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Abstract

In this paper we study the existence and uniqueness solution of fractional nonlinear integro-differential equation
of order (Za) with boundary conditions, by using the Picard approximation method which is given by [3]. and

we extend some results gained by [2].

Introduction

Many Arthur's discussed solving of differential and
integral equation of fractional order. Here we refer to
some of the works done in this area [2,5].

In this paper we set some definitions and lemmas to
be used in the proof of the main theorem, for
references [1,4].

Definition 1:

Let f be a function which is defined a. e. (almost

every where) on [a, b]. For o >0, we define:

b 1 b
1°f =——[(b-s)y " f(s)ds
= (),

Provided this integral (Lebesgue) exists.
Definition 2:

If «>0, then camma's function is denote by (I)
and defined by the form: @) =Ie’ss“’lds

0
Lemma 1:
If {f,}7, isasequences of functions is defined on
the set E < R such that |f,[<M,» Where M is a

positive number, then i f is uniformaly convergent
n=1
on E if i M, -
n=1

Lemma 2:
Let ) mTX

Ea(m,x)zé Tha)
1. the series converges for X #0 and >0 .
2. the series converges everywhere when o >0 .
3. if a=0, then E,(m, x)=exp(mx) -
For the proof see [1]-
Lemma 3:

If Kk, and K, be a positive constant, and f be a

, Where m=R, then:

continuous function on a <t <b, such that:
t
f(t) < K1+K2j f(s)ds

Then

f() <K, ep(K,(t-a))

Now we are using the Picard approximation method
for studying the solution of fractional second order
nonlinear integro-differential equations, as the form:

X2 (t) = f(t, x(t), X(t), jw(t,s)g(s,x(s),X(s))dsj e

1)
x(@Dy=xp, 0<a<1
with boundary conditions
x@)=A,x{0)=B ... (2) where the function
f(t,x, %, y) is a continuous in T, X, X and defined
on the domain:
(t,x, %, y)€[0,T]xG, xG,, xG,,---(3)
Where xeG, <[0,T], xeG, <[0,T] and
G, : G,, are closed and bounded domains and A
B _are positive constants.
Suppose that the function f ('[, X, X, y) satisfies
the following inequalities:
[ftx%y) <M . .4
JE( %, %0 v0) = T X0 %, Y ) S KX =X, .(5)
+ Kok = %[+ Ky, - |

”g(t’ Xps Xl)_ g(t' X21X21|

N (5
< Lyfx, = %, |+ Lyf%, = %,
for all  te[o,T] and X, X, X, €G,,
X%, % €Gy, and yy,y, G, . Where

M, K, K,, K, L, L, are positive constants and
t
y(t.x, %)= [w(t,s)g(s, x(s), x(s) B

The kernel function W(t,S) was defined and
continuous in —ww<0<a<r<s<t<b<T<w ,
HW(t,S]‘Sé’e_”(t_s) ,  where y,6 bea

positive constants.
We define the non-empty sets as follows:

e (T-a”
G(Zf_Ga l—-(a+1) M “e (7)
g (T-af
Glaf 7Glzz F((Z+l)
6, -G, o - (-a)ly
of “ oy (e +1) (e +1)

where |||| = max|| .
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Furthermore, we suppose that the greatest eigen value
of the following matrix:

T a+l T —a)t*t (T - a+1

()™ (a1

I(a+1) I(a) I(a+1)

(T-a)" (T-a)

F(a+1) " T(a+1) ™
is less than unity. i.e.

h. (Hy,)<1l..®

Existence Solution

The study of the existence solution of the problem
(1), (2) will be introduced by the following:

Theorem 1:

Let the function f('[, X, X, y) be defined in the

domain (3), continuous in f, X, X and satisfy the

inequalities (4), (5) and (6), then the sequence of
functions:

Oa

[A+t-a)x, @]t "
(o)

m+1(t XO'XO'y )_

.. (9) with

+(t—a)(B—A)'X0() (B-A)
(b-a) (b-a)

converges uniformly on the domain:

(t’XO’).(O’yO)E [O’T]XGaXG].aXGZa (10)

to the limit function x_(t,X,,X,,Y,) Which is

satisfying the integral equation:

[A+(t a)x(a)]t“1

I'(«)

.. (11) provided that:

(T-a)™ ... (12)

F(a+1)

Xo=A m=0,12,..

X, X0, X0, Y0) =

HX (t, X1 X0, Yo) — X0H<

Kartxox0y00 %ol T - (13)

F(a+l)
and

X, (t Xg, Xg, Vo) = Xpn (8, Xg, X, yo)J
[%.. (6, X1 Xo, Vo) = X (t, X0, %o, Vo)) -+ (1)

< HOn;z(E_HOa)illPOa

for te[0T] . %, €G, .
X, €6yt Yo EGZOtf
where

(T 7a)a+l T 7a)t"’71 T 7a)a+l
M) 7 Ma) | Tas) 2
Hog=
(2, 02
I(a+1) I(a+1)
a+l
(T - a) M
r (a + l) '
(T-a)
(e +1)

)
q1:K1+K3;L1 v 0=

Where E is identity matrix.
Proof:
Set m=0 and use (9), we get:

O

K, +K, 2L,
y

* 1“(10,) ![(t St (t T‘ (ts) g('é& 25) %’tg)s)a)] j l;lsdxs %, )ds

1] ,
1H(a);[[(t—s)f (t.x(s).X(s),y (s

ISSN: 1813 - 1662

A+(t-a)X, @]t

X X0, X0, o) =X = %*r:&)ja’s)f (5.X0Xg,Yo)(t =) ]ds—[ @
—a)|f (5, XquXg,Y )|t )" s < (T a)(T a) jH(t S)F (5. X0 X0, Y o)t —5)"|ds
XoXo:¥o < ((1+1 ( oXo Yo
T _a) “ L (15)
<(T —a)( ) M X, (X0, X g, Y o) =X, < I -2) M

I(a+1) I(a+1)
Moreover on differentiating x, (t, X, X,, Yo), We
find:

[, X0 X, Y o) = Xo| =

;a1 t a-1
Xdt + 1 f(s,Xg X Yo)(t—5)" ds — Xdt

[@) () I'(a)
1 e 1 Gl (T -a)f
Sl"(a)!M(t_S) dS_F(a)M(t s) _F(a+1)M
so that

. N | )
Hxl(t,Xo-Xo'yo) XOHSF(Q_;_]_)M (1o

So that from (6), (15) and (16), we find
128, %, %) = Yo ()] =

< j w(t, )[g (s, %, (5), %, (5))— 9 (S, Xo. X, )ds

< [ L)+ L (s) - %

—00

S0
. < s
Pi5enels
(T-a)“" (T-a)y
{Llr(aﬂ) th F(a+1)}M
from (15), (16), (17) and the condition (8), we get
X (t, X5, %0, ¥o) €G,

. (17)

X, (t, Xy, %0, Yo) €G,, for all
X, € G4 :

elo,T]
X, €Gy, ,
Yo(s)= _[W(L s)g(s, Xos )'(0)18 €G,, ;-

Suppose  that X1t X9, %0, Y0) €G,

X (t, %o, %o, Yo) €Gy,, » We have
Xm('[,Xo,Xo,yo)—xogq;(:;’;)o:)1
Xm<t,xo,xo,yo)—xog(;(;j)1“)M
st T

where X (t, X, Xo, ¥Yo) €G,, :
X (t, X1 %, Yo) €Gy,  forall te[0,T], x, €G,»
Xo €Gpp 0 ¥o(8) €G,y -

We prove now that the sequence (9) is uniformly
convergent in (10). From (9), when m=1 we get:
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[t X0 X, ¥o) = 4, (8 X0, % Yo)] = iyt %, Yo) = (X9 X Y|
[A+(t-a)k (@)} <<T—a>”{ LA ), }
‘ F(a) + e (K1+K37L1]Hx1(t) XOH+[K2+K37LZJHX1(t) XUH

Y25, %, %) = Y1 (8, %, %) =

[ w(t s)g(s x2(s)x2(s))ds j w(t, s)g(s xl(s)xl(s))

—0 —o0

ﬁf (t—5) F(5,%(5), %,(3), yo(s) Nt —5)"d |
+

[A (t- a)xo(a)]t“ B < ”W(t,s)HHg(s,xz (), %, (5))— 9(s, %, (5), %, (5))[ds
F(a) o -
(1J (t- S)f S, X0y %o yo)(t S)a 'd ”yZ(S’XO’XO) — Y1(S: Xy, Xo)”
)2 o
(t—a)t? 1 < 2L (0 =% )]+ Lof% () = 5, (0]
< %, (8) = X, |+ =— y
[() ()
t Now when m=2 in (9) we get the following:
[ (=) 55.(8) 2 (5). 1)) (5.5, Yo [ (€ X, %1 Vo) = % (t %, %6, ¥o)| =
e I[A+ (- a)x, @)
(-9 B
(t-atet .
L )

1 ﬁia—s)f(S'XZ(S)’Xz(S)’yz(S))(t—s)“-lds
l =90k O Kol klo) w90 [asc-apm @b

‘ I(a)
: 1 : .
(ILHl 0“ it- 5){ it S)’XUH*KzHﬂ‘s)’%H*Kas(ﬁuxi“)’xou*LzH*l(‘)’XOH)}("5)“'1ds F(a)-[(t -9)f (S, X, (S), %,(8), yl(s))(t -9) 'ds
t— tal .
e i e (AU AR ST T s(r‘a)xz -, (@)] +
1 t
(lt_( a)l)[K +K LJHX1(0 X HJ{(I a)) (r( )1) [KerKagLZHHXI(t)fXﬂH @J‘(t - S)Hf(s’ XZ(S)IXZ(S)I yz(s))_ f(s’xl(s)’xl(s)1 yl(s)x‘
a+ a
therefore (t— S)afl ds
sz(t,xo,xo.yo)—&(t X1 %o, o)) g
(T -a)™ < (@) - (@) +
A28 vk, 2 t Ila)
M +D L) kOl L
Toaf -, §L " @J(t—s)[&uxz(s)—xl(s)H+Kzuxz(s)—xg(s)\hKsuyz(s)—yl(s)u]
+ F((Z) + F(OH-].) [ )t 3; Zj HXl( )*XOH (‘,a)‘il o . .
an d S HXz(a)*X1(ﬂ)H+fj‘(l*S){K1HX2(S)*X1(S)H+KZ“XZ(S)’X1(5)“+K37(L1”X2(5)’X1(S)H+Lszz(S)*X1(5)”)£(1’5)a71d5
Y B R YT S AR R (R ]szt RUL (SN
_(t-3) (t-a) 5 . .
).(Ota N l ; . a—1 B F(a+1)( 1+ LinX ®-x (1)H+{ a) * (a+l) [K +K3;LZHHXZ(07X1(I)H
" Ia) T« )2[ (5% %o, Yo Xt =) ds therefore
1 . Hxaa,xo,xo,yo)fxz(t,xo,xo,mus%{mKgfu]\\xza)—xﬁ)\h
S Tl E X EAE 1E) ko oo s s

(T_a)afl (T_a)a+1
*{ M) T [KZ*

3L2sz (t) %, )]
4

0!

ij[ K (5) -3+ K 6) -5 + Ko(®) - yflt -5 *ds - and
-s)f

Pttt 30~ 8 3o = P 16009 9, N~ s
5 T Ta) T(a);
F(a . K1+K3;L1 %, (6) =+ K2+K3;L2 1%, (t) - % 1 y
— fs X, (8), X, (s s)Nt—s)*"
then r(a ) (a),£ 1(8), % (5), Y, ()Nt —s)"d

213



Tikrit Journal of Pure Science 18 (3) 2013

<l UG ROIRCRCRORC) CURE

i)j Ko 5) -1 5)]+ K io9) - 5]+ Koy, 5) - o)t - s
)

jHXZ t)-x (t)H +[K2 +K, é L, ]HX2 (t) %, (t)‘@
7 4

[t X5 V)= . oY) < ((a )I)HK K2 Hj\ixz

H+(Kz+K3é|-2]HXz(T)‘X1(t)i

HY3 8, Xg: %) = ¥2(8, X, XO)H

j (t,5)9(s, X5 (5), %5 (5) s — jw(t $)9(s, %, (5), X, (5))ds

< [Iwt.s)lg(s. x:(5), % () 95, %, (5), X, (5))Jds

SO

lya(s.xo.x0)-y2(sx0x0) < i

[Lalka®-x2 )l +Lalxa3®)-x20)]]
By induction we have:

X m+1(t.x0.X0.y0)—Xm (t.x0.X0.y0)
1

_ (T
I'(a+1)
[(T ) (T-a)™

F(al) F(a 1)

a1 [ m ©)—xm 1] +

(18)

q2:|HXm (t) - Xm—1 (t)H o

[Xm-+1(t.x0.X0.¥y0)—Xm (t.x0.X0.Y0)|

T2y .. (19)

= mql X m €)—xm_1 @)

T —a)”

'(a+1)
Rewrite inequalities (18) and (19) in vector from:
Wi (6, %0, %0, Vo) SH () W, (8, X0, Xg, Vo) -+ (20)
\Pm+1(t' Xo1 %o YO) =

["Xmﬂ(t’ XO’ XO! yo) - Xm(t' XO' XO' yO)"J

||Xm+1(t’ XO’ XO! yo) - Xm(t' XO' XO' yO)"

as [Xm ®)—xm_1®)]

(T 7a)(x+1 . (T 7&){ a-1 I (T 7a)0{+1q2
H () F(a+l) r(a) F(a+l)
(T-a)* (T -a)*
I(a+l) I(a+l) 2
W (X0, X, Yo) =
me ('[, X XO! yo) - Xm—l(tl X XOa yo)H
me (t, XO’ XO' yo) - Xm—l(tl XO’ XO' yO)H
It follows from inequality (20) that:
Fra ) <Ho, Fp®) o @1
where
Ho, = max H ()

By iterating inequality (21), we have
\Pm+1 (t) = Héna LIlm (t) (22)
where

|
|
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(T _ a)a+1
I'a+1)
(T - a)a M
I'(a+1)
this leads to the estimation:

m m il e, 0 seeeens
2 <D Ho Yo,
i=1 i=1

since the matrix H , has eigenvalues:

(T _a)mul‘ N ( _ a)zx‘

L T ) ey BT
2 [(roaf™  m-a) ) (Toa) e
\/[ Me+) ) %) T ey ®
then the series (9) is uniformly convergent in (10), i.e.
leZH . (24)

m—>co

O

max(HOu):

Yo, = Z Hii);lqji)a =(E- HOa)il Yoo

i=1
The limiting relation (24) signifies a uniform
convergent of the sequence x_. (t, Xy, Xy, Yo)

X (t, X0+ X0 Vo)
LLEXm(t:XO:XOa Yo) =X, (t, X, X0, Yo)

m (25)
#L@Xm(tvxolxodo) =X, (t X9, %0, Yo) }
By inequality (25), the estimation:
("Xoo(t’xo’xo’ Yo) = X (t, %o, %o, yo)"}
||>‘<w(t,x0,>'<0,yo)—Xm(t,xo,XO,yO)" (26)
<Hg, (E- HOa)_lqua

is true for m=1,2,3,...
Thus X (t, Xy, %o, Yo) I @ solution of integro-
differential equations (1), (2).
Uniqueness solution
The study of the uniqueness solution of the problem
(1), (2) will be introduced by the following:
Theorem 2:
Let all assumptions and conditions of theorem 1 be
given then the problem (1), (2) has a unique solution
X=X, (t,Xq, %, Yo) ONthe domain (10).
Proof:
We have to show to that X(t, Xy, X, Yo) is a unique
solution of problem (1), (2). On the contrary, we
suppose that there is at least two different solutions
X(t, X0, %, Yo)  and  R(t, Xy, %Xg,Yo) of the
problem (1), (2).
From (11) the following inequalities are holds:
05030~ 5 0] a0 - 20 2)
T-ap " (T-a)

+{ @) + o qz}Hx(t) X t)H
on differentiating (27) we should also obtain:

. . 2 5 (T —a)“

HX(t, Xo1 Xgs yO)*X(t, Xo1 Xgs yo)H < r(a+l) (28)
(T=a)" ery_s
oo
Inequalities (27) and (28) would lead to the
estimation:

a,[x(8) - %)) +

214



Tikrit Journal of Pure Science 18 (3) 2013

[HX(I’Xo:x'o:YO)—X'(I:XO:XO:YO)H]< [HX (tvXo~X'0~YO)—X"(t~Xovx'o’YO)H]
[x @xox0.y0)% txox0y0)|)  °% (Xt x0.X0.y0) % (t:x0X0.v0)]
By iterating we should find that:

[X(t,Xoyx'o,yo)—%(ty><ov><‘ovyo)]< m {X(LXOVX'o,yo)—X"(tYXOxX'o,yo)
[x @ xox0.y0)X txox0y0)) X’(thon'ovyo)—X:(t,XoxX'o,yo)]

But HIr -0 as M-—o0 hence proceeding in
the last inequality to the limit we should obtain the
equalities X(t, Xg, X, Yo ) = X(t, Xg, %o, Vo) and

X(t, X9, X0, Yo) = f((t,xo,)‘(o, y,) Which proves the
solution is a unique and this completes the proof of
the theorem.

Stability solution

The study of the stability solution of the problem (1),
will be introduced by the following theorem:
Theorem 3:

If the inequalities (4), (5) and (6), were satisfied, and
Z(t, Xy, Yo ), which was defined bellow as different

solutions for the equation (1), then the solution was
stabile if satisfy the inequality:
‘XO(O:XOrYO)_Z(OrXOvYO)‘<5 »0<0

Where
X(t, X1 %o ¥o) = (@) + F((Z)
It = 5)f t.x(9). X(5), y(5)t = 5) s
[A+(t-a)z
Z(t Xoxxoa yo) (@) + F(d)
Jlie =91 2(5) 266) vt -5 ds
proof:
It x0,%0,Y0) -2 ¢, x0,%0,Y0)] =
References

1) Al-abedean A. Z., Rafidain journal of science
Vol. 1, No. 1, (1976).

2) Butris, R. N. and Hussen Abdul-Qader, M. A.
“Some results in theory integro-differential equation
of fractional order”, Iraq, Mosul, J. of Educ. And sci,

ISSN: 1813 - 1662

M L] ; _aa-1
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