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Abstract

As a generalization of right J- injective rings , we introduce the notion of right almost J-injective rings , that is if
for any ae J(R) , there exists a left ideal X, of R such that |r(a) = Ra® X, - In this paper , we give some

characterizations and properties of almost J-injective rings and it is show that R is J-regular if and only if R is a
right almost J-injective and JPP ring . We also prove that , if R is right quasi duo , then R is J-regular if and only

if every simple right R-module is almost J-injective .
1. Introduction

Throughout this paper , R will be an associative ring
with identity, and all modules are unitary right R -
module. For acR , r(a) (res.1(a)) denote the right
(res.left) annihilator of a, respectively. We write
J(R), N(R), Z(R) (Y(R)) for the Jacobson
radical of R, the set of nilpotent elements of R the
left (right) singular ideal of R respectively . X <M
denoted that X is a submodule of a module M .
Generalization of injectivity have been discussed in
many papers (see [1] , [2] , [13]). A ring R is called
principally injective ( or p-injective ) , if every
homomorphism from a principally right ideal of R to
R can be extended to an endomorphism of R.
Equivalently |, (r,(a)) = Ra forall acR . They
also continued to study rings with some other kind of
injectivity , namely , nil-injective rings [9] . Aring R
is called right nil-injective , if for each a € N(R),

I (rs(a)) = Ra. In [5], Zhao and Du introduced
an almost nil-injective module . Let M be a module
withS=End (M _). The module M is called right
almost nil-injective , if for any ke N(R) there
exists an S-submodule X, of M such that
I, (K) = Mk® X, as left S-modules . If R is almost
nil-injective R-module then we call R a right almost
nil-injective ring . In [6] Zhao and Zhou introduced
an J-injective module . The module M, is called
right J-injective , if every right R- homomorphism
from a principal right ideal aR with ae J(R) toM
extends to one from Rto M . R is called a J-injective
ring , if R, is right J-injective .Equivalently
Iz (r;(a)) = Ra for any ae J(R) . Note that right
p-injective rings is J-injective .

In [3] introduced an AP-injective , let M be a right R-
module with S=End (M ) . The module M is called
AP-injective , if for any a€R , there exists an S-
submodule X, of M such that 1, r,(a) = Ma® X,
as left S-modules . If Rq is AP-injective , then we
call R aright AP-injective ring .

In this paper , we consider rings which are more
general than J-injective rings, an idea parallel to the

notion almost nil-injective rings . In the second
section , we give some characterizations of almost J-

injective rings , for example : let R be a right almost
J-injective ring, if ac J(R) and (aR), is projective
than gr=eR With e?=gcR. In the third section , we

study regularity of right almost  J-injective rings .

For example : If every simple right R-module is

almost J — injective , then R is a right J - weakly

regular ring .

2. Almost J - Injective Rings

Definition 2.1

Let M, be a module with S=End(M,)- The module

M is called right almost J-injective , if for any

ae J(R) , there exists an S-submodule X, of M

suchthat | r.(a) = Ma@® X, as left S-module . If

R. is almost J-injective then we call R is a right

almost J-injective ring .

Remark :

Every J-injective ring is almost J-injective . But the

converse is not true as the following example :

Example :

1) Thering Z of integers is a right J-injective which

is not P-injective .

2) Let R:{O Zzi| , where Z, is a field . The
0 z

2

0 O

acl® 1| e[ O]and ir(a)=R=Ra .
0 0 0 0

Therefore R is not J-injective but Ra+R=Ir(a) and

RanR=(0) , therefore Ir(a)=Ra®R , so R is
right almost J-injective .

The following proposition gives a necessary and
suffient condition for a ring to be almost J-injective .
Proposition 2.2

The following conditions are equivalent for a ring R:
1) Risaright almost J-injective ring .

2) If aeJ(R) ,then Ir(a)=Ra®X, .

3) Ifke J(R),ac R then
with kaeJ(R)and (X, :a), nRkcl(a) for all
aeR , where (X, :a),={xeR:XaeX,} Iif
Ka=0 and (X, :a), =I(aR) if Ka=0 .

Proof .

1— 2 isclear.

Jacobson radical of R is J(R):{O Zz:| , Let

I(@R A r(u))=(X,), +RK
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2 — 3 and 3— 1 ; it can be proved by the same
method as [5, Theorem 2.3] .y

Before we introduce the next theorem we must recall
the following lemma :

Lemma 2.3 [7]

Suppose M is a right R-module with S=End (M) -
If I,r.(@) =Ma®X, , where X, is a left S-
submodule of M, . Set f:arR —» M s a right R-
homomorphism , then f(a)=ma+x With meM ,
Xe Xa--

Theorem 2.4

If R is a right almost J-injective , then the following
statements hold :

1) If aeJ(R) , and (aR), is projective , then
aR=eR with e?=¢.

2) J(R)cY(R) -

Proof .

1) Since aR is projective, r(a)=fR , f?=f<R
[6].By hypothesis, R - f)=I(fR)=Ir(a)=Ra®X, -
Write (1- f)=ba +x , where xeX, and peR.
Thena—a(1- f)=aba+ax  (a—aba)=axeRanX, =0
so a=aba . Let e=ab, then a=ea, e’=e and
aR=eR .

2) If there exists beJ(R) with begY(R). Then
there exists anon zero right ideal | of R such that
I~r(b)=0. Let Oxaecl , then pa=0. Evidently
bacJ(R). So Ir(ba) = Rba @ X,, where X  isa
right ideal of R . Set paR—R Vvia bar—ar , reR
. Then f is a well defined right R- homomorphism ,
thus a=f (ba)=uba+x by Lemma 2.3 , where
ueR , xeX,, and so ba=buba+bx .,
(1—bu)ba=bx eRbanX,,=0- Hence (1—bu)ba=0.
but (1—bu) is invertible , thus pa=0 , which is a
contradiction . Hence J(R)cY (R) m

Recall that an right R-module M is said to be Wjcp-
injective [9] , if for each agY (R), there exists a
positive integer n such that 3"#0 and every R-

homomorphism from g"R to M can be extended to

one of Rto M . If R is Wjcp-injective , we call Ris a
right Wjcp-injective ring .

We recall the following lemma before we introduce
the next result .

Lemma 25 [9]

If R is a right Wjcp-injective , then Y (R) cJ(R) m
From Theorem 2.4 and Lemma 2.5 we get the
following result :

Corollary 2.6

If R is a right Wjcp - injective and almost J-injective ,
then Y(R) = J(R) -

3. J - regular Rings
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(Von Neumann) regular rings have been studied
extensively by many authors ( for example , [12] and
[14]) . A ring R is called regular if for any geR ,

there exists peR such that a=aba .

Definition 3.1 [6]

R is called J-regular ,

regular element .

Cleary, every regular ring is J-regular .

Following [11], aring R is called a right JPP ring , if

forany aecJ(R) ,aRisprojective.

A ring R is called right pp if every principal right

ideal is projective . It is clear that right pp ring are

right Jpp , but the converse is not true as example :

Example :[11]

Let R—(Z Z] . Then J=g¢,R , where eu:[o 1J )
0 z 00

Note that Z/2Z is not a projective Z-module . Hence

R is not a right pp ring . Let 0=xeJ(R) - Then it is

easy to verify that r(x)=e,,R is asummand of R_ ,
where [1 OJ . So R is a right Jpp ring.

if for any acJ(R) , a is

11~ 00
Remark :
Every J-regular is JPP ring , but the converse is not
true [Example 2.12, 9] .

A ring R is called ZI [1] , if for every a,beR ,
ab = 0 implies aRb =0 .

It well know that R is a ZI ring if and only if
I(a)(r(a)) is an ideal of R for every aer [1] . A

ring R is called abelian if every idempotent of R is
central [1] .

Lemma 3.2

Let R be an abelian ring and acJ(R) - Then:

1) If M is a maximal left ideal of R such that
I(a)+RacM , then M is essential .

2) If K is a maximal right ideal of R such that
r(a)+aRcK, then Kiis essential .

Proof .

It can be proved by the same methods in [ 4, Lemma
23] . m

Theorem 3.3

Let R be a ZI ring . The following conditions are
equivalent :

1) J - regular .

2) Every maximal essential left ideal of R is J —
injective .

3) Every maximal essential right of R is J — injective .
Proof .

Clearlyl »2and1—3.

2 — 1, Let aeJ(R) such that |(a)+Ra=R , then

there exists a maximal left ideal M of R containing
I(a)+Ra. Since a ZI ring is abelian by Lemma 3.2

, M is essential , so that by hypothesis M is J -
injective . Therefore for any aeJ(R) and every left

R - homomorphism from Ra to M extended to one
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from R to M . It follow that there exists some heR
such that a=ab. This gives 1—ber(a)cM which
yields 1e M , a contradiction . Therefore all acJ(R)
, 1(@)+Ra=R . This proves that R is J —regular .

Similarly3 — 1 g

The following is characterization for almost J-
injective ring .

Theorem 3.4

Let R be aring . Then R is J-regular if and only if R
is aright almost J-injective and JPP ring .

Proof .

Let ac J(R). Since Risright JPP ring, r(a)=eR ,
e?=g. Since R is a right almost J-injective ,
Ir(@)=Ra®X, - Hence (1_e)R=Ir(a),(1—e)=ra+x -
where reR , xeX, - So a=a(l-e)=ara+ax .
(l-ra)a=axeRan X, =0 and a=ara . Hence R
is J-regular .

Conversely :

By [6, Theorem 3.2] .g

Recall that a ring R is called right quasi duo [1] , if
every maximal right ideal of R is a two sided ideal .
A ring R is called reduced if R has no non zero
nilpotent element .

Proposition 3.5

If R is a right quasi duo ring. Then the following
statements are equivalent :

1) RisJ-regular.

2) Every simple right R-module
injective.

Proof.

1—2 isobviousby[6 , Theorem3.2].

2 — 1 ; If there exists 0zaeJ(R) such that

aR+r(a)=R , then there exists a maximal right ideal
M containing aR+r(a).Thus R/M is almost J-
injective, and | r (a)=(R/M)a® X,» X,<R/M-
Let f:aR—R/M be defined by f(ab)=b+M,

then f is a well defined R-homomorphism so there
exists beR, xe X, such that 1+ M =ba+M +x .

1-ba+M=xeR/MnX,=0. Hence 1-baeM.
Since aeM and R is right quasi duo , then
bacsM , hence 1M, a contradiction . Therefore a

is regular element .y

In the next theorem ,we show that in the class of
quasi_duo ring the following conceps are equivalent :
Theorem 3.6

If R is right quasi duo , the following condition are
equivalent foraring R :

1) Everyright R-module is J-injective .

2) Every right R-module is almost J-injective .

3) Every cyclic right R-module is almost J-injective
4) Every simple right R-module is almost J-
injective .

5) Every element of J(R) is strongly regular .

6) RisJ-regular.

is almost J-
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Proof.
Obviouslyl -2 -3 —>4and4 — 6 ( Theorem
3.3).
Now , we prove that 4 — 5. For any OzaeJ(R) .
we will show that aR+r(a)=R . Suppose not, then

there exists a maximal right ideal K of R containing

aR+r(a). Since R/K is almost J-injective,
Ik (@)=(R/K)a® X, X,<R/K- Let
f:aR—>R/KDe defined by f(ab)=b+K. Since

aR+r(a)ckK, fisa well defined R-homomorphism

ceR, XeX, such that
by Lemma 2.3,

so there exists

1+K=ca+K+Xx
1-ca+K=xeR/KnX,=0» 1—caeK and caeK (R
is quasi duo ) and so 1K , which is a contradiction .

Therefore aR-+r(a)=R. In particular ax+b=1 ,

XeR , ber(a), so a’x+ab=a . So a is strongly

regular element .

5 — 6 istrivial .

6 —1 by[6,Theorem3.2] .g

Aring R is called SXM if , for any a<R there exists

a positive integer n such that 4.9 and r(a")=r(a),

I(@")=I(a). [10]

Theorem 3.7

If R is a SXM right almost J-injective ring , then R is
J-regular .

Proof.

For any acJ(R) , then a’? eJ(R) . Since R is right
SXM , r(a?)=r(a)- By almost J-injective , there
exists a left ideal X of R , such that
Ra® X =I(r(a))=I(r(a*))=Ra’® X - Hence
ael(r(a))=I(r(a?))=Ra’®X ., then a=ba*+x for
any beR, xeX . Therefore g2=aba?+ax, which

implies that 32 _ apa?=axeRanX =0 Hence

a’ =aba® , and SO (1_ab)el(a?)=I(a) - Thus we
have that a=aba . Therefore R is J-regular .g

Following [9], a left ideal L of a ring R is a
generalized weak ideal (GW- ideal ) , if for every
ae L , there exists a positive integer n such that

a"RcL - Aright ideal K of R is defined similarly to

be generalized weak ideal .

By [8] , we have that { ideal } C { one side - ideal }
, and GW- ideal need not be ideal , one side - GW -
ideal .

Lemma 3.8 : [4]

The following conditions are equivalent foraring R :
1) I(e)is a GW- ideal of R for every ec|(R) ( set of

all idempotent elements ) .
2) r(e)is a GW- ideal of R for every ee(R) ( set of

all idempotent elements ) .
Proposition 3.9
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Let R be a ring such that (a) is GW-ideal of R for
every geR-. If R satisfies one of the following

conditions , then J(R) is reduced :

1) Every simple singular left R-module is almost J-
injective .

2) Every simple singular right R-module is almost J-
injective .

Proof .

1) If JR) not reduced , then there exists
0#be Jsuch that p2_g and a maximal left ideal

such that |(b)cM - By Lemma 3.8 and Lemma 3.2,

M is essential and so R/M is simple singular left R-
module . By hypothesis , R/M is almost J-injective ,
SO I, l.(0)=b(R/M) ® X,, X,<R/M. Let
f:Rb—R/M be defined by f(rb)=r+M . Note
that f is a well defined R-homomorphism (j(b)c=M ) -

Then 1+M=f(a)=bc+M+x , C€R, xeX,,
1-bceM=xeR/MnX,=0, 1-bceM . If
bcgM , then M +Rbc=R Which gives z+ybc=1
for some zeM , yeR. Since cybel(b)and |(b) is

a GW-ideal of R, there exists a positive integer n such
that (cyb)"cel(b) .Therefore

(1-2)™ =(ybc)™ = yb(cyb)"ceM - It follows that 1eM ,
A contradiction to M =R . Hence J is reduced .

2) Suppose that 0=be Jsuch that p>=0. Then
there exists an right ideal K of R such that r(b)cK -

By Lemma 3.8 and Lemma 3.2 , K is essential .
Then proof is similar to that of (1) we get 1—cheK .

Now I(b) is GW — ideal of R and bel(b), so there

exists a positive integer n such that (ch)"cel(b).

Then , similar to the proof of [ 4 , Proposition 2.6(2)]
we can complete proof . g

Before we end this section , we present the
connection between almost J-injective and J-weakly
regular .
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Following [1] , a ring R is said to be right(left)
weakly regular , if for every aeR , acaRaR

(acRaRa).
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