closed subset of X . To show that A s

an N-Lindelof set .Let {Ua rach } be an N-open

cover of A . Since A is N-closed subset of X | then
X=A s an N-open
X—A} U {U,izeA}

subset of X, so

isan N-

there exists a countable number of {Ua ra el }9

{X—A}U {Uai:iEACN} is a countable

subcover of X .Since Ac X and X—A covers no
{U i ieAcN }

Qi

part of A then is a countable

subcover of A .So A is S-Lindelof set .
2.8 Definition [4]

Let T:(X77) > T.T) pe afunction Then |
is said to be a bicontiunous function if and only if
-1 -1 i
FPU)er¢0r eachV €T and V) et sor
each V€T’
2.9 Example

Lot X = 123}, 7 =1, X, 1,12}, L2} 5097 = 7o

LetY = fab,chT = {‘ﬁ'\("{""}}and-r,=TI .Define
f:(X,7,7) >, T,T) 5 @D =4, f(2)=band

f(g):C.Then fis bicontiunous function .Where

Toand 71 are the discrete and indiscrete topologies on
X and Y respectively.

2.10 Lemma

A bicontiunous image of an S-Lindelof space is an S-
lindelof space.

Proof:
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Let f:(X,z,7) > (Y, T.T) be a bicontiunous, onto

function and let (X:7:7) e an S-Lindelof space. To

show that ¥, 7.7 is an S-Lindelof, let

U, aen] be an S-open cover of Y, then
-1 .

{f U,)iae A} is an S-open cover of X ,which is

an S-Lindelof space. Therefore there exists a countable

-1 .
number of {f (Ua)'O‘EA} such that the family
-1 ‘i
{f (U“i) leAc N} covers X and since f is onto
then {U“i ‘1eAcN } is a countable subcover of

Y HenceY is S-Lindelof space.

2.11 Corollary

Every N-Lindelof space is an S-Lindelof space.

Proof:

Follows from remark 2.2.

2.2 Remark

Every S-open (S-closed) set in bitopological space

(X,7,7) is an N-open (N-closed) set.
The converse of the remark 2.2 need not be true, see

the example of note (1.5), where the set {1’2}is N-

open set which is not S-open. So {3}is N-closed set
which is not S-closed set.
2.3 Definition [3]

Let (X770 e 5 bitopological space, let A be a
subset of X A subcollection of the family 7 7' s

called an S-open cover of A if the union of members

of this collection contains A,
2.4 Definition

A bitopological space (X,7.7) s called an s-
Lindelof if and only if every S-open cover of X has a
countable subcover.

2.5 Corollary

it (Xs07) s an s-Lindelof space. Then both

(X,7) and (X277 are Lindelof spaces.
Proof:

Clear.

2.6 Corollary

(X,7,7")

If 7 is a subfamily of ' Then is an S-

Lindelof space if and only if (X, and (K07 are

Lindelof spaces.
Proof:
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Clear.

2.7 Lemma

The S-closed subset of an S-Lindelof space is S-
Lindelof .

Proof:

Let (X:7.7) pe an S-Lindelof space and let A be an
S-closed subset of X . To show that A is an S-

{Ua:aeA}

Lindelof set .Let be an S-open cover

of A . Since A is S-closed subset of X | then X—A
is an S-open subset of X SO

X—A} U {U,iaeA}

X which is an S-Lindelof space .Therefore, IF 7 is a

is an S-open cover of

subfamily of 7’ and (X,7)) is a Lindelof space, then

(X,7,7) is a pair-wise Lindelof space.
Proof:

Suppose that 7 is a subfamily of 7" and (X, 7)) be a
Lindelof space. Then by corollary (1.9) (X774
an N-Lindelof and by corollary (2.11), (X,7,7) js s.

Lindelof. Therefore (X777 is a pair-wise Lindelof .
2.19 Lemma

if (X7 and (X7) are Lindelof spaces .Then
(X,7,7")

Lindelof.
Proof:
Necessities,follows from corollary (2.17).

is S-Lindelof if and only if it is a pair-wise

sufficiency, suppose (%77 is a pair-wise Lindelof
space, to prove it is an S-Lindelof space, let

{U,aen} be an S-open cover of X then there

are three probabilities .

IF {Ua ra el }is a T - open cover, since (X’T)is

{U,:aeA}

Lindelof space, then has a countable

subcover of X , so X is an S-Lindelof.

{U“ ach }is a’ - open cover, since (X, 7))

{Ua:aeA}

IF

then

countable subcover of X , so X is an S-Lindelof.
{U,:aeA}

is Lindelof space, has a

If iS a pair-wise open cover, since
(X,7.7) s a pair-wise Lindelof space then
{U“ rach }has a countable subcover, so X is an
S-Lindelof.
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From the above three probabilities we have X is an
S-Lindelof.
2.12 Corollary

Let (X.77) e 4 bitopological space. If 7 is a

subfamily of ' Then the concepts of S-lindelof and
N-Lindelof are coincident.

Proof:

Follows from corollary (1.9) and corollary (2.6).

2.13 Definition [3]

Let (X:770)pe 4 bitopological space and let

Ac X an S-open cover of A is called a pair-wise
open cover if it contains at least one non-empty
element from 7 and at least one non-empty element
from?' .

2.14 Example
Let X =123}, 7=

Let™ =18, X, 12} {3

Then the cover

‘\]

O

{1}’ {2}{ }} is a pair-wise open
cover of X .
2.15 Remark
It follows from the definition (2.13) that every pair-
wise open cover of the bitopological space

(X,7,7) is an S-open cover .
The converse of the remark 2.15 need not be true, for
example [2]:

Let X =123}, 7 =1{g. X, {Ij}
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Lot~ 6.2, 8 2312 X}

Then the cover C= {{1’2}’ {3}} is an S-open cover of

X' but it is not pair-wise open cover
2.16 Definition

(X,7,7")

A bitopological space is called a pair-wise

Lindelof space if every pair-wise open cover of X has
a countable subcover.

2.17 Corollary

Every S-Lindelof space is a pair-wise Lindelof space .
Proof:

Follows from remark (2.15).
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