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Abstract 
As a generalization of right J- injective rings , we introduce the notion of right almost J-injective rings , that is if 

for any )(RJa  , there exists a left ideal 
aX  of R such that 

aXRaalr )(  . In this paper , we give some 

characterizations and properties of almost J-injective rings and it is show that R is J-regular if and only if R is a 

right almost J-injective and JPP ring . We also prove that , if R is right quasi duo , then R is J-regular if and only 

if every simple right R-module is almost  J-injective . 
1. Introduction 
Throughout this paper , R will be an associative ring 

with identity, and all modules are unitary right R - 

module. For Ra  , )(ar (res. )(al ) denote the right 

(res.left) annihilator of a, respectively. We write 

)(RJ , )(RN , )(RZ  ( )(RY ) for the Jacobson 

radical of R , the set of nilpotent elements of R the 

left (right) singular ideal of R respectively . MX   

denoted that X is a submodule of a module M . 

Generalization of injectivity have been discussed in 

many papers (see [1] , [2] , [13]). A ring R is called 

principally injective ( or p-injective ) , if every 

homomorphism from a principally right ideal of R to 

R can be extended to an endomorphism of R. 

Equivalently ( ( ) )R Rl r a Ra  for all Ra  . They 

also continued to study rings with some other kind of 

injectivity , namely , nil-injective rings [9] . A ring R 

is called right nil-injective , if for each )(RNa , 

Raarl RR ))(( . In [5] , Zhao and Du introduced 

an almost nil-injective module  . Let M be a module 

with )(
R

MEndS  . The module M is called right 

almost nil-injective , if for any )(RNk  there 

exists an S-submodule 
kX  of M such that 

( )M R kl r k Mk X   as left  S-modules . If R is almost 

nil-injective R-module then we call R a right almost 

nil-injective ring . In [6] Zhao and Zhou introduced 

an J-injective module . The module 
R

M  is called 

right J-injective , if every right R- homomorphism 

from a principal right ideal  aR  with )(RJa   to M 

extends to one from R to M . R is called a J-injective 

ring , if 
R

R  is right J-injective .Equivalently 

Raarl RR ))((  for any )(RJa  . Note that right 

p-injective  rings is J-injective . 

In [3] introduced an AP-injective , let M be a right R-

module with )(
R

MEndS  . The module M is called 

AP-injective , if for any Ra  , there exists an S-

submodule 
a

X  of M such that 
aRM XMaarl )(  

as left S-modules . If 
RR  is AP-injective , then we 

call R a right AP-injective ring . 

In this paper , we consider rings which are more 

general than J-injective rings, an idea parallel to the 
notion almost nil-injective rings . In the second 

section , we give some characterizations of almost J-

injective rings , for example : let R be a right almost 

J-injective ring, if )(RJa  and 
R

aR)(  is projective , 

than  eRaR  with Ree 2 . In the third section , we 

study regularity of right almost   J-injective rings . 

For example : If every simple right R-module is 

almost  J – injective , then R is a right J - weakly 

regular ring . 

2. Almost J - Injective Rings  
Definition 2.1   

Let 
R

M  be a module with )(
R

MEndS  . The module 

M is called right almost J-injective , if for any 

)(RJa  , there exists an S-submodule 
aX  of M 

such that  
aRM

XMaarl )(   as left S-module . If 

R
R  is almost J-injective then we call R is a right 

almost J-injective ring . 

Remark :  

Every J-injective ring is almost J-injective . But the 
converse is not true as the following example :  

Example  : 

 1) The ring Z of integers  is a right J-injective which 

is not P-injective . 

2) Let 


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
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
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 , where 
2

Z  is a field . The 

Jacobson radical of R is 




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
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 and  RaRalr )(  . 

Therefore R is not J-injective but )(alrRRa   and 

)0(RRa  , therefore RRaalr )(  , so R is 

right almost J-injective . 

The following proposition gives a necessary and 

suffient condition for a ring to be almost J-injective . 

Proposition  2.2    

The following conditions are equivalent for a ring R: 

1) R is a right almost J-injective ring .  

2) If  )(RJa  , then 
aXRaalr )(  . 

3) If )(RJk , Ra ,then RkXuraRl lka  )())((  

with )(RJka and  )():( alRkaX lka  for all  

Ra  , where }:{):( kalka XXaRxaX   if 

0Ka  and )():( aRlaX lka   if  0Ka  . 

Proof . 

1 → 2  is clear . 
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2 → 3 and 3→ 1 ; it can be proved by the same 

method as [5,Theorem 2.3] .▄ 

Before we introduce the next theorem we must recall 

the following lemma : 

Lemma  2.3    [ 7 ]    

Suppose M is a right R-module with )(
R

MEndS  . 

If  
aRM

XMaarl )(  , where  
aX  is a left S-

submodule of 
RM  . Set MaRf :  is a right R-

homomorphism , then xmaaf )(  with Mm  , 

aXx .▄ 

Theorem 2.4 

If R is a right almost J-injective , then the following 

statements hold : 

1) If )(RJa  , and 
RaR)(  is projective , then 

eRaR  with ee 2 . 

2) )()( RYRJ   . 

Proof . 

1) Since aR is projective, fRar )(  , Rff 2  

[6].By hypothesis, 
aXRaalrfRlfR  )()()1( . 

Write xbaf  )1(  , where 
aXx  and Rb . 

Then axabafaa  )1(  , 0)(  aXRaaxabaa  , 

so abaa  . Let abe , then eaa , ee 2  and 

eRaR  . 

2) If there exists )(RJb  with )(RYb . Then 

there exists anon zero right ideal I of R such that 

0)(  brI . Let Ia0  , then 0ba . Evidently 

)(RJba . So 
baXRbabalr )(  where 

baX  is a 

right ideal of R . Set RbaR  via arbar  , Rr  

. Then f is a well defined right R- homomorphism , 

thus xubabafa  )(  by Lemma 2.3 , where 

Ru  , 
baXx   and  so bxbubaba   , 

0)1(  baXRbabxbabu . Hence 0)1(  babu , 

but )1( bu  is invertible , thus  0ba  , which is a 

contradiction . Hence )()( RYRJ   .▄ 

Recall that an right R-module M is said to be Wjcp-

injective [9] , if for each )(RYa , there exists a 

positive integer n such that 0na  and every R-

homomorphism from Ran  to M can be extended to 

one of R to M . If R is Wjcp-injective , we call R is a 
right Wjcp-injective ring  . 

We recall the following lemma before we introduce 

the next result . 

Lemma 2.5    [9] 

If R is a right Wjcp-injective , then )()( RJRY   .▄ 

From Theorem 2.4 and Lemma 2.5 we get the 

following result : 

Corollary  2.6  

If R is a right Wjcp - injective and almost J-injective , 

then )()( RJRY   .  

3. J - regular Rings  

(Von Neumann) regular rings have been studied 

extensively by many authors ( for example , [12] and 

[14]) . A ring R is called regular if for any Ra  , 

there exists  Rb  such that abaa . 

Definition 3.1  [6]  

R is called J-regular ,  if for any )(RJa  , a is 

regular element . 

Cleary , every regular ring is J-regular .  

Following [11] , a ring R is called a right JPP ring , if  

for any   )(RJa  , aR is projective . 

A ring R is called right pp if every principal right 

ideal is projective . It is clear that right pp ring are 

right Jpp , but the converse is not true as example :  

Example :[11] 

Let 




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



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 . Then ReJ 12  , where 


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




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10
12e

 . 

Note that Z/2Z is not a projective Z-module . Hence 

R is not a right pp ring . Let )(0 RJx  . Then it is 

easy to verify that Rexr 11)(   is a summand of 
RR  , 

where 










00

01
11e

 . So R is a right Jpp ring. 

Remark : 

Every J-regular is JPP ring , but the converse is not 

true [Example 2.12 , 9] .  

A ring R is called ZI [1] , if for every Rba ,  , 

0ab  implies 0aRb  .  

It well know that R is a ZI ring if and only if 

))()(( aral  is an ideal of R for every Ra  [1] . A 

ring R is called abelian if every idempotent of R is 

central [1] . 

Lemma 3.2 

Let R  be an abelian ring and )(RJa  . Then : 

1) If M is a maximal left ideal of R such that 

MRaal )( , then M is essential . 

2)  If K is a maximal right ideal of R such that 

KaRar )( , then K is essential . 

Proof . 

It can be proved by the same methods in [ 4 , Lemma 

2.3 ] . ▄ 

Theorem 3.3 

Let R be a ZI ring . The following conditions are 

equivalent : 

1) J - regular . 
2) Every maximal essential left ideal of R is J – 

injective . 

3) Every maximal essential right of R is J – injective . 

Proof . 

Clearly 1 → 2 and 1 → 3 . 

2 → 1 , Let  )(RJa  such that RRaal )(  , then 

there exists a maximal left ideal M of R containing 

Raal )( . Since a ZI ring is abelian by Lemma 3.2 

, M is essential , so that by hypothesis M is J - 

injective . Therefore for any  )(RJa  and every left 

R - homomorphism from Ra to M extended to one 
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from R to M . It follow that there exists some Rb  

such that aba . This gives Marb  )(1 which 

yields M1 , a contradiction . Therefore all )(RJa  

, RRaal )(  . This proves that R is J – regular . 

Similarly 3 → 1  .▄ 

The following is characterization for almost J-

injective ring . 

Theorem  3.4 
Let R be a ring . Then R is J-regular if and only if R 

is a right almost  J-injective  and JPP ring . 

Proof . 

Let )(RJa . Since R is right JPP ring , eRar )(  , 

ee 2 . Since R is a right almost J-injective , 

aXRaalr )(  . Hence xraealrRe  )1(,)()1(  , 

where Rr  ,  
aXx  . So axaraeaa  )1(  , 

0)1(  aXRaaxara  and araa . Hence R 

is J-regular . 

Conversely : 
By [6 , Theorem 3.2] .▄ 

Recall that a ring R is called right quasi duo [1] , if 

every  maximal right ideal of R is a two sided ideal . 

A ring R is called reduced if R has no non zero 

nilpotent element . 

Proposition 3.5   
If R is a right quasi duo ring. Then the following 

statements are equivalent : 

1) R is J-regular . 

2) Every simple right R-module  is almost J-

injective. 

Proof. 

1 → 2   is obvious by [ 6  , Theorem 3.2 ] . 

2 → 1 ; If there exists )(0 RJa  such that  

RaraR  )(  , then there exists a maximal right ideal 

M containing )(araR .Thus R/M is almost J-

injective, and 
aRMR XaMRarl  )/()(/
, MRX a / . 

Let MRaRf /:  be defined by Mbabf )( , 

then f is a well defined R-homomorphism so there 

exists Rb , 
aXx  such that  xMbaM 1  , 

0/1  aXMRxMba . Hence Mba1 . 

Since Ma and R is right quasi duo , then 

Mba , hence M1 , a contradiction . Therefore a 

is regular element .▄ 

In the next theorem ,we show that in the class of 

quasi_duo ring the following conceps are equivalent : 

Theorem  3.6  
If R is right quasi duo , the following condition are 

equivalent for a ring R : 

1) Every right R-module is J-injective . 

2) Every right R-module is almost J-injective . 

3) Every cyclic right R-module is almost J-injective  

4) Every simple right R-module is almost J-

injective . 

5) Every element of J(R) is strongly regular . 

6) R is J-regular . 

Proof.  

Obviously 1 → 2 → 3 → 4 and 4 → 6   ( Theorem 

3.3 ) . 

Now , we prove that  4 → 5 . For any )(0 RJa  , 

we will show that  RaraR  )(  . Suppose not , then 

there exists a maximal right ideal K of R containing  

)(araR . Since R/K is almost J-injective, 

aRKR XaKRarl  )/()(/
, KRX a / . Let 

KRaRf /:  be defined by Kbabf )( . Since 

KaraR  )( ,  f is a well defined R-homomorphism 

so there exists Rc , aXx  such that  

xKcaK 1  by Lemma 2.3, 

0/1  aXKRxKca , Kca1  and Kca  ( R 

is quasi duo ) and so K1  , which is a contradiction . 

Therefore RaraR  )( . In particular 1bax  , 

Rx  , )(arb , so aabxa 2  . So a is strongly 

regular element .  

5 → 6  is trivial .  

6 → 1    by [6 ,Theorem 3.2] .▄ 

A ring R is called SXM if , for any Ra  there exists 

a positive integer n such that 0na  and )()( arar n  , 

)()( alal n  . [10] 

Theorem  3.7  

If R is a SXM right almost J-injective ring , then R is 

J-regular . 

Proof. 

For any )(RJa  , then )(2 RJa   . Since R is right 

SXM , )()( 2 arar  . By almost  J-injective , there 

exists a left ideal X of R , such that 

XRaarlarlXRa  22 ))(())(( . Hence 

XRaarlarla  22 ))(())(( , then xbaa  2  for 

any Rb , Xx . Therefore axabaa  22 , which 

implies that 022  XRaaxabaa  . Hence 

22 abaa   , and so )()()1( 2 alalab   . Thus we 

have that abaa  . Therefore R is J-regular .▄ 

Following [9], a left ideal L of a ring R is a 

generalized weak ideal (GW- ideal ) , if for every 

La  , there exists a positive integer n such that 

LRan   . A right ideal K of R is defined similarly to 

be generalized weak ideal . 

By [8] , we have that { ideal }   { one side - ideal } 

, and GW- ideal need not be ideal , one side - GW - 

ideal .  

Lemma 3.8 : [4] 

The following conditions are equivalent for a ring R : 

1) )(el is a GW- ideal of R for every )(RIe  ( set of 

all idempotent elements ) . 

2) )(er is a GW- ideal of R for every )(RIe ( set of 

all idempotent elements ) . 

Proposition  3.9 
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Let R be a ring such that )(al  is GW-ideal of R for 

every Ra . If R satisfies one of the following 

conditions , then J(R)  is reduced :  

1) Every simple singular left R-module is almost J-

injective . 

2) Every  simple singular right  R-module is almost J-

injective .  

Proof . 

1) If  J(R)  not reduced , then there exists 

Jb0 such that 02 b  and a maximal left ideal 

such that Mbl )( . By Lemma 3.8 and Lemma 3.2 , 

M is essential and so R/M is simple singular left R-

module . By hypothesis , R/M is almost J-injective , 

so 
bRMR XMRbbll  )/()(/
, MRX b / . Let 

MRbRf /:  be defined by Mrrbf )( . Note 

that f is a well defined R-homomorphism ( Mbl )( ) . 

Then  xMbcafM  )(1  , Rc , 
bXx , 

0/1  bXMRxMbc , Mbc1  . If 

Mbc , then RRbcM   which gives 1 ybcz  

for some Mz , Ry . Since )(blcyb and )(bl  is 

a GW-ideal of R, there exists a positive integer n such 

that )()( blccyb n   .Therefore 

Mccybybybcz nnn   )()()1( 11 . It follows that M1 , 

A contradiction to RM  . Hence J is reduced . 

2) Suppose that Jb0 such that 02 b .  Then 

there exists an right ideal K of R such that Kbr )( . 

By Lemma 3.8 and Lemma 3.2 , K is essential . 

Then proof is similar to that of (1) we get Kcb1 . 

Now l(b) is GW – ideal of R and )(blb ,  so there 

exists a positive integer n such that )()( blccb n  . 

Then , similar to the proof of [ 4 , Proposition 2.6(2)] 

we can complete proof . ▄ 

Before we end this section , we present the 

connection  between almost J-injective and J-weakly 

regular . 

Following [1] , a ring R is said to be right(left) 

weakly regular , if for every Ra  , aRaRa  

( RaRaa  ) .  

Definition 3.10 

R is called right J- weakly regular , if for any 

)(RJa  , a is right weakly regular element . 

Remark : 

A weakly regular rings is clearly J – weakly regular , 

but J – weakly regular ring need not be weakly 

regular . 

Example : 

Let Z be the ring of integers . Then R is J-weakly 
regular but not weakly regular .  

Theorem 3.11 

 If every simple right R-module is almost J- 

injective , then R is a right J-weakly regular ring .  

Proof . 

 We will show that RarRaR  )(   for any )(RJa  

. Suppose that RbrRbR  )(  for any )(RJb  , 

then there exists a maximal right ideal M of R 

containing )(brRbR .  Thus R/M is almost J-

injective, then
bRMR XbMRbrl  )/()(/
, MRX b / . Let 

MRbRf /:  be defined by Mzbzf )(  for 

every Rz . Note f is a well defined . So   

xMcbbfM  )(1  , Rc  ,
bXx , 

0/1  aXMRxMcb , Mcb1 . Now 

MRaRcb  , where M1 . This is a contradiction. 

Hence RarRaR  )( for any )(RJa  and so ada   

for some RaRd  . Hence a is right weakly regular . 

Therefore R is J-weakly regular ring.▄ 

Corollary 3.12 

Let R be a ZI ring . If every simple right R-module is 

almost J-injective , then R is J-weakly regular ring .▄
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 J -والمنتظمة من النمط  ةالتقريبي J -حول الحلقات الغامرة من النمط 

 رائدة داؤد محمود
 العراق\اضيات ، كمية عموم الحاسوب والرياضيات ، جامعة الموصل ، الموصل ، قسم الري

 ( 2182/  9/  81  تاريخ القبول:  ---- 2182/  3/  81) تاريخ الاستلام: 
 الملخص

ه يوجد فإن RJa)(اليمنى،لأي   التقريبية J -اليمنى ، قدمنا تعريف الحمقات الغامرة من النمط  J –كتعميم لمفهوم الحمقات الغامرة من النمط 
مثالي أيسر

aX  لمحمقةR بحيث إن
aXRaalr )( في هذا البحث ، قدمتُ تميزاً لبعض الخواص لمحمقات الغامرة من النمط .- J  التقريبية

.  JPPتقريبياً وحمقة من النمط   J –غامرأ من النمط  Rكان كل مقاس أيمن في  إذا وفقط إذا  J -حمقة منتظمة من النمط   Rوأثبتُ إنه تكون
إذا وفقط إذا كان كل مقاس أيمن بسيط غامرأ من النمط  J –حمقة منتظمة من  النمط  Rه تكون فإنحمقة كوازي ديو  Rوكذلك أثبتُ إن ، إذا كانت 

– J  . ًتقريبيا 
 


