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Fuzzy Proper Mapping
Habeeb Kareem Abdullah

University of Kufa College of Education for Girls Department of Mathematics

Abstract

The purpose of this paper is to construct the concept of fuzzy proper mapping in fuzzy topological
spaces . We give some characterization of fuzzy compact mapping and fuzzy coercive mapping . We
study the relation among the concepts of fuzzy proper mapping , fuzzy compact mapping and fuzzy
coercive mapping and we obtained several properties.
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1. Introduction

The concept of fuzzy sets and fuzzy set operation were first introduced by ( L. A.
Zadeh ). Several other authors applied fuzzy sets to various branches of mathematics .
One of these objects is a topological space .At the first time in 1968 , (C .L. Chang)
introduced and developed the concept of fuzzy topological spaces and investigated
how some of the basic ideas and theorems of point — set topology behave in this
generalized setting . Moreover , many properties on a fuzzy topologically space were
prove them by Chang 's definition .

In this paper we introduce and discuss the concepts of fuzzy proper mapping
correspondence from a fuzzy topological space to another fuzzy topological space and
we obtained several properties and characterization of these mappings by comparing
with the other mappings .

2. Preliminaries

First , we present some fundamental definitions and proposition which are needed
in the next sections .

Definition 2.1.(M. H. Rashid and D. M. Ali). Let X be a non — empty set and let I be
the unit interval , i.e., I = [0,1] . A fuzzy set in X is a function from X into the unit
interval I (i.e.,, A : X — [0,1] be a function ) .

A fuzzy set A inX can be represented by the set of pairs
A ={(x,A(x)): x € X} . The family of all fuzzy sets in X is denoted by I* .
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Remark 2.2.
(i) 0, ( the empty set ) is a fuzzy set which has membership defined by 0,(x) =0

forall x € X.

(ii) 1, ( the universal set ) is a fuzzy set which has membership defined by
1.(x)=1 forallx€ X .

Definition 2.3. let A, Band A, ,i €I be any fuzzy sets in X . Then we put :
(i)A=FBifandonlyif A(x) = B(x) ,VxEX;
(i) A =B ifand only if A(x) =B(x),Vx€EX;

(iit) Z = AA B ifand only if Z(x) = min{ A(x),B(x)} ,¥x € X ; ( Zis a fuzzy set
in X);

(iv) Z = Av B ifand only if Z(x) = max {A(x),B(x)}, ¥x € X; ( Zis a fuzzy set
in X);

(v) Z=V,,A, ifand only if Z(x) =sup {A,(x)/i€}, Vx€eEX(Zisa fuzzy
setin X);

(vi) Z= N, A; if and only if Z(x) =inf{A,(x)/i€l}, Vx€eX(Zisa fuzzy
set in X) ;

(vii) E = A (the complement of A) ifand only if E(x)=1—A(x), ¥x€EX,
(viif) (A\B)(x) = A(x) AB°(x) ,Vx€EX.

Definition 2.4. (M. H. Rashid and D. M. Ali). Let X and ¥ be two non — empty sets
f : X — Y be function . For a fuzzy set B in ¥, the inverse image of B under f is the
fuzzy set f~*(B) in X with membership function denoted by the rule :

fB)(x) = B(f(x))forxe X (ie,f *(B)=B=f).

For a fuzzy set A in X , the image of A under f is the fuzzy set f(A4) in ¥ with
membership function f(A4)(y), v € ¥ defined by

oy | Sup A if fTM) =0
f(A)(y) = {fo (3] . f F10) = 0

Where f7*(y) = {x: f(x) = y]}.

Definition 2.5.(B. Sikin)and(M. H. Rashid and D. M. Ali). A fuzzy point x_,in X is a
fuzzy set defined as follows

oAQ



Mg « () abal / () 2l / digbily aa el agled / Yy dicdly ha
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Where 0 < @ < 1 ; a is called its value and x is support of x, .
The set of all fuzzy points in X will be denoted by FP(X) .

Definition 2.6.(A. A. Nouh), (M. H. Rashid and D. M. Ali). A fuzzy point x_ is said
to belong to a fuzzy set A in X (denoted by : x, € A)ifand only if & < A(x) .

Definition 2.7. (A. A. Nouh), (M. H. Rashid and D. M. Ali). A fuzzy set 4 in X is
called quasi — coincident with a fuzzy set B in X , denoted by AgFE if and only if

A(x) + B(x) > 1, for some x € X . If A is not quasi —coincident with B , then
A(x) + B(x) = 1, for every x € X and denoted by AG B .

Lemma 2.8.(B. Sikin). Let A and B are fuzzy sets in X . Then :
(Y)IfAAB=0,,then AG B .
(ii) Ag B ifand only if A < B .

Proposition 2.9. (B. Sikin). If A 1is a fuzzy set in X, then x_, € A if and only if
x at?:—'l{.

Definition 2.10.(C. L. Chang). A fuzzy topology on a set X is a collection T of fuzzy
sets in X satisfying :

()0, eTand 1, €T,
(if) If Aand Bbelongto T,then AANBET
(iii) If A, belongs to T for each i € I then so does V,.; 4, .

If T is a fuzzy topology on X, then the pair (X,T) is called a fuzzy topological
space . Members of T are called fuzzy open sets . Fuzzy sets of the forms 1, — A4,
where A is fuzzy open set are called fuzzy closed sets .

Definition 2.11. (M. H. Rashid and D. M. Ali). A fuzzy set A in a fuzzy topological
space (X, T) is called quasi-neighborhood of a fuzzy point x, in X if and only if there
exists B € T suchthat x_gBand B =< A.

Definition 2.12.(M. H. Rashid and D. M. Ali). Let (X, T) be a fuzzy topological space
and x_,be a fuzzy point in X . Then the family z‘h’fﬂ consisting of all quasi-
neighborhood (g-neighborhood) of x is called the system of quasi-neighborhood of

Xy

Remark 2.13. Let (X,T) be a fuzzy topological space and A € FP(X) . Then A is
fuzzy open if and only if A is q — neighbourhood of each its fuzzy point .
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Definition 2.14.(A. A. Nouh). A fuzzy topological space (X,T) is called a fuzzy
hausdorff (fuzzy T.- space ) if and only if for any pair of fuzzy points x,, ¥, such that
x = yin X , there exists A € ;"u’f_, ,B € Nf,; and AANB = 0,

Definition 2.15.(D. L. Foster). Let A be a fuzzy set in X and T be a fuzzy topology on
X . Then the induced fuzzy topology on A is the family of fuzzy subsets of A which
are the intersection with A of fuzzy open set in X . The induced fuzzy topology is
denoted by T, , and the pair (4, T, ) is called a fuzzy subspace of X .

Proposition 2.16. LetA <Y < X Then:

(i) If A is a fuzzy open set in ¥ and ¥ is a fuzzy open set in X, then A is a fuzzy open
setin X .

(if) If Ais a fuzzy closed set in ¥ and ¥ is a fuzzy closed set in X , then A is a fuzzy
closed set in X .

Definition 2.17.(X. Tang),(S. M. AL-Khafaji). Let (X,T) be a fuzzy topological
space and A € I*. Then:

(i) The union of all fuzzy open sets contained in A is called the fuzzy interior of A
and denoted by A”.ie., A*=v{B: B<A,BET].

(if) The intersection of all fuzzy closed sets containing A is called the fuzzy closure
of Aand denoted by 4. ie., A=A{B: A< B ,B°ET ].

Remarks 2.18. (S. M. AL-Khafaji).

(i) The interior of a fuzzy set A is the largest open fuzzy set contained in 4 and
trivially , a fuzzy set A is fuzzy open set if and only if 4 = A7 .

(if) The closure of a fuzzy set A is te smallest closed fuzzy set containing A and

trivially , a fuzzy set A is fuzzy closed if and only if 4 = 4.

Proposition 2.19. Let (X, T) be a fuzzy topological space and A be a fuzzy set in X .
A fuzzy point x_ € A if and only if for every fuzzy open set B in X , if x_,gB then
AgE .

Proof :

= Suppose that B is a fuzzy open set in X such that x g5 and Ag B . Then A < B
. But x_, € B ( since x,qB , then @ > B°(x) ) and B® is a fuzzy closed set in X .
Thus x, € 4.

& Let x, € A,then there exists a fuzzy closet set B in X such that A < B and
x, € B , hence by Proposition ( 2.7 ), we have x,gB° . Since A = B , then by
lemma ( 2.8 .ii ), Ag B . This completes the proof .
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Definition 2.20.(S. M. AL-Khafaji). Let X and ¥ be fuzzy topological spaces . A map
f: X — Y is called fuzzy continuous if and only if for every fuzzy point x_in X and
for every fuzzy open set A such that f(x_) € A , there exists fuzzy open B of ¥ such
thatx_ € B and f(B) = A.

Theorem 2.21. (M. H. Rashid and D. M. Ali).Let X ,¥be fuzzy topological spaces
and let f: ¥ — ¥ be a mapping . then the following statements are equivalent :

(1) f is fuzzy continuous .

(if) For each fuzzy open set Bin ¥, f~*(B) is a fuzzy open set in X .

(i) For each fuzzy closed set Bin ¥, then f~*(B) is a fuzzy closed set in X.
(iii) For each fuzzy set Bin Y, f~*(B) < f%(B).

(iv) For each fuzzy set A in X, f(A) = f(A) .

(v) For each fuzzy set Bin ¥, f~*(B°) < (f~*(B)).

Proposition 2.22. If f:X— Y and g:¥Y — Z are fuzzy continuous , then
f @ g:X — Z is fuzzy continuous mapping .

Proposition 2.23. Let (X, T) be a fuzzy topological space and 4 be a non - empty
fuzzy subset of X , then the fuzzy inclusion i,: (4, T,) — (X, T) is a fuzzy continuous

mapping .

Proof Let BET . Since i, *(B)=BAA ,then i,”*(B) €T, . Therefore i,is
fuzzy continuous .

Proposition 2.24. Let X, ¥ be fuzzy topological spaces and A be a fuzzy subset of X
f f: X — Y is fuzzy continuous , then the restriction f ,: A — Y is fuzzy continuous

. Proof Since f is fuzzy continuous and f e i, = f|, . Then by proposition ( 2. 23 )

and proposition ( 2.22) , fI;‘ is fuzzy continuous .

Definition 2.25. Let f: X — ¥ be a mapping of fuzzy spaces . Then f is called fuzzy
closed mapping if f(A4) is a fuzzy closed set in ¥ for every fuzzy closed set A in X.

Proposition 2.26 If fi X —V , g:¥V — Z are fuzzy closed mapping , then
gof:X — Zis afuzzy closed .

Proposition 2.27. If (X,T) is a fuzzy topological space and A is a fuzzy closed
subset of X , then the fuzzy inclusion i ,: A — X is a fuzzy closed mapping .

Proof Let F be a fuzzy closed set in A.Since A is a fuzzy closed in X and
i,(F)=AAF, then i, is a fuzzy closed set in X . Hence the inclusion mapping
iy:A — X is fuzzy closed .
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Proposition 2.28. If f: X — ¥ is a fuzzy closed mapping and A is a fuzzy closed
set in X then the restriction mapping )‘]ﬁ :A — Y is a fuzzy closed mapping .

Definition 2.29 .(A. A. Nouh). A fuzzy filter base on X is a nonempty subset F of I*
such that

(i)o, &F.
(if)If A;,,A, €EF ,then3 A; €F suchthat A; < A, AA, .

Definition 2.30. A fuzzy point x_, in a fuzzy topological space X is said to be a fuzzy
cluster point of a fuzzy filter base F on X if x_ € B, forall B € F .

Definition 2.31.(A. A. Nouh). A mapping §: D — FP(X) is called a fuzzy net in X
and is denoted by {S(n):n € D} , where D is a directed set . If 5(n) = .t’;n for each
n € D where x € X, and &,, € (0,1] then the fuzzy net 5 is denoted as {x; ,n € D} or

simply {:-:;1; ]

Definition 2.32. (A. A. Nouh). A fuzzy net 3 = { 1;'; :m € E} in X is called a fuzzy
subnet of fuzzy net 5 = {x;_,n € D}if and only if there is a mapping

f: E — D such that
(i) 3=5Sof thatis,y} = 1£} for each i € E .

(it) For each n € D there exists some m € E such that f(m) =n.
We shall denote a fuzzy subnet of a fuzzy net {x; ,n € D} by {.ri f“:' ,mE€ E}.

Definition 2.33. (A. A. Nouh). Let (X,T) be a fuzzy topological space and let
= {x7 ,n € D} bea fuzzy netin X and A € I* . Then S is said to be:

(i) Eventually with A if and only if 3m € D such that x7 g A , ¥V nzm.
(if) Frequently with A if andonlyif YnE€D,3meED,m Znandx[ qA.

Definition 2.34. (A. A. Nouh). Let (X,T) be a fuzzy topological space and
§={x; :n€D}beafuzzynetin X and x, € FP(X) . Then 5 is said to be :

(i) Convergent to x_ and denoted by § — x_, if Siseventually withA, VAE Nfﬂ

, X, 1s called a limit point of 5.

(if) Has a cluster point x_, and denoted by 5 o¢ x
vAeN?

if 5§ is frequently with A ,

& o

Remark 2.35. IfS — x_,then 5 oc x .

o9y



Mg « () abal / () 2l / digbily aa el agled / Yy dicdly ha

The converse of remark (2. 35 ), is not true in general as the following example

Example 2.36. Let X = {a} be a set and T = {0.,4, 1.} be a fuzzy topological space

such that A(a) == and let {.1’2n} = {r:ﬂ: , az

~
= I
E

g B ] be a fuzzy net on X.

Notice that x” o az, butx” £ a: .
Proposition 2.37. A fuzzy point x,, is a cluster point of a fuzzy net {x; :n € D},

where (D, =) is a directed set , in a fuzzy topological space X if and only if it has a
fuzzy subnet which converges to x .

Proof = Let x_ be a cluster point of the fuzzy net {x; :n € D}, with the directed
set (D,=) . Then for any U € Nfﬁ , there exists n € D such that x7 qU . Let
E={(nU)neD,UE N‘E;. and x; qU}. Then (E,z) is directed set where
(m,U) = (n,V)ifand only if m = ninD and U <V in N7 . Then 3 : E — FP(X)
given by 3(m,U) = x is a fuzzy subnet of fuzzy net {x; :n € D} . To show that
J:E—x, . LetBE N?x . Then there exists n € D such that (n, ) € E and x; B

Thus for any (mU)€E such that (nU)=(nB) , we have
3(mU) =xZ qU = B . Hence 3 — x,

& If a fuzzy net {x7 :n € D}, has not a cluster point . Then for every fuzzy point x,
there is a fuzzy g- neighborhood of x, and n € D such that x;”m gqU,forallmz=n.

Then obviously no fuzzy net converge to x, .

Theorem 2.38. Let (X, T) be a fuzzy topological space , x, € FP(X) and 4 € I*.

Then x_, € Aif and only if there exists a fuzzy net in 4 convergent to x, .

Proof = Letx, € A , then for every B € N2 there exists

&

et

)= [Ax) X
*s(y) { o if ¥y #F x5

Such that B(xg) +A(xz) > 1 notice that {;"\-’fﬂ, =) is a directed set , then
S: Nfa — FP(X) is defined as S(B) = x£ is a fuzzy net in A . To prove that § — x,.
Let D€ N,SN . Then there exists F €T such that x_,gF and F <D . Since
F(xf)+ xf > 1and F £D . Then D(x£)+ x2 > 1. Thus x#gD . Let E = F , then

E<F .Since E(xf)+x2 >1and F=<D ,then D(x£)+ x£ = 1. Thus x2qD ,
¥ E = F . Therefore § — x .

= Let {_r;:n = D} be a fuzzy net in A where (D, =) is a directed set such that

.
'rae*.,

— x, . Then for every B € N2 [There exists m € D such that x” gB for all
= n
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n zm . Since x; € A, then by proposition (2.9 ), :r_gﬂd“ AF. Thus AgEB . Therefore
X, € A.

Proposition 2.39. If X is a fuzzy T, — space , then every convergent fuzzy net in X
has a unique limit point .

Proof :

= Let x7 be a fuzzy net on X such that x; — x_,, x7 — v and x # y . Since
m mn mn

x" —x_ ,wehave ¥ AEN? ,3 m, €D, such that xz A, ¥ nz=m, . Also,

x; — Vp,wehave ¥V BE Nf_'a ,3 my €D, suchthat x] gB, ¥ n=m, . Since

D is a directed set , then there exists m € D, such that m = m, and m = m, ,then

x; q(AAB), ¥nzm . Thus AAB # 0. This complete the proof .

& Let X be a not fuzzy T, — space , then there exists x,,vy € FP(X) such that

x=y and AAB =0 , VAEN? ,BE€ N;?S. Put
N-S;r-:fs ={AABJAE Nfﬁ , BE N?J} Thus ¥ D € N_S: o there exists x5 gD, then
{x ﬂ}ne.-.;}"? is a fuzzy net in X .To prove that x, — x_ and x, — v, . Let E € h-‘fa ,

B8
[

X

then E € Nfﬁ . (since E=EAX #0) . Thus xpqE ,¥D = E , thus x; — x_ .

Also Xp —* Vg, S0 {_\;D }DEN:f has two limit point .

3. Fuzzy compact space

This section contains the definitions , proportions and theorems about fuzzy
compact space and we give a new results .

Definition 3.1. A family A of fuzzy sets is called a cover of a fuzzy set A if and only
ifA=V{B,:B, € A}and A is called fuzzy open cover if each member B,is a fuzzy
open set. A sub cover of /A is a subfamily of A which is also a cover of A .

Definition 3.2. Let (X,T) be a fuzzy topological space and let A € I*. Then A is
said to be a fuzzy compact set if for every fuzzy open cover of A has a finite sub cover
of A. Let A =X, then X is called a fuzzy compact space that is 4; €T for every
i€l and V,.,; A = 1, , then there are finitely many indices i4,i,,... ...,I, € I such
that Vi= A, =1, .

Example 3.3.
If (X, T) is a fuzzy topological space such that T is finite then X is fuzzy compact .

Remark 3.4 Not every fuzzy point of a fuzzy space X is fuzzy compact in general .
See the following example :
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Example 3.5 Let X = {a} be a set and T = {0,,1,,a: _: / n€Z* n=3} ,

where a € X be a fuzzy topology on X .

Notice that isa { az _ = /n= 3 Jfuzzy open cover of a: , but its has no finite sub
2 n "

cover for a: . Thus a: is not fuzzy compact .

Then we will give the following definition .

Definition 3.6 A fuzzy topological space (X, T) is called fuzzy singleton compact
space ( fuzzy sc — space ) if every fuzzy point of X is fuzzy compact .

Example Every fuzzy topological space with finite fuzzy topology is fuzzy sc —
space .

Proposition 3.7 Let ¥ be a fuzzy subspace of a fuzzy topological space X and let
A€1¥ Then Ais fuzzy compact relative to X if and only if A is fuzzy compact
relative to ¥ .

Proof = Let A be a fuzzy compact relative to X and let {V;: A € A} be a collection
of fuzzy open sets relative to ¥, which covers A so that A = V., V; , then there exist
G; fuzzy open relative to X , such that V; = ¥ A G; for any 4 € A . It then follows that
A<V,.,G;.Sothat {G;: 1 € A} is fuzzy open cover of A relative to X . Since 4 is

fuzzy compact relative to X , then there exists a finitely many indices
Apdg e, A, EA such that A=V, G, . since A=Y , we have
A=YANASYA(GL VG, V..VG )=(YAG, )....(YAG,) , since

YAG, =V, (i=12,..n) we obtain 4 <V, V; . Thus show that A is fuzzy

compact relative to ¥ .

« Let A be fuzzy compact relative to ¥ and let {G;:4 € A} be a collection of fuzzy
open cover of X , so that A=V,..G; . Since A=Y , we have
A=YNASYA(V;20Gy) = V. (YAG;) . Since ¥ AG; is fuzzy open relative to
Y, then the collection {¥ A G;: A € A} is a fuzzy open cover relative to ¥ . Since A is
fuzzy compact relative to 4 , we must have
A< (}’ A GA:} v {F A G‘;ﬂ) V.V (‘.lr" A GAﬂ'} ...... (*) for some choice of finitely many
indices 44,4,, ..., 4, . But (*) implies that A < Vi, G; . It follows that A is fuzzy

compact relative to X .

Theorem 3.8 A fuzzy topological space (X, T) is fuzzy compact if and only if for
every collection {4;: j € J} of fuzzy closed sets of X having the finite intersection

property , Ao, A # 0y .

Proof = Let {A:j €]} be a collection of fuzzy closed sets of X with the finite
intersection property . Suppose that A ;A # 0y, then V,.;A.° =1, . Since X is
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fuzzy compact , then there exists jy,j.,..-.J, such that Vi, Ah_c =1, .Then
Ni=14;, = 0. Which gives a contradiction and therefore A ., 4, # 0 .

#1

& let {A;: j€]J} be a fuzzy open cover of X . Suppose that for every finite
Jirdzs ek » we have VL A, #1, . then AL;A4; = 0, . Hence {4,°:j€])
satisfies the finite intersection property . Then from the hypothesis we have
Njes A # 0y Which implies A=y A; # 1, and this contradicting that {4 j €]} is

a fuzzy open cover of X . Thus X is fuzzy compact .

Theorem 3.9. A fuzzy closed subset of a fuzzy compact space is fuzzy compact .

Proof : Let Abe a fuzzy closed subset of a fuzzy space X and let {B, : i € I} be any
family of fuzzy closed in A with finite intersection property , since A is fuzzy closed
in X, then by proposition ( 2. 16 .11 ), B, are also fuzzy closed in X , since X is fuzzy
compact , then by proposition (3.8 ), A,z; B; # 0, . Therefore A is fuzzy compact .

Theorem 3.10. A fuzzy topological space (X,T) is a fuzzy compact if and only if
every fuzzy filter base on X has a fuzzy cluster point .

Proof = Let X be fuzzy compact and let F = {F, : @ € A} be a fuzzy filter base on
X having no a fuzzy cluster point . Let x € X . Corresponding to each n € N (N
denoted the set of natural numbers ), there exists a fuzzy q-neighbourhood U/ of the

fuzzy point x: and an F € F such that Uq F . Since 1 — :—: < Ul (x) , we have

n

U, (x)=1,where U, =V{U, :n€N}. ThusU={U:n €N ,x €X}is a fuzzy
open cover of X . Since X is fuzzy compact , then there exists finitely many members
Ugt UgR, .., UZE of U such that VE, U:: =1, . Since F is fuzzy filter base , then
. R o Y Aot
there exists F € Fsuchthat F <F,_ AF, A...AF . ButU gF/' then Fq 1,

. Consequently , F = 0, and this contradicts the definition of a fuzzy filter base .

= Let f = {F, : @ € A} be a family of fuzzy closed sets having finite intersection
property .Then the set of finite intersections of members of £ forms a fuzzy filter base
F on X . So by the condition F has a fuzzy cluster point say x. . Thus x. € F, . So
x, € N er . =N oo F. . Thus A{F ,F € F} = 0, . Hence by theorem (3.8) , X
is fuzzy compact .

Theorem 3.11. A fuzzy topological space (X,T) is fuzzy compact if and only if
every fuzzy net in X has a cluster point .

Proof = Let X be fuzzy compact . Let {S(n) : n € D} be a fuzzy net in X which
has no cluster point , then for each fuzzy point x , there is a fuzzy q — neighbourhood
U,_ofx, and an ny €D such that 5, 4 U, forall m € D with m = ny, - Since

x

x_ql - then 5, =0, ¥ m= My, - Let U denoted the collection of all ng ,

[ X g

where x_, runs over all fuzzy points inX . Now to prove that the collection
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V={1y—U, : U, €U} is a family of fuzzy closed sets in X possessing finite
intersection property . First notice that there exists k = My, soees Ry such that

SF&"UIE[ for i=1,2,...., m and for all p=k (peD) , ie
Sp€E 1y —VE, Uy, = ANZ (1, — Usg, ) for all pz=k . Hence
hflx —U,, : i=12,..., m} = 0, . Since X is fuzzy compact, by theorem (3.
5) , h there  exists a  fuzzy point wypin X such  that

e €M1y —U, : U, €U =1,-V[U,_ : U, €U} . Thusyg €1y —U,_, for
all Ux: € U and hence in particular , vy €1, — U},S ,
construction , for each fuzzy point x, , there exists U, € U Such that x_qU, ,and

ie., vpq Uy, . But by

we arrive at a contradiction .

= To prove that converse by theorem ( 3 . 10 ), that every fuzzy filter base on X
has a cluster point . Let F be a fuzzy filter base on X . Then each F € F is
non empty set , we choose a fuzzy point x € F . Let § = {x- : F € F} and let
arelation * = " be defined in F as follows F, = Fpifand only if F, = Fp in X,
for F,,F; € F . Then (F, =) is directed set . Now S is a fuzzy net with the

directed set (F, =). By hypothesis the fuzzy net 5 has a cluster point x, . Then
for every fuzzy q — neighourhood W of x, and for each F € F, there exists
G € F withG = F suchthat x,qW . As x; = G = F . It follows that FgW for
each F € F , then by proposition

= (2.19),x, € F . Hence x, is a cluster point of F.

Corollary 3.12. A fuzzy topological space (X,T) is fuzzy compact if and only if
every fuzzy net in X has a convergent fuzzy subnet .

Proof : By proposition ( 2.37 ), and theorem ( 3.11).

Theorem 3.13. Every fuzzy compact subset of a fuzzy Hausdroff topological space
is fuzzy closed .

Proof : Let x_ € A , then by theorem ( 2. 34 ), there exists fuzzy net x_such that
x2 — x_ . Since A is fuzzy compact and X is fuzzy T- — space , then by corollary

o

( 3‘. 12) and proposition ( 2 .39 ), we have x_, € A . Hence 4 is fuzzy closed set .

Theorem 3.14. In any fuzzy space , the intersection of a fuzzy compact set with a
fuzzy closed set is fuzzy compact .

Proof Let A be a fuzzy compact set and B be a fuzzy closed set . To prove that A A B
is a fuzzy compact set . Let x; bea fuzzy netin AA B . Then x; is fuzzynetin 4,

since A is fuzzy compact , then by corollary ( 3.12 ) , 41';1 — x, for some
x, € FP(X) and by proposition ( 2.38 ) , x, € B . since B is fuzzy closed , then
x, € B .Hencex, € AAB and x; — x,.Thus AAB is fuzzy compact .

°4A
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Proposition 3.15 Let X and ¥ be fuzzy spaces and f: X — ¥ be a fuzzy continuous
mapping . If U is a fuzzy compact set in X , then f(U) is a fuzzy compact setin ¥ .

Proof : Let {V;:i €I} be a fuzzy open cover of f(U) inV¥, ie., (f(U) =V.G,) .
Since f is a fuzzy continuous , then f~(G,) is a fuzzy open set in X , ¥i € I . Hence
the collection {f %(G,) :i€1} be a fuzzy open cover of U in X e,
U<f )< fF (V. 6)7Vie; fH(G,) . Since U is a fuzzy compact set in X ,
then there exists finitely many indices i4,i5, ... ..., i, Such that U = V7, f_ll[Gz}_}, SO
thatf (U) € F(Viey (F 2 (6,)) = Vima(F(F7(6,))) € Viey G, Hence (V) is a

fuzzy compact .
4. Compactly fuzzy closed set .

The section will contain the definition of compactly fuzzy closed set and we give
new results .

Definition 4.1. Let X be a fuzzy space . Then a fuzzy subset W of X is called

compactly fuzzy closed set if W A K is fuzzy compact , for every fuzzy compact
set Kin X.

Example 4.2. Every fuzzy subset of indiscrete fuzzy topological space is compactly
fuzzy closed set .

Proposition 4.3. Every fuzzy closed subset of a fuzzy space X is compactly fuzzy
closed

Proof Let A be a fuzzy closed subset of a fuzzy space X and let K be a fuzzy compact
set . Then by theorem ( 3.14) , AAK is a fuzzy compact . Thus A is a compactly
fuzzy closed set .

The converse of proposition ( 4.3 ), is not true in general as the following example
show :

Example 4.4. Let X = {a,b] be a set and T be the indiscrete fuzzy space on X .
Notice that A = {0.2,0.3} is compactly fuzzy closed set , but its not fuzzy closed set.

Theorem 4.5. Let X be a fuzzy T, — space . A fuzzy subset A of X is compactly
fuzzy closed if and only if A is fuzzy closed .

Proof = Let 4 be a compactly fuzzy closed set in X and x_€ A . Then by
proposition ( 2.34 ) , there exists a fuzzy net x7 in A, such that x; — x, , then by
corollary (3.12)) , F = {x7 ,x_.} is a fuzzy compact set . Since 4 is compactly fuzzy
closed , then A A F is a fuzzy compact set . But X is a fuzzy T, — space , then by
theorem (3.13 ), AAFis fuzzy closed . Since x; — x_ and x; €AAF , then by

proposition (2.38) ,x, € AAF so x,€ A.Hence A < A . Therefore A is a fuzzy
closed set .

044
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< By proposition (4.3 ).
5. Fuzzy compact mapping.

The section will contain the concept of fuzzy compact mapping and we give new
results .

Definition 5.1. Let X and ¥ be fuzzy spaces. A mapping f: X — ¥ is called a fuzzy
compact mapping if the inverse image of each fuzzy compact set in ¥ , is a fuzzy
compact set in X .

Example 5.2. Let (X,T) and (¥, 1) be fuzzy topological spaces , such that T is a
finite fuzzy topology , then the mapping f: ¥ — ¥is fuzzy compact .

Proposition 5.3. Let X ,¥ and Z be fuzzy spaces, If f: X — ¥V, g: ¥V — Z are fuzzy
continuous mapping . Then :-

(i) If f and g are a fuzzy compact mappings , then g = f is a fuzzy compact mapping

(ii) If g = f is a fuzzy compact mapping , f is onto , then g is a fuzzy compact
mapping .
(iii) If g = f is a fuzzy compact mapping , g is one to one , then f is a fuzzy compact
mapping .

Proof : (i) Let D be a fuzzy compact set in Z . Since g is fuzzy compact mapping ,
then g~* (D) is a fuzzy compact set in ¥ . Since f is a fuzzy compact mapping , then
f~*(g™*(D)) is a fuzzy compact set in X . Hence ge f: X — Z is a fuzzy compact
mapping .

(i) Let D be a fuzzy compact setin Z , then (g © f)~*(D) is a fuzzy compact set in X
,and so f(g e f)*(D)is a fuzzy compact set in ¥ . Now , since f is onto , then
flgef) " (D) =g * (D), therefore f is a fuzzy compact mapping .

(iii) Let D be a fuzzy compact set in ¥ . Since g is a fuzzy continuous mapping , then
g(D) be a fuzzy compact set in Z . Since g = f is a fuzzy compact mapping , then
(g°f) *(g(D)) is a fuzzy compact set in X. Since g is one to one , then
(g°f)Hg(D))=f"*(D).Hence f~*(D)is afuzzy compact set in X. Then fisa
fuzzy compact mapping .

Proposition 5.4. For any fuzzy closed subset F of a fuzzy space X, the inclusion

ig: F — X is a fuzzy compact mapping .

Proof : Let K be a fuzzy compact set in X , then by theorem ( 3.14 ) , FAK is a
fuzzy compact setin F . Butiz*(K) = F AK , then i;*(K) is a fuzzy compact set in
F, therefore the inclusion mapping iz: F — X is fuzzy compact .
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Proposition 5.5. Let X and Y be fuzzy space , and f: X — Y be a fuzzy compact
mapping . If F is fuzzy closed subset of X , then f|:F — V¥ is fuzzy compact

mapping .
Proof : Since F is a fuzzy closed subset of X , then by proposition ( 5.4 ) , the
inclusion i:F — X is a fuzzy compact mapping . But f_= fei, , then by

proposition ( 6.3 1), f|, is fuzzy compact mapping .

6. Fuzzy Coercive Mapping .

The section will contain the definition of a fuzzy coercive mapping and the
relation between fuzzy compact mapping and the fuzzy coercive mapping .

Definition 6.1. Let X and ¥ be fuzzy space . A mapping f: X — Y is called a fuzzy
coercive if for every fuzzy compact set G = ¥ , there exists a fuzzy compact set
K < X such that f(1,\K) = (1,\G) .

Example 6.2. If X is a fuzzy compact space , then the mapping f: X — ¥ is fuzzy
coercive .

Solution : Let G be a fuzzy compact set in ¥ . Since X is fuzzy compact space and
fl1,\1;) = f(0,) = 0, < (1,\G), then f is fuzzy coercive mapping .

Proposition 6.3. Every fuzzy compact mapping is a fuzzy coercive mapping .

Proof Let f: X — Y be a fuzzy compact mapping . To prove that f is a fuzzy
coercive . Let G be a fuzzy compact set in ¥ . Since f is a fuzzy compact mapping ,
then f7*(G) is a fuzzy compact set in X. Thus f(1,\f *(6)) < (1,\G) . Hence
f: X — Y is a fuzzy coercive mapping.

The converse of proposition ( 6.3 ), is not true in general as the following example
shows :

Example 6.4 Let ¥ = {a},V = {b} besetsand T = {0,,1.,a: = /nEZ  n=3
y,1=1{041; .b: /n € Z7]be fuzzy topology on X and ¥ respectively .

Let f: X — ¥ be a mapping which is defined by : f(a) = b . Notice that f is a
fuzzy coercive mapping , but its not fuzzy compact mapping .

Proposition 6.5. Let X and Y be fuzzy spaces such that ¥ is a fuzzy T, - space ,
and f: X — ¥ is a fuzzy continuous mapping . Then f is a fuzzy coercive if and only
if f is a fuzzy compact mapping .

Proof = Let G is a fuzzy compact set in ¥ . To prove that f~*(G) is a fuzzy
compact set in X . Since ¥ a fuzzy T, — space and f is a fuzzy continuous mapping ,
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then f~*(G) is a fuzzy closed set in X . Since f is a fuzzy coercive mapping , then
there exists a fuzzy compact set K in X , such that f(1,.\K) = (1,\G) . Then
f(K®) = G°, therefore f*(G) < K , thus f~*(G) is a fuzzy compact set in X . Hence
f is a fuzzy compact mapping .

& By proposition (6.3).

Proposition 6.6. Let X,Y and Z be fuzzy spaces . If f: X — ¥, g: ¥V — Z are fuzzy
coercive mapping , then g ¢ f: X — Z is a fuzzy coercive mapping .

Proof : Let G be a fuzzy compact set in Z . Since g:¥ — Z is a fuzzy coercive
mapping , then there exists a fuzzy compact set K in¥ , such
that g(1,\K) < 1,\G) . Since f: X — ¥ is a fuzzy coercive mapping and Kis a
fuzzy compact set in ¥ , then there exists a fuzzy compact set H in X , such that
F(1\H) € (1,\K) — g(f (1,\H)) = g(1,\K) £ (1,\6) — (g° f)(1,\H)
(1:\6)

.Hence g = f is fuzzy coercive mapping .

Corollary 6.7. Let X,Yand Z be fuzzy spaces , such that f: X — ¥ is a fuzzy
compact mapping and g: X — Z is a fuzzy coercive napping . Then g o f: X — Z is
a fuzzy coercive mapping .

Proposition 6.8. Let X and ¥ be fuzzy space and f: X — ¥ be a fuzzy coercive
mapping . If F is a fuzzy closed subset of X, then the restriction mapping f :F — ¥

is a fuzzy coercive mapping .

Proof : Since F is a fuzzy closed subset of X , then by proposition ( 5.4 ), and
proposition ( 6.3 ), the inclusion mapping i :F — X is a fuzzy coercive mapping .
But le = f @ i, then by proposition ( 6.6 ), is a fuzzy coercive mapping .

7. Fuzzy proper mapping .

The section will contain the definition of fuzzy proper mapping and addition to
studying relation among fuzzy proper mapping , fuzzy compact mapping and fuzzy
coercive mapping .

Definition 7.1 A fuzzy continuous mapping f: X — Y is called fuzzy proper if
(1) f is fuzzy closed .
(i) £~*({».}) is fuzzy compact, for all ¥, € FP(Y).

Example 7.2 Let X = {x] be set and T is indiscrete fuzzy topology on X and
f:(X,T) — (X, T) be the indentity mapping . Notice that f is fuzzy proper mapping .

Proposition 7.3 Let X ,Y and Z be fuzzy spaces . If f: X — V and g: ¥ — Z are
fuzzy proper mappings , then g = f: X — Z is fuzzy proper mapping .
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Proof : By proposition ( 2.22 ) , g = f is fuzzy continuous .
(i) Since f an g are fuzzy proper mapping , then fand g are fuzzy closed .
Thus by proposition ( 2.26 ), g = f : ¥ — Z is a fuzzy closed mapping .

(if) Let z, € FP(Z) , then g *({v,}) is fuzzy compact set in ¥, and then

F e (D)) =(g° £)"*({v.}) is a fuzzy compact set in X . Therefore by (i)
and (if) , g = f is fuzzy proper mapping

Proposition 7.4. Let X .Y and Z be fuzzy space . If f: X — ¥ and g: ¥ — Z are
fuzzy continuous mappings , such that g = f: X — Z is a fuzzy proper mapping . If f
is onto , then g is fuzzy proper .

Proof (i) Let F be a fuzzy closed subset of ¥ , since f is a fuzzy continuous , then
f~Y(F) is fuzzy closed in X . Since gof is a fuzzy proper mapping , then
(ge FYfFYF)) is fuzzy closed in Z . But f is onto , then
(gefI(f YF))=g(F) . Hence g(F) is a fuzzy closed in Z .Thus g is fuzzy
closed mapping .

(if) Let Z_€FP(Z) . Since geof 1is a fuzzy proper mapping , then
(g° ) *{z.) = fF (g7 ({z.})) is fuzzy compact . Since f is fuzzy continuous ,
then f(f (g *({z.})) )is fuzzy compact set , but f is onto . Then
fF g7 ({z.D)) ) = g7 *({z,.}) is fuzzy compact , for every fuzzy point z_ in Z .
Thus g = f is fuzzy proper .

Proposition 7.5. Let X ,¥Y and Z be fuzzy space and f: X — YV |, g: ¥ — Z be fuzzy
continuous mappings , such that g = f: X — Z is a fuzzy proper mapping . If g is
one to one , then f is a fuzzy proper .

Proof (i) Let F be a fuzzy closed subset of X . Then (g = f)(F]is a fuzzy closed set
in £ . Since g:¥— Z is a one to one , fuzzy continuous , mapping , then

gt (g(f (F)]) = f(F) is fuzzy closed in ¥. Hence f: X — ¥ is fuzzy closed .

(ii) Let v, € FP(Y), then g(v,) €Z . Now, since g o f:X — Z is fuzzy proper
and g is a one to one , then the set
(g° )Wl D =Ff"1 (g'i[g({_va}}n = f~Y({v_}) is fuzzy compact , for every
fuzzy point v, in ¥, therefore the mapping f is fuzzy proper .

Proposition 7.6. Let X and ¥ be fuzzy spaces , and f: X — ¥ be fuzzy proper
mapping . If A is any fuzzy clopen subset of ¥ , then fy:f *(4) — 4 is a fuzzy
proper mapping .

Proof : To prove that f,: f~*(4) = A is a fuzzy continuous mapping . Let K be a
fuzzy open subset of A, then K = AA B, for some fuzzy open set B in ¥. Since
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f:X =Y is a fuzzy continuous mapping , then by proposition (2.22) ,
f . f~(A) = A is a fuzzy continuous mapping , then ﬂ: (B) is a fuzzy open
setin f7*(A) , but £ (K) = fHA) A f72,  (B), thus f;1(K) is a fuzzy open set

in f~*(A) .Hence f,:f *(4) = Aisa fuzzy continuous mapping .
(i) By proposition ( 2.28 ), f; is fuzzy closed .

(if) Let t, € FP(A). Since f is fuzzy proper , then f~*({t,}) is fuzzy compactin ¥,
since T is fuzzy closed and f is fuzzy continuous , then £ ~*(4) is fuzzy closed set in
X . Thus by theorem ( 3.14 ) , f~*(A)Af*({t.}) is fuzzy compact . But
FH{e)) = F A A FH({t,)) is a fuzzy compact set in f~*(A4) . Therefore f,is
fuzzy proper .

Proposition 7.7. Let X and Y be fuzzy spaces . If f:X — Y is a fuzzy proper mapping
, then f is a fuzzy compact mapping .

Proof Let K be a fuzzy compact subset of ¥ and let {U; };., be a fuzzy open cover
of f7*(K) . Since f is a fuzzy proper mapping , then f~*({k,}) is a fuzzy compact
set , V k,€ K. But f7({k,}) = fHK) =V, Uy,

thus there exists n, , such that f~*({k,}) < V3%, U; ,letU, =Vii U, .Thus,
for all k, € K , there exists n, such that f™*(k,) = U,,_,then k, < f (U,. ). Notice

that for all k, €K , k, < (1,\f(1:\U,,)) = K <V, e (1,\F(15\0,,)) , but

the sets (1Y‘I'ﬁf(1x\'-un;{jj are fuzzy open . Hence there exists ny, , 7,y , oo, Ry

such that & < V/_, (1,-\f(1x\U,,k)) — f(K) <V, U,, . Therefore f~*(K) is

a fuzzy compact set in X' . Hence the mapping f: X — Y is a fuzzy compact mapping.

Proposition 7.8 Let X and ¥ be fuzzy spaces , such that ¥ is a fuzzy T, — space and
fuzzy sc - space . If f: X — ¥ is a fuzzy continuous mapping , then f is a fuzzy
proper mapping if and only if f is a fuzzy compact .

Proof = By proposition ( 7.7 ) .
& To prove that f is a fuzzy proper mapping .

(i) Let F be a fuzzy closed subset of X . To prove that f(F) is a fuzzy closed set in ¥
, let K be a fuzzy compact set in ¥ . Then £ ~*(K) is a fuzzy compact set in X , then
by theorem ( 3.14 ), FAf~}K) is fuzzy compact set in X . Since f is fuzzy
continuous , then f(F A f~*(K) )is fuzzy compact set in ¥ .

But f(FAfYK) )= f(F)AK ,then f(F) AK is fuzzy compact , thus f(F) is
compactly fuzzy closed set in ¥ . Since V is a fuzzy T, — space , then by theorem
(4.5), f(F) is a fuzzy closed set in ¥ . Hence f is a fuzzy closed mapping .
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(if) Let v, € FP(Y) . Since Y is fuzzy sc - space , then {y_} is fuzzy compact in ¥ .
Since f is a fuzzy compact mapping , then f~*({v,}) is fuzzy compact in X . Thus f
is a fuzzy proper mapping .

Proposition 7.9. Let X and Y be fuzzy spaces , such that Y is fuzzy sc — space ,
fuzzy T, — space and f: ¥ — ¥ be a fuzzy continuous mapping . Then the following
statements are equivalent :

(1) f is a fuzzy coercive mapping .
(if) f is a fuzzy compact mapping .
(iif) f is a fuzzy proper mapping .
Proof
(i) — (i)
By proposition ( 6.5 ) .
(ii) — (iid)
By proposition ( 7.8) .
(i) = (i)
Let G be a fuzzy compact set in ¥ . Since f is fuzzy proper , then by proposition

(7.7), f is fuzzy compact mapping , then f~*( G ) is a fuzzy compact set in X,
Since f(1,\f"*(G )) < (1,\G) . Hence f: X — Y is a fuzzy coercive mapping .
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