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Abstract

The idea of the high zero sum weighting which uses a maximum number of non zero independent variables
generalized which is equal the singularity of a graph. In a full n-ary tree Th,a,n , the edges adjacent to the root
vertex are called its children (branches). The children of the root are said to be on level 1, if we have h levels,
then for 0<i<h, each vertex on level i has children of its own which are on level i+1.The n external vertices are
those on the last level called leafs (end vertices) .

In this paper the singularity of a full n-ary tree is studied with certain levels and external vertices(leafs) with
deferent ary and proved that for (T, ;,) ,n ary Tree with level 3 to be & (T, 3,)= n’(n-1)+(n-1) . The results should
that the singularity of line Graph of n-ary tree of any levels is always zero, and the construction of line n- ary
tree is a copy of complete graph K, which identifying each to others by a vertex or introducing by an edge
depends on the duplicated vertices in the levels and on the leafs .

Keywords : Tree Graphs n-ary Tree singularity Line n-ary Tree .

Introduction

A graph G is a non empty set of vertices V together is the number of edges incident with v. A graph G is
with a set of unordered pairs of vertices of V called regular if all vertices have the same degree An
edges. The spectrum of a graph G is the set of independent set of vertices in G is a set of vertices of

eigenvalues of the 0-1 adjacency matrix A(G) of G. G no two of which are adjacent, and the size of the
An eigenvaluses AeR of G satisfies the equation largest such set is called independence number of G

Ax=Ax for some non-zero vector xeR", called a A- , and independent edge are these not adjacent by a
eigenvector of G; some eigenvaluse may be repeated. vertex in G , and A matching of G is a collection of
The number of eigenvalues of G that are equal to zero ~ independent edges of G , A maximal matching is a

is called the singularity of the graph G and will matching with maximum number of independent
denote by 8(G) . If 8(G)>o, then G is said to be  edges in G and denoted by m(G).[3] and[4] .
singular. The characteristic polynomial of the graph ~ Definition 1.1 o

G, defined n-ary as det(AI-A), will be denoted by  [6](Weighting vertex) A vertex weighting of graph
#(G) =6(G, L). Thus the eigenvalues of G are just the G is a function f:¥(G)—»R where R is the set of all
solution of the equation ¢(G, A). Clearly, G is real numbers , that a§sigl_1 a real number to eac:,h
singular if and only if $(G, 0)=0 . vertex of G , and a weighting of any graph G is said
Let r(A(G)) be the rank of A(G), clearly 8(G)= n- to be nlon—trivial if there is at least one vertex ve V(G)
1(A(G)),(n is the number of vertices of G) . The rank for W‘}‘?h flv)#0 .

of graph G is the rank of its adjacency matrix Delimtlc!n_l.z o )
A(G),denoted by r(G), then 8(G)=n-r(G). Each of A non—tnwal.ver.tex welg!ltlng of graph G is called a
8(G) and 1(G) determines the other.[1] and [5] . Tt is zero-sum weighting provided that for each veV(G),

known that 0<8(G) <n-2 if G is a simple graph on n Z f(w)=0, where the summation is taken over all
vertices and G is not isomorphic to nK;. L. Colatz weNG(v)
and U. weNg(v) .

Sinogowitz first posed the problem of characterizing It is not true that every graph has a non-trivial zero
all graphs G with 8(G)>o, this question is of great sum weighting, for example the complete graph (k)
interest in chemistry, because as has been shown in is such a graph has no non-trivial zero sum weighting
[21.[3] and [8], for a bipartite graph corresponding to sine its non singular.

an alternate hydrocarbon, if 8(G)>o, then its indicates M.Brown and et. in [6] and [11] proved an important
the molecule which such a graph represents is  relation between the singularity of a graph and
unstable . The problem has not yet been solved existence of a zero sum weighting which is given in
completely; only for bipartite graph some particular  Th. 1.4 and its equivalent to the Theorem 1.3.

results are known [6] and [9]. In resent years, this Theorem 1.3

problem has been investigated by many researchers [7] A graph is singular iff zero is an eigenvalue of the
[6],[8] and [10] . adjacency matrix A(G) of the graph G .

Let G be a graph with n vertices and q edges, the Theorem 1.4

neighborhood Ng(v) of v is the set of all vertices of [6] A graph G is singular iff there is a zero sum
G which are adjacent to v. Two vertices with the weighting for the graph G .

same neighborhood are called duplicate vertices. The Definition 1.5

degree of a vertex v in a graph G, denoted by deg(v),
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[13] The maximum number of non-zero distinct
independent variables that can be used for a zero sum
weighting of G is called a high zero-sum weighting
and denoted by M(G).

Proposition 1.6

[13] 6(G)= M(G) i.e the singularity of a graph G equal
to the number of non zero distinct independent
variables that used in high zero-sum weighting in the
graph hence M(G)=0 iff G is none-singular. In figure
(1), the weighting for the graph G is a high zero-sum
weighting uses 3 distinct independent variables hence
8(G)=3.

X1 -X3

-Xj X3

X2 -X2

Fig .1, A non-trivial zero sum weighting for a
graph G
Tree Graph and n-ary Tree
Acyclic graph is one that contains no circuit. A
connected cyclic graph is called a tree. The trees on
six vertices are shown in figure (2) Acyclic graph is
usually called forests .

Fig .2, The tree on six vertices
Notice that in a tree, any two vertices are connected
by exactly one path, morever, if the tree is non trivial,
it must contain a vertex of degree exactly one, such a
vertex is Called a leaf of the Tree [2]
Definition 2.1
[8] Spanning trees :
A sub tree of a graph is a sub graph which is a tree. If
this tree is a spanning sub graph (contains all the
vertices of the graph), is called a spanning tree.
Figure (3) shows a decomposition of the wheel W4 in
to two spanning trees .

Fig .3,Two spanning trees of the wheel W,
T, and T, are two Trees of 5 vertices and they are
spanning trees of wheel W, (of 5 vertices) .
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If a graph G has a spanning tree T, then G is
connected because any two vertices of G are
connected by a path in T.

Definition 2.2

n-ary tree Ty,, : A full n-ary tree has a special
vertex in the tree called the root (vy). The root has
edges adjacent to other vertices called its children
(branches). The children of the root are said to be on
level 1, if we have h levels, then for O<i<h, each
vertex on level i has children of its own which are on
level i+1. i.e Ty,, denote The n ary Tree where h is
the number of levels(the radius of the Tree) and a is
the number of ary (the number of edges adjacent with
each vertex in the level h) while n is the number leafs
(end vertices) adjacent with the internal vertices in
the last level .

The vertex on the last level, h, has no children
(breaches) and is called leafs (end vertices). The
vertices that are not leafs are said to be internal
vertices. The root counts as an internal vertex. In
figure (4) the root (vp) is vertex 1 and n=2(binary
ary), and the internal vertices are vertices 1 through 7
and the leafs are vertices 8 through 15. When as in
our example, the tree is called a binary tree, so figure
(4) is a full binary tree with 3 levels. This tree has 8
leafs .

Fig .4, A full binary tree with 3 levels
The tree T;,, in figure(4) denotes the tree on level 3
an ary 2 with 8 leaves(end vertices) and 15 vertices.
Line tree graph and line n-ary tree
Generalized line graphs, represent the graph. Class of
graphs with several remarkable spectral properties .
Recall first that their least eigenvalue is greater than
or equal to -2. It is worth mentioning that 0 or -1 can
be in many instances, the eigenvalue of these graphs.
One reason for these phenomena is the presence of
the so called duplicate vertices (vertices with the
same neighbors) . It is also note worthy that the
number (0 and 1) as the eigenvalues of graphs have a
special role in spectral graph theory. [7] and [8] .
In addition, graphs having 0 as an eigenvalues, i.e
singular graphs are significant in mathematical
chemistry. [8]
Definition 3.1
The line graph L(G) of a graph G is a graph that has
a vertex for every edge of G, and two vertices of L(G)
are adjacent if and only if they correspond to two
edge of G with a common end vertex.
Example 3.2
For the cube graph Qs shown in figure (5), construct
a line graph L(Q3) as in figure (6) .
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8

Fig-6- The Line graph L(Q;)
Notice that the number of vertices in the line graph is
equal to the number of edges in the cube. Vertex 1 in
the line graph corresponds to the edge 1 in the cube
graph and vertex 2 in the line graph correspond the
edge 2 and so no.
Note 1: since need a non-empty set of vertices for a
graph, the line graph of null graph is undefined .
Note 2: if graph G, and G, are isomorphic then L(G;)
and L(G;) are isomorphic. However the converse is
not true.
Singularity of n-ary tree
Singular graphs and tree graphs or topics closely
related to them were investigated in a number of
mathematical papers [9], [11]. The nullity of graph is
important in chemistry, because §(G)=0 is necessary
(but not sufficient) condition for a so called
conjugated molecule to be chemically stable, where G
is the graph representing the carbon-atom skeleton of
this molecule, for details see[2] and[14] .
If T is a tree, then &(I)is equal to the number of
vertices of T, not belonging to perfect matching (the
set of all independent edges contains all the vertices
of the graph) .
Lemma 4.1
If T, is an n-vertex tree and (m) is the set of its
maximal matching, then its singularity is §(T)=n-2m
[14].
From lemma 4.1 we see that the unique n-vertex tree
with greatest nullity is the star, because this is the
unique tree in which no two edges are independent
thus m(Sy,)=1 and (S ,)=n-2 .

It is also see that if n is even, then all n-vertex tree
possessing a perfect matching (i.e a matching of size
n/2) have singularity zero. If n is odd, then the
minimal value of the singularity is one, achieved by
all n-vertex trees for which m=(n-1)/2 .
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In this paper determining the greatest singularity
among n-vertex tree and n-ary tree by using a new
technique used in papers, [6] ,[11], and [13].
Theorem 4.2

The singularity of n-ary tree with one level and n
leafs T, , equal to n-1.

Proof

since n-ary tree with one level is isomorphic to the
star graph, tree with n vertices as shown in figure
(7).Labeled the root vertex by v, and the other n
vertices by v,,va,vs,....,vh. By using the new
technique of zero sum weighting the weights of the
vertices are of the form x;,x5,....,x, for n leafs and
zero for the root vertex .

Vo

/ Vo
Fa
T s xn;XIaxl -

- .

X3
Fig .7, The zero sum weighting of n-ary tree with
one level
To get the zero-sum weighting Z Fiw;)=0 We have
weN(v)

X +Xx3 4. 4%, =0 = x, =-x -X3 —...— X,_1 , S0 the high
zero sum weighting exist and uses exactly n-1 non-
zero independent distinct variables, i.e. M(T) ,)=n-
l,implies that this tree graph is singular,and
8(Tyn)=n-2.
Theorem 4.3
Singularity of binary-ary tree with 2-level and n leafs
denoted by T, , equal to 2n-11i.e 8(7y,,)=2n-1.

.‘wn

g *
i AR TS

x W

x

W)
w o
Y'!

Fig .8,The zero sum weighting of binary-ary tree
with level 2 and n leafs

XK= .5 Kg | K

Proof

The graph (T,,,) which shown in figure(8), v, is the
root and v;,v, the second level vertices of Taa,
where the leafs adjacent with each vertex v,and v,
are u;,Up,...,u; and w;,wa,...,w, respectively, then the
weighting of the vertices has the form
fvo)=x, f()=f(vp)=0and f(w)=x; Vi=12..n

Swj)=y; Y=12..n.
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Then to obtain the zero-sum weighting for the grap!

Ta2n, Z S(w;)=0 must have x+x;+x+...... +X, =
w,eN(v,)
0 and x+ y,+y,+...... +yn =0 = X, = -X;-X2-.. ... Xp-X

¥a = <Y1-¥2" .. Yn1-X -
That the zero sum weighting exist and uses exactly n-
14+n-1+1 =2n-1 none zero independent variables,
which implies that the graph (T,,,) is singular, and
8(Ty.,)=2n-1.

Proposition 4.4

If the number of leafs adjacent with v, and v,, in the
binary-ary tree of level two of the Tree given in Th.
4.3 are deferent, n and m then
8(Ty2 »)=n+m-1.Where n and m are the number of

vertices adjacent with v, and v, respectively.
Proof: The proof is similar than the proof of the
theorem before but the variables used in a high zero-

sum weighting are x,= -X;-Xp-...... “Xp.-X and y,= -
Y1-¥2-.....-¥m1-X,the  total none zero distinct
independent  variables are exactly n-l1+m-

1+1=n+m+1.

If the root vertex vy has 3-branches, then the tree
graph is called 3-ary T;,, means that the tree of
three branches, 2 levels such that each vertex in level
2 adjacent with n leafs as shown in figure (9) .
Proposition 4.5
The singularity of 3-ary(3 branch), 2 level with n
leafs (end vertices) tree (T5,) equal to 3n-2 .

Vo

Fig .9, 3-ary, 2 level tree with n leafs T;,,

Proof

To find the singularity of this tree, given the weights
of the vertices of this type of ary tree graph as shown
in figure (10) .The root has weight (x) and the
weights of vertices of the level two by zero. And the
weights of the other end vertices (leafs) be of the
form X, Xo0,....0Xn Y1200 ¥ns  and  Z3,75,.....,7,
respectively. Then to get the zero-sum weighting
must have  x;+xXo+.... X, tx=0 y,+yt....ty,x=0
Zy+Zpt.....+2Z,+x=0 Then x,=-X;-Xp-....-Xp.1-X Yo=-Y1-
Yoroooim¥na-X Zn7-Zy~Zp-....7Zp =X
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Fig .10, The zero sum weighting of Ts,,
The only non zero independent variables are used to
get the high zero sum weighting are (n-1)+(n-1)+(n-
1)+1=3n-2, so (15, ,)=3n-2.

Corollary 4.6

If the number of end vertices (leafs) of each vertex in
3-ary, level two in (T;,,) are n, m, p respectively ,
then 6(I3; ,)=n+m+p-2.

Proof

Since the number of leafs(end vertices) are different
in second level, then the weights are used for the
vertices is of the form: x,Xs,......Xn, ¥1,¥25+----¥m» and
Z1,Z,....Z,, Tespectively, and to get a non zero sum
weighting, Xp=X+Xot. . ...t X X, Y=
yityote A Ymatx, and zp =z;+z+....tz,,  implies
that the singularity is n-1+m-1+p-1+1= n+m+p-2
level tree

Is a tree in which the root vertex v, has n-ray, may be
incident with n vertices vy,va,....,V,, these vertices
refers to level 2 of this type of tree, which are
duplicate and each vertex v;, i=1,2,....,n in level two
are adjacent to an other set of vertices determine the
third level, where they duplicated too, and ending
with the end vertices called leafs. The 2-ary, 3-levels
and 3 leafs tree graph denoted by T35 shown as an
example in figure (11) .

level 1

Fig.11,Binary ary 3-level tree of 19 vertices
Theorem 4.7
The singularity of binary-ary Tree with three levels
(T»3,) and n leafs is equal to (4n-3)
Proof
The n ary tree graph (T,3,) is shown in figure (12) .
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Fig.12, Ty3.
The root vertex v has zero weights while the two
adjacent vertices with v, in level 2, v;andv; has the
weights x , -x , and the duplicate vertices in level 3,
v3,V4,Vs and vg also must have the zero weights , but
the weights of end vertices of each vertex in level 3
as follow X;,X2,...,Xn » ¥1.¥25-++s¥n s Z15Z25+2Zn »
Wi,Wa,....W, for v3,v4,vs and vg respectively to get
zero sum weighting for this tree Zf(v,) =0.

v,eN(w;)

we must have
Xn=-X-X1=X2-. ... Xn.1
Yo=-X-Y1-¥2=-+--Yn1
Zy=X-Z)"Z3 o Zi
Wp==X-Wi=Wa-.....-Wp_)
Then the number of non-zero distinct independent
variable used is exactly 4(n-1)+1=4n-3 SO
8(Iy3,)=4n-3 where n is the number of leafs

adjacent with the vertices in last level of the graph
tree .

Proposition 4.8

The singularity of ternary ary tree with 3 level and n
leaf T4 3, are equal to 9n-7.

L.e. 8(T33,)=9-17.

Proof

The prove is obvious see figure (13), the vertices in
level 2 vy,v,,v; takes the weights x )y , -x-y
respectively .

K
38

R S F R
¥

W
wi
2L X
-1.‘1-\!"-...-“- |-€I )

Fig .13, the zero sum weighting of (T53,)
Now the zero sum weighting of the vertex v, and the
others are similar with small different, for v, uses
3(n-1)+1 non zero independent variables and in v,
3(n-1)+1 (y instate of x) but in v; .
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we have 3(n-1), since in last weights we have -w,-w,-
-..-WpTX+y to get zero sum weights but x and y are
repeated then 8(733,) = n—1)+1+Xn-1)+1+3n-1)= 9n-7

Full n-ary tree

Full n-ary tree is in which each vertices in any level
are duplicate i.e. if the root is adjacent with 3 or 4
vertices the other vertices must be adjacent to 3 or 4
vertices respectively till the leafs .

[Internet] and the degree of each vertices in the levels
are equal except the root vertex v, of the degree n and
the leafs of degree one i.e. each vertex from the root
to the last level adjacent with exactly n vertices (has n
branches) The figure (14) shows the full ternary tree
with level 3.

Fig .14, A full ternary tree with 3 levels
Theorem 5.1
The singularity of full n- ary of level two T,z is
equal n(n-1) +1. Where n is the number of ary and
equal the number of leafs (end vertices) adjacent with
each vertices in the second level .

Fig (15) the full n-ary tree with level 2,T,,,
Proof
the deem idea is that the weights of the root vq is (x)
and the weights of the other vertices (v;, vz,
' ,vy) adjacent with v, in the level 2 are zero,

7 W-in- witerd the way for giving weights to the leafs adjacent

with vi, i=1, 2, 3...., n is shown in figure (15).the
vertices in leafs, takes (n-1) non zero distinct
independent variables for each vertex vi, i=1,2,3,
..., in a high sum weighting So &(T,,,) = n(n-1)
+1=n’n+l.

Theorem 5.2

The singularity of full n-ary Tree (T,3,) with level 3
is n’(n-1)+(n-1). Where n is the number of leafs
adjacent to each vertex in level 3.
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vp 0

Vixy

yiu

~
-

Yi=Y2-...=¥al

Fig .16, full n-ray with level 3
Proof
The base idea For giving weighting of this Tree (full
ary with level three) is that the weight of the first
vertex (root) vy is zero, and the adjacent vertices with
vp are( vy, Va, ....,Vy) in level two takes n-1 variables
of weights. While each vertex vi, i= 1, 2, 3, ....,n are
adjacent with exactly n other vertices v'j, v', ..
with weights zero. In the level three each vertex v'j,j=
1, 2, ....,n are of adjacent with exactly n another
vertices which is used n-1 non zero distinct variables.
Then the total number of non zero independent
variables used to get the zero- sum weighting of this
Tree(Tn,3,n) is n(n-1) +n(n-1)+........+n(n-1) ,n times
(n-1) H(n-1) ,which is equal to n[n(n-1)]+ (n-1).
Then &(T,3.)=n’(n-1) +(n-1) =n’~(n*-n+1).
Proposition 5.3
The singularity of n-ary with n level is so difficult
and depend on the number of end vertices (leafs) of
Tree Typa
Singularity of Line n-ary Tree Graph
First observe that the singularity of line tree may
assume any positive integer value. A trivial example
for this is L(K;), whose singularity is one and L(pK;),
whose singularity is p. See figure (17) .

1
R

1 o—e
. e—e
3 &—e 1 2 3
@ e o -
d o—c
L(pK,
PK>

Fig. 17, The Line Tree with maximum singularity
With the line graph of other trees and especially with
line n-ary tree the situation is different.

Theorem 6.1

If T is a tree of n vertices, then L(T) is either non
singular or has singularity one. [10] .

Example 6.2

For path Pn (special case of tree), §(L(7,,))=0; if nis

odd value §(L(T,)) =1 ; if n is even value .

In general the singularity of line tree graph is founded
in the theorem below :
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Theorem 6.3
If T is a tree, then the singularity of line tree L(T) is
at most one.[14]

=X-...=X4y generalized line graph can be viewed as the line

graph of special type of n-ary tree with different
levels. In general the line graph of n-ary tree its so
special new graph consist of complete graph K, or
copies of K, of different order depending on the
number n in n- ary tree, on the levels and the number
of leafs, end vertices of the n-ary tree. And these
copies in the connected line n-ary tree graph are
identifying in an edge or introduccing by a vertex.
And at most those new line graphs are none singular
which is proved in the following theorems.

We will give the results and the theorems in this
section to discuss the singularity of line n-ary tree
Than

Theorem 6.4

The line n-ary tree with one level and n leafs T, is
none singular . To prove this theorem we have to
show that the L(T, ,) is complete graph of n vertices
in the example below.

Example 6.5

Let T, 5 be the 5-ary tree in level one with five leafs,
then T,s is complete graph Ks as shown in figure

(18).

v
v
2 3
- V
V3 Vi 3
Fig .18, T, sand L(T;s)
Proof

Since the line n-ary tree L(T, ) is complete graph Kn,
which is non singular because not possess the zero
sum weighting, then L(T,,) in none singular.
S(L(Ty ,)=0.

Theorem 6.6

The line binary - ary tree in level 2 is none singular.
8(L(T22, N=0.

Proof
The line tree L(73,,)is a new graph constructed by

introducing two complete graphs K, by an edge
depends on the duplicate vertices in the second level
and end vertices (leafs) n. That is L(T,,, )= Kyu:

K.+ for n=1,2,3, , shows in figure (19), but K,
is not posses the zero sum weighting means it is non
singular and has (-1) as an eigenvalue n+1 times in
its spectra, then the introducing two copies of this
graph K1, by an edge not causes the singularity.
Theorem 6.7

The singularity of Line ternary ary tree with 2-level
and n leafs L(Ts,,) is zero.
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Proof: The idea of the proof is that the construction
of line ternary-ary 2-level T;,, is representation of
introducing copies of K,.; each to others by an edge.
And it's not posses the zero sum weighting. That is
the uses of any number of variables as a weights to
apply Z fvy)y=0for getting the high zero sum
v,eN(w;)
weighting, all variables must be zero, then its non
singular . As seen in the Example below where the
order of the complete graph depend on the n (the
number of leafs adjacent to each internal vertex in the
second level).
In general the line Tree graph of the form L(Tn,3,n)
represents identifying copies of complete graphs each
to others by an edge or an interlacing in a vertex to
construct new form which have the role of none
singularity.
Conclusion
1) The singularity of n-ary tree is changed (increased)
directly with the number of branches in each level of
the tree and depends on the number of leafs .
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and they are non-singular .
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Fig .20,The line graph of ternary ary level 2and 3
leafs
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