
Tikrit Journal of Pure Science 18 (3) 2013                                                                                ISSN: 1813 - 1662 

 
122 

    

Existence and Uniqueness Solution of fractional Nonlinear Integro-

Differential Equation of Order  2  with Boundary Conditions 
Ghada Shuker Jameel 

Department of Mathematics, College of Education, University of Mosul, Mosul Iraq 

 
Abstract 
In this paper we study the existence and uniqueness solution of  fractional  nonlinear integro-differential equation 

of order  2  with boundary conditions, by using the Picard approximation method which is given by  3 . and 

we extend some results gained by  2 .  

Introduction 
Many Arthur's discussed solving of differential and 

integral equation of fractional  order. Here we refer to 

some of the works done in this area  5,2 . 

In this paper we set some definitions and lemmas to 

be used in the proof of the main theorem, for 

references  4,1 . 

Definition 1: 

Let  f   be a function which is defined a. e. (almost 

every where) on  ba, . For 0 , we define: 
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Provided this integral (Lebesgue) exists. 

Definition 2: 

If 0 , then camma's function is denote by )(  

and defined by the form:   
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Lemma 1: 

If    
1nnf   is a sequences of functions is defined on 
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Lemma 2: 
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 ,  where m=R ,  then: 

1. the series converges for  0x   and  0  . 

2. the series converges everywhere when 0  . 

3. if  0 ,  then  )exp(),(1 mxxmE   . 

For the proof see  1 . 

Lemma 3: 

If  
1K   and  2K   be a positive constant, and  f  be a 

continuous function on bta  , such that: 
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Then  

 )(exp)( 21 atKKtf   

Now we are using the Picard approximation method 

for studying the solution of fractional second order 

nonlinear integro-differential equations, as the form:    
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  1 (0) , 0 10x x      

with boundary conditions 

( ) , ( )x a A x b B    … (2) where the function 

 yxxtf ,,,   is a continuous in xxt ,,  and defined 

on the domain: 

     21,0,,, GGGTyxxt  …(3) 

Where    TGxTGx ,0,,0 1     and  

1G  , 
2G  are closed and bounded domains and  A , 

B  are positive constants. 

Suppose that the function  yxxtf ,,,   satisfies 

the following inequalities: 
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for all   Tt ,0   and  Gxxx 21 ,, , 

121,, Gxxx    and  
221,, Gyyy   ,  where 
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The kernel function  stw ,  was defined and 

continuous in  Tbtsa 0  ,  

  )(, stestw    ,   where    ,    be a 

positive constants.   
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where  .max.   . 
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Furthermore, we suppose that the greatest eigen value 

of the following matrix: 
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is less than unity. i.e.   
  10max Hh  … (8) 

Existence Solution 

The study of the existence solution of the problem 

(1), (2) will be introduced by the following: 

Theorem 1: 

Let the function  yxxtf ,,,   be defined in the 

domain (3), continuous in xxt ,,  and satisfy the 

inequalities (4), (5) and (6), then the sequence of 

functions: 
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converges uniformly on the domain: 
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Where E is identity matrix. 

Proof: 
Set  m=0  and use (9), we get: 
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We prove now that the sequence (9) is uniformly 

convergent in (10). From (9), when  m=1  we get: 
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It follows from inequality (20) that: 
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then the series (9) is uniformly convergent in (10), i.e. 
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By inequality (25), the estimation: 
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is true for  m=1,2,3,… 

Thus ),,,( 000 yxxtx 
 is a solution of integro-

differential equations (1), (2). 

Uniqueness solution 

The study of the uniqueness solution of the problem 

(1), (2) will be introduced by the following: 

Theorem 2: 
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on differentiating (27) we should also obtain: 
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Inequalities (27) and (28) would lead to the 

estimation:  
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Stability solution 
The study of the stability solution of the problem (1), 

will be introduced by the following theorem: 

Theorem 3: 
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then the solution was stabile in the given domain. 
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طية من الرتبة الكسرية تفاضمية لاخ-لمعادلة تكامميةوجود ووحدانية الحل  2  
 مع شروط حدودية

 غادة شكر جميل
 ، الموصل ، العراق جامعة الموصل،  كمية التربية،  قسم الرياضيات

 

 الممخص
 الكسرية ةالرتب تفاضمية لاخطية من-تكاممية ةيتضمن البحث دراسة وجود ووحدانية الحل لمعادل 2 باستخدام طريقة وذلك شروط حدودية  مع

بيكارد لمتقريب المعطاة في المرجع  3 .استطعنا من خلال هذه الدراسة توسيع بعض النتائج المعطاة في المرجع  إذ 2. 
 


