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1-Preliminaries 

Definition(1.1)[1]:A family F of subsets of   a set   is  called  a  -field 

on a set , if 

(1)    F 

(2) If  AF, then  cA  F 
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(3) If ,...2,1,  nFAn   then FAn

n







1

 

A measurable space is a pair ( ,F),where  is a set and F is  -field on  

A subset A of   is called measurable (measurable with respect to the  -

field F) , if AF  i.e. any member of  F is called a measurable set. 

It is clear to show that 

(1)  F. for  F  and   Fc   

(2) If FAA
n
,...,

1
, then 

n

i

i FA
1

  and  FA
n

i

n 



1

 . 

Definition(1.2)[1]:Let G be a collection of subsets of a set  .The 

smallest  -field  F containing G is called the  -field generated by G, and 

it is denoted by  (G) ,i.e. F= (G). 

     Let ),(  be a topological space . the  -field  generated by   is called 

the Borel  -field and it is denoted by )( ,i.e. )()(   , the member 

of )( are called Borel sets of   . 

Definition(1.3) : Let( ,F) be a measurable space, a set function 

  : F[0,1] is said to be Credibility measure if it is satisfies the 

following axioms: 

(1) 1)(       (Normality ) 

(2) 1)()(  cAA    for  all  FA  (self – Duality). 

(3) For every sequence }{ nA  in F,  we have ,...}2,1:)(sup{)(
1






nAA n

n

n    

if   5.0)( nA     (Maximality). 

A Credibility space is a tripe ),,( F  where  is a set, F is a  - field,  

Credibility  measure  on  F . 

Definition(1.4)[3]: Let ),,( F be a Credibility space, a function 

RX :  is called a Credibility variable if  X is measurable 

function( )()(1 RAFAX  ). 
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Definition(1.5)[3]: The Credibility variable 
mXXX ,...,, 21
 are said to be 

independent if  )(min))((
11

ii
mi

ii

m

i

xx  


  for any  Borel  sets
m ,...,, 21

 

of real numbers. 

Definition(1.6): Let X be a Credibility variable on ),,( F . Then the 

expected value of X defined by 

)}(),({min)( AaXXdXE
Aa






   

and the variance defined  by 2))(( XEXE  . 

Remark: we say X is  integrable  if )(XE . 

Definition(1.7)[1]: Let A  . A function RlA :  defined by 

Aw

Aw
wlA










,

,

0

1
)(  

Is called indicator function or (characteristic function ) of A. 

Definition(1.8)[2][4]: Let T  be index set and let ),,( F  be a Credibility 

space, a Credibility  stochastic process is a function from ),,( FT   to 

the set of real number. That is Credibility  stochastic process )(wX t is a 

function of  two variables such that the function )(* wX
t

is a Credibility 

variable for each *t  

        When T is a countable set the Credibility  stochastic process is said 

to be a discrete-time process, if T is interval of the real line, the 

Credibility  stochastic process is said to be continuous-time process. For 

instance ,...}1,0,{ nX n  is a discrete-time Credibility process indexed by 

the non negative integers, while }0,{ tX t  is a continuous-time process 

indexed by the non negative real numbers. Thus, a Credibility stochastic  

process is a family of  Credibility variables that describes the evolution 

through time of some process. 

Definition(1.9 )[2]: A filtration TttF }{  is a sequence of sub  field 
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of  F such that for all  ts FFtS  , . 

Definition(1.10):A Credibility stochastic process 
TttXX  }{  is adapted 

to the filtration 
TttF }{  if  for  ,Tt  

tX   is  tF measurable . 

Definition(1.11)[1]:Let ),,( F be a Credibility space .A condition is said 

to be hold almost every where with respect the Credibility measure   

,written  a.e. [ ](or simply a.e.  if   is understood),if there is a set FB  

of  measure 0,(i.e.  (B)=0)such that the condition holds outside of  B. 

Definition(1.12 ):A Credibility stochastic process 
TttXX  }(  is a said to 

be a sub martingale (respectively a super martingale) with respect to the 

filtration TttF }{  if 

(1) X is adapted to the filtration TttF }{  . 

(2) )( tXE   for Tt  i.e. ( t  is integrable Tt  ) 

     (3) sst XFXE )|(   a.e (resp, sst XFXE )|(  a.e ) Tt  , st  . 

A Credibility stochastic process TttXX  }(  is martingale iff it is both a 

sub-and super martingale with respect to the filtration TttF }{   . 

Definition(1.13):A Credibility stochastic  process tX  is said to have 

independent increment if 
11201

,...,,



kk tttttt XXXXXX  are independent 

Credibility variable for any time nttt  ...10 . 

Definition (1.14): A Credibility stochastic  process X is called normally 

distributed if it has function is defined as 

1

6
exp12)(




































ex
x ,  where 

0,  Rx  denoted by ),( 2eN . 

Definition(1.15): A Credibility stochastic process tB  is said to be 

 Brownian motion (also called wiener process) if 

(1) 00 B . 

(2) .00)(  tBE t  
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(3) 
tB  has stationary and independent increment . 

(4) every increment 
sst BB 
is a normally distributed  Credibility variable   

     with expected value  
te and variance 22t . 

Definition(1.16):The standard  Brownian motion is Credibility 

stochastic process 
TttB )(   such that 

(1) 00 B . 

(2) For any finit sequence of time 
nttt  ...10
 the increment   

      
11201

,....,



nn tttttt BBBBBB  are independent 

(3) For any time 0 < s < t , st BB   is normally distributed with 

0)(  st BBE  and  stBB st  )var(  . 

Remark: from define (1.15) and (1.16)  have the flowing properties 

tBE t )( 2  ,  0)(  st BBE  ,  stBBE st  2)(    ,  st  . 

 

2-Main result 

Definition(2.1)[1]:A function RRg : I s  convex function if 

)()1()())1(( ygXgyxg    , yx,  and  10    

an important property of convex function is that they are always 

continuous . 

We need the following fact a bout convex function for the proof of the 

next property . Let 21 xx   and Ry  then 

yx

ygxg

yx

ygxg










1

1

2

2 )()()()(
         . . .  (i) 

Now assume that 21 xyx   and let 2x converge to y  from a bove . the 

left side of  (i) is bounded below ,and its value decreases as 2x decreases 

to y .therefore the right derivative g exists at y and 











yx

ygxg
yg

yx
2

2 )()(
lim)(
2
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Moreover  Rxyxygygxg   ))(()()(  

Put   Kyg )(   then 

)()()( yxKygxg      . . . (ii) 

 

Theorem(2.2) :Let RRg :   be a convex function and let X  and  g(X) 

be  integrable Credibility variable on ( ),, F  for any sub  field G  of  

F  then  ))(())(( XEgXgE   where XgXg )(  . 

Proof:

))(()}()),(({min)})(),({min()())(( XgEAaXgAaXgXdgXEg
AaAa





 

Then ))(())(( XgEXEg   . . .(1). 

and since g is convex function , for  (ii)  and Replacing x with X and y 

with )(XE , obtain   ))(())(()( XEXKXEgXg   

Taking the expected value on both sides 

0))()(())(()((  XEXEKXEgXgE  

))(())(( XEgXgE   . . . (2) 

Then from (1) and (2) we  have ))(())(( XEgXgE   . 

 

Theorem(2.3):Let X  be  G- measurable Credibility variable  and g be 

convex function suppose X  and  g(X) be integrable and sub  field  

FG   then ))|(())|(( GXEgGXgE  . 

Proof: since g is convex function then g is continuous 

)(Xg   is measurable  then )()|(( XgGXgE   

And since X is G- measurable then )()|(( XgGXEg   then 

))|(())|(( GXEgGXgE   . 

Theorem (2.4):Let Tttt FXX  },{ be a martingale (resp -sub martingle ) 

and RRg :  a convex such that )( tXg   is integrable for all t , then 

Tttt FXg }),({   is a martingale. 
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Proof: By theorem (2.3) we have ))(())(( stst FXEgFXgE   ,  st   

Since X  is martingale (resp-sub martingale ) then 

)())|(()|)(( sstst XgFXEgFXgE  . 

Example (2.5): If Tttt FX },,{  is martingale and 1, rX
r

t  is integrable for 

all t , then Ttt

r

t FX },,{  is a martingale . 

Solution: 

Since 1, rX
r

t  is integrable then )(
r

tXE  

will show that 
r

tX  is convex function 

Ryxyxygxg
r

 ,)1())()1((  ,    10    

rrrrrr
yxyx )1()1(    

)()1()()1( ygxgyx
rr

   

Then 
r

tX is convex function and from theorem (2.4 ) have 

Ttt

r

t FX },,{  is a martingale . 

 

Theorem(2.6) A  Brownian motion is a super martingale . 

Proof :  

 (1) 0)( ttBE . 

(2) },{ tt FB  is adapted to the filtration on { 0} ttF . 

(3)  ssstst FBBBEFBE |)(()|(  ) , st   

           )|()|( sssst FBEFBBE  and St BB   is independent of  sF  

          0)()|(  stsst BBEFBBE    sst BFBE  )|(  

tB  is a super martingale . 

Theorem(2.7): If tB  is super martingale with respect to the filtration tF  

then }0,),{exp( tFB tt  is  super martingale . 



  8 
 

 

Proof: since )exp( tB  is convex function and integrable on( ),, F  then 

By theorem ( 2.4)  we have 

)exp()|)(exp()|)(exp( sstst BFBEFBE      , st   

)exp( tB  is a sub martingale . 

Example(2.8): If 
tB  is super martingale with respect to the filtration 

tF  

then 2

tB  is  not super martingale . 

Solve : 

)|)(()|( 22

ssstst FBBBEFBE   

                  ssststsst FBBBEFBEFBBE |)((2)|()|)(( 22  ) 

By using independent   stBBEFBBE stsst  22 )()|)((   and 22 )|( sss BFBE  , 

0)()|()|)((  stssstsssst BBEBFBBEBFBBBE   

thus    stBFBE sst  22 )|(  

 

Example(2.9): If  tB  is super martingale then tBt 2  is super martingale. 

Solve: )|))(()|( 22

ssstst FtBBBEFtBE  ,   st   

)|2)(( 22

ssstst FtBBBBBE  tBFBBEFBBE ssstsst  22 )|(2)|)((  

since stBBEFBBE stsst  22 )()|)((   and  sst BFBE )|( then we have  

sBtBstFtBE ssst  222 )|(  

Theorem (2.10): If  00 },{,},{   tttttt FWYFBX   are two   Brownian 

motion  and   21 ,   are   positive   constants then  

02121 },{  ttt FtWBYX  is a super martingale. 

 

Proof : since tttt WBWB 2121    

 )( 21 tt WBE   )()( 21 tt WEBE   

)|()|()|( 2121 stststt FWEFBEFWBE    

                                     ss WB 21    
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02121 },{  tttt FWBYX   is a super martingale . 
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