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Abstract : The purpose of this paper is to prove the following result : Let R be a 2-
torsion free ring and T : R—R an additive mapping such that 2T(x?) = T(x)B(x) +
0(x)T(x) holds for all x € R. . In this case T is left and right 6-centralizer , if one of
the following statements hold (i) R semiprime ring has a commutator which is not a
zero divisor . (i) R is a non commutative prime ring . (iii) R is a commutative
semiprime ring , where 0 be surjective endomorphism of R
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1- Introduction : This research has been motivated by the work of Bresar [2] , Zalar
[6] and we [7] . Throughout, R will represent an associative ring with the center Z(R).
As usual we write [X, y] for xy - yx and use basic commutator [xy, z] = [X, z]y + x[y,
z], X, y, z € R. Recall that R is prime if aRb = (0) implies a = 0 or b = 0, and is
semiprime if aRa = (0) implies a = 0. An additive mapping D : R — R is called a
derivation if D(xy) = D(x)y + xD(y) holds for all pairs x, y € R and is called Jordan
derivation in case D(xz) = D(x)x+xD(x) is fulfilled for all x € R. A derivation D is
inner if there exists a € R such that D(x) = [a,x] holds for all x € R. A classical result
of Herstein [4] states that in case R is a prime ring of characteristic different from
two, then every Jordan derivation is a derivation. A brief proof of Herstein's result can
be found in [1]. Cusak [3] has generalized Herstein's result on 2-torsion free
semiprime rings (see also [2] for an alternative proof). An additive mapping T : R —
R is called a left (right) centralizer in case T(xy) = T(x)y (T(xy) = xT (y)) holds for all
pairs X, y € R. An additive mapping T : R — R is called a left (right) 0-centralizer in
case T(xy) = T(x)0(y) (T(xy) = 6(x)T(y)) holds for all pairs x, y € R.

In case R has an identity element T : R — R is a left (right) centralizer iff T is
of the form T(x) = ax (T(x) = xa) for some fixed element a € R. An additive mapping
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T : R — R is called a left (right) Jordan centralizer in case T(x2) = T(x)x (T(x2) =xT
(x)) is fulfilled for all x € R. Following ideas from [2], Zalar has proved in [6] that
any left (right) Jordan centralizer on a 2-torsion free semiprime ring is a left (right)
centralizer. Some results concerning centralizers in prime and semiprime rings can be
found in [5] and [8].

An additive mapping T : R — R is a left (right) 0-centralizer iff T is of the
form T(x) = aB(x)) (T(x) = 6(x)a) for some fixed element a € R. An additive mapping
T: R—R is called a left (right) Jordan 0-centralizer in case T(xz) = TX)0(x) (T(xz) =
0(x)T(x)) is fulfilled for all x € R. In [7] that any left (right) Jordan 6-centralizer on a
2-torsion free semiprime ring is a left (right) 6-centralizer.

If the mapping T : R =R, where R is an arbitrary ring, is both left and right
Jordan centralizer, then obviously T satisfies the relation 2T(x2) =Tx)x + xT(x), x €
R, in [9] J. Vukman prove the converse when R is 2- torsion free semiprime ring . In
this paper we generalize this result to 0-centralizer .

The Results
Theorem 1
Let R be a 2-torsion free semiprime ring and let T : R — R be such an additive
mapping that 2T(x2) = T(x)0(x) + 8(x)T(x) holds for all x € R. then T is left and right
Jordan O-centralizer, where 6 be a surjective endomorphism of R
Proof :
2T(x%) = Tx)0(x) + 0(x)T(x), x € R, (1)

We intend to prove that T is commuting on R. In other words, it is our aim to prove
that
[T(x), 6(x)] =0 2)

holds for all x € R. In order to achieve this goal we shall first prove a weaker result
that T satisfies the relation
[T(x), 8(x*)] =0, x €R 3)

Since the above relation can be written in the form [T(x),0(x)]0(x)+0(x)[T(x),0(x)]=
0, it is obvious that T satisfies the relation (3) in case T is commuting on R.
Putting in the relation (1) x + y for x one obtains

2T(xy + yx) = T(x)6(y) + 8(x)T(y) + T(y)0(x) + 8(y)T(x), X,y € R “4)
Our next step is to prove the relation
8T(xyx) = T()(B(xy) + 30(yx)) + (B(yx) + 38(xy)T(x) + 26()T(y) B(x) - B)T(y) -
T(y) 6(x). x.ye R (5)
For this purpose we put in the relation (4) 2(xy + yx) for y. Then using (4) we obtain
AT(x(xy+yx)+(xy +yx)x) = 2T(x) 0(xy+yx)+20(x) T(xy+yx)+2T(xy+yx)0(x)
+ 20(xy + yx)T(x) = 2T(x)0(xy + yx) + O(x)T(x)0(y) + 9(x2)T(y) + 0(x)T(y)0(x)
+ 0(xy)T(x) + T(x)0(yx) + 0(x)T(y)x + T(y) 0(x%) + 0(y)T(x) 0(x) + 20(xy + yx)T(x):

Thus we have
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AT(x(xy+yx) + (xy+yx)x) = T(x)0(2xy+3yx) +0(3xy+2yx)T(x) + O0(X)T(x)0(y) +
B(T()O(x) + 20()T(y)B(x) + 6(x*)T(y) + T(y) B(x*), X,y € R (6)
On the other hand, using (4) and (1) we obtain
AT(X(Xy+yXx) + (Xy+yX)X) = 4T(x2y+yX2) + 8T(xyx) = 2T(x2)9(y) + 29(x2)T(y) +
2T(y)B(x%) + 26(y)T(x*) + 8T(xyx) = T(x)B(xy) + B)T(x)B(y) + 26(x*)T(y)
+ 2T(y)6(x2) + 0(y)T(x)0(x) + O(yx)T(x) + 8T(xyx)
We have therefore
AT(x(xy+yx)+(xy+yx)x) = T(x)0(xy)+0(yx)T(x)+6(x)T(x)0(y)+ 8(y) T(x)6(x)+
20(x)T(y) + 2T(y)B(x?) + 8T(xyx), X, y € R (7
By comparing (6) with (7) we arrive at (5). Let us prove the relation
T(x)0(xyx - 2yx2 - 2x2y) + O(xyx - 2x2y - 2yx2)T(x) + 0(x)T(x)0(xy + yx) +
B(xy + yx)T(x)0(x) + 0(x)T(x)0(y) + O(Y)T(x)0(x) =0 ,x,ye R (8)
Putting in (4) 8xyx for y and using (5) we obtain
16T(X2yX+XYX2):8T(X)9(XyX)+8e(X)T(X}IX)+8T(XyX)9(X)+89(XyX)T(X):8T(X)9(ny)
+O(x)T(X)O(xy+3yx)+O(xyx+3x7y) T(x)+20(x*) T(y)B(x)-0(x*)T(y)-0(x)T(y)O(x*)+
T(x)0(xyx+3yx?) + B(yx+3xy)T(x)0(x) + 20(x)T(y)0(x*) - O(x*)T(y)8(x) - T(y)B(x>)
+ 80(xyx)T(x)
We have therefore
16T(x*yx + xyx?) =T(x)0(9xyx + 3yx?) +0(9xyx + 3x°y)T(x)+ O(x)T(x)O(xy +3yx) +
B(yx + 3xy)T(x)B(X) + 6 T(y)B(x) + B)T(y)B(X?) - T(y)B(X’) —
80)T(y) x,ye R ©)

On the other hand, we obtain first using(5) and then after collecting some terms
using(4)
16T(x*yx+xyx?) = 16T(x(xy)x) + 16T(x(yx)x) = 2TX)O(X’y+3xyx) +

20(xyx+3x°y)T(x) + 40(x)T(xy)0(x) - 20(x)T(xy) - 2T(xy)B(x>) + 2T(X)B(xyx +3yx°)
+ 20(yx™3xyx)T(x) + 40x)T(yx)B(x) - 20xHT(yx) - 2T(yx)B(x}) =
T(x)6(2xzy+6yx2+8xyx) + 9(8xyx+2yx2+6xzy)T(x) +  40(x)T(xy+yx)0(x)
26(X2)T(Xy+yx) - 2T(xy+yx)9(x2) = T(X)9(2x2y+6yxz+8xyx) +9(8xyx+2yx2+
6x°Y)T(x) + 20(x)T(x)B(yx) + 20(x)T(Y)0(x) + 20(x)T(y)0(x>) + 26(xy)T(x)0(x) -
8(x2)T(x)B(y) - 8(x3)T(y) - B(x*)T(Y)B(x) - O(x’Y)T(x) - T(x)O(yx*) - B(x)T(Y)O(x?) -
T(y)O(x’) -8(y) T(x)B(x*)

We have therefore
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16T(x2yx + nyz) = T(x) 9(2x2y + Syx2 + 8xyx) + 9(2yx2+5x2y+8xyx)T(x) +
2000TX)B(yx) + 20(xy)TX)B) + B(AT()BX) +(x)T(y)O(x*)-8(x*)T(x)B(y)-
B(y)T(x)B(x*)-8(x*)T(y)-T(y)(x’) x,yeR (10)
By comparing (9) with (10) we obtain (8).

Replacing in (8) y by yx we obtain

T(x) E)(xyx2 - 2yx3 - 2X2yx) + E)(xyx2 - 2x2yx —2yx3)T(x) + 9(x)T(x)6(xyx+yx2) +
B(xyx+yx?) T(x) 8(x) + 0(x%) T(x) 8(yx) + 8(yx) T(x) 6x*) =0  x,ye R (11)
Right multiplication of (11) by 0(x) gives

T(x)e(xyxz—Zyx3—2x2yx) + e(XYX—ZXZy—ZyXZ)T(X)e(X) + 9(x)T(x)6(xyx+yx2) +
B(xy+yx)T(x)8(x%) + 8(x*)T(x)8(yx) + B(y) T(x)8(x’) = 0 x,ye R (12)
Subtracting (12) from (11) we obtain

0(xy)[0(0). (] + 26(x’y)[T(x).8(x)] + 28(yx")T(x).00] + O(xy)[B(x).T(X)] +
B(yx)[0(x), T(x)10(x) + B(y)[O(x),T(x)18(x*) = 0, X,yeR
Which reduces after collecting the first and the fourth term together to
0(xy)[B(x?).T(X)] + 20(’Y[Tx).8(x)] + 26(yx)[T(x).8(0)] + O(y)[B(x).T(X)] +
B(I6(x).T(x)16(x) =0,  x,yeR (13)
Substituting T(x) O(y) for B(y) in the above relation gives

BCTBWIOC),TX)] + 20(ATEBWITX),0()] + 2T()O(yx)[T(x),0(x)] +
T(x)B(yx)[6(x), T()16(x) + T(x)B(y)[0(x), T(x)10(x*) = 0 X,yeR (14)
Left multiplication of (13) by T(x) leads to

Tx) BGyBCE)T®] + 2TEOENITH).8(x)] + 2TEBYX)T.O(X)] +

T)B(yx)[0(x), T(x)]0(x) + T(x)0(y)[0(x).T(x)]8(x*) = 0 X,yeR (15)
Subtracting (15) from (14) we arrive at

[T(x).0()18(YIT(x),0(x*)] - 2[T(x),0(x*)18(y)[T(x),6(x)] =0, X,yeR
We set

a=[T).8(0]  b=[T®).6xI],  c=-2[T(x).6(x)]
Then the above relation becomes
al(y)b + cB(y)a=0,y € R: (16)
Putting in (19) 6(y)ab(z) for 6(y) we obtain
a0(y)ab(z)b + cO(y)ab(z)a=0,z,y € R (17)
Left multiplication of (16) by ay gives
a0(y)ab(z)b + ab(y)cO(z)a=0,z,y € R (18)
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Subtracting (18) from (17) we obtain

(aB(y)c - cO(y)a) 8(z)a=0,z,ye R (19)
Let in (19) 6(z) be 6(z)cO(y) we obtain
(aB(y)c - cO(y)a) 0(z)cOB(y)a=0,z,y e R (20)

Right multiplication of (19) by 0(y)c gives

(aB(y)c - cB(y)a) 6(z)ab(y) =0,z,y € R (21)
Subtracting(20) from(21) we obtain (aB(y)c-cO(y)a)0(z)(ab(y)c-cO(y)a) = 0, z,yeR,
whence it follows

aB(y)c=cO(y)a , yeR (22)
Combining (16) with (22) we arrive at

al(y)(b+c¢)=0, ye R
In other words

[T(x).6018(MIT(x).6(x)] =0, x,yeR (23)
From the above relation one obtains easily
(T(x),6(x)] 6(x) + B(x) [T(x),8()]) BYIT(x), B(x)] =0, %,y € R
We have therefore
[T).06)IBMIT(X).6(x) =0, x,ye R

which implies

[T(x),0(x)]=0, xeR (24)
Substitution x + y for x in (24) gives

[T(x).8(y")] + [T(y),60)] + [T(x),8(xy+yx)] + [T(y),0(xy+yx)] =0, x, y € R

Putting in the above relation -x for x and comparing the relation so obtained with the
above relation we obtain, since we have assumed that R is 2-torsion free
[T(x).0(xy + yx)] + [T(y).0(x*)] =0, x,ye R (25)

Putting in the above relation 2(xy+yx) for y we obtain according to (4) and (24)
0 =2[T(x) , 8(x’y + yx* + 2xyx)] + [T(x)B(y) + B()T(y) + T(y)O(x) + 6(y)T(x) , 6(x")]
=2 0(x%) [T(x) , B(y)] + 2 [T(x) , 6(y)] B(x*) + 4 [T(x) , B(xyx)] + T(x) [6(y).0(x*)] +
BC)[T(y).0(x)] + [T(y).0(x*)]10(x) + [6(y).0(x*)IT(x)
Thus we have
20(x*)[T(x).0(y)] + 2[T(x).0(y)10(x*) + 4[T(x).8(xyx)] + T(x)[6(y),0(x>)] +
[6(y).0GH)]T(x) + B()[T(y).0x*)] + [T(y).0(x)]10(x) =0 , x,ye R (26)
For y = x the above relation reduces to

8T (x),0(x)] + [T(x),0(x)18(x*) + 2[T(x),08(xx*)] = 0,
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which gives

0(x)[T(x),0(x)] + 3[T(x),0(x)]6(x}) =0, x e R
According to the relation [T(x) , 0(x)] 0(x) + 0(x) [T(x) , 8(x)] = 0 (see (24)) one can
replace in the above relation 9(x2) [T(x), 8(x)] by [T(x) , 6(x)] 9(x2), which gives

[T(x), 0(x)] 8(x)=0,x € R (27)
and

0(x) [T(x),0(x)] =0, x e R (28)
We have also

0x) [T(x),0(x)]08(x)=0,xe R (29)

Because of (25) one can replace in (26) [T(y),0(x%)] by -[T(x),0(xy+yx)], which gives
0 = 26(x)[T(x).8(] + 2[T(x).6(IO(") + 4[T(x).0(xyx)] + T)[B(y),0(x*)]
[B(y).6C6)ITX) - BEOITE).8(xy+y)] - [T(x),0(xy+yx)16(x)
2000)[TX).0(0]  +  2ATELOEIOK)  +  4[T(x).0x)10(yx)  +
40(0)[T(x).8()]8(x) + 48(xy)[T(x).0(x)] + T()[B(y).8(x*)] + [6(y).0(x*)T(x)
- B(0)[T(x).8(x)160(y) - 6(x*)[T(x).0(y)] - 6(x)[T(x).8(y)]0(x) - B(xy)[T(x).0(x)]
- [T(x).8(x)10(yx) - 0(x)[T(x).0(y)10(x) - [T(x).8(y)]8(x") - B(y)[T(x),8(x)]0(x)
We have therefore
0CA)TX).O(] + [Tx).6(I6GY) + 3[T(x).0()18(yx) + 6(3xy)[T(x).0(x)] +
20()[T(x).80(0)18(x)+ TE[B(Y).0x)]+ [0(y).0GHITx) + B[T(x).0(x)10(y) -
8(YIT(x),0(x)]160(x) = 0, X,yeR (30)

+

The substitution yx for y gives

0 = 6CA[T(x),8(yx)] + [T(x),0(yx)10(x*) + 3[T(x),8(x)10(yx") + 30(xyx)[T(x),0(x)] +
20(x)[T(x),8(yx)18(x) + T(x)[B(yx),0(x")] + [B(yx),8(x )] T(x) + B)[T(X),8(x)10(yx) -
B(yX)[T(x).0()] B(x) = 6(x*)[T(x).0(y)10(x) + BEY)[T(x).0(x)] + [T(x).0(y)10(x’) +
B(YIT(x),0()18(x*)+ 3[T(x),0()18(yx") + 30(xyx)[T(x),0(x)] + 26()[T(x).8(y)16(x")
+20(xy) [T(x) , 8(x)] B(x) + T(x) [6(y) , 8(x*)] B(x) + [6(y) . 8(x*)] B(x) T(x) + O(x)
[T(x) , 6(x)] B(yx) - 6(yx) [T(x) , 6(x)] B(x)

which reduces because of (27) and (29) to

0CATX).0(IO)+ OC*Y)[TX).0(xX)]+ [TX).0(yIOD) + 3[T(x).0(x)10(yx>) +
30(xyx) [T(x) , B(x)] + 26(x) [T(x) , 6(y)] 6(x*) + 20(xy) [T(x) , 6(x)] O(x) +
TX)[6(y).8(x*)10(x) + [B(y),0(x)]O)T(x) + 8(x)[T(x).0(x)]6(yx) =0, x,yeR (31)
Right multiplication of (30) by 0(x) gives
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0(x*) [T(x) , 8(¥)] B(x) + [T(x) , 6(y)] B(x)) + 3 [T(x) , Bx)] B(yx") + B(3xy) [T(x) ,
8] B(x) +26(x) [T(x) , B(y)] B(x%) + T(x) [B(y) , B(x*)] B(x) + [6(y).0(x*)] T(x) O(x)
+0(x) [T(x), B(x)] B(yx) =0, x,ye¢ R 32)
Subtracting (32) from (31) we obtain

By T(x).0(x)] + 30(xy)[0(x).[T(x).0(x)]] + 26(xy)[ T(x),8(x)18(x) + [6(y).0(x*)]

[6(x),T(x)] =0,
which reduces because of (28) to
20(x’y)[T(x).8(x)] + 30(xyx)[T(x).0(x)] - B(xy)[T(x),0(x)]6(x) =0, x, y € R
Replacing in the above relation -[T(x),0(x)]0(x) by 0(x)[T(x),0(x)] we obtain
9(x2y)[T(x),9(x)] + 20(xyx)[T(x),x] =0, X,y€ R

Because of (24), (27), (28) and (29) the relation (13) reduces to 6(x”y)[T(x),8(x)] = 0,
X, Y € R, which gives together with the relation above 0(xyx)[T(x),0(x)] =0, x,y € R,
whence it follows

(x)[T(x),6(x)10(yx)[T(x).0(x)] =0, x,y € R

Thus we have
0(x) [T(x), 0(x)]=0,xe R (33)
Of course we have also
[T(x),0(x)] 6(x)=0,x € R (34)
From (33) one obtains (see the proof of (25))
0(y) [T(x), 8(x)] + 6(x) [T(x) , B(y)] + 8(x) [T(y) , 6(x)] =0, X,y € R:
Left multiplication of the above relation by [T(x) , 0(x)] gives because of (34)
[T(x), 8()] 8(y) [T(x), 8(x)] =0, x,y € R,
whence it follows
[Tx),0(x)]=0,xe R 35)
Combining (35) with (1) we obtain
T(x*) = T(x) 6(x), x € R
and also
T(x*) = 8(x) T(x), x € R,

which means that T is left and also right Jordan 0-centralizer.
The proof of the theorem is complete.
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Corollary 1
Let R be a 2-torsion free ring and let T : R — R be such an additive mapping

that 2T(X2) =T(x)0(x) + 6(x)T(x) holds for all x € R. In this case T is left and right 6-
centralizer , if one of the following statements hold

) R semiprime ring has a commutator which is not a zero divisor .

(i1) R is a non commutative prime ring .

(iii)) R is a commutative semiprime ring .

Where 6 be surjective endomorphism of R

Proof :

By Theorem 1 we get T is left and also right Jordan 0-centralizer.
By Theorem (1.3) in [7] we get T is both left and also right 8-centralizer.
The proof of the Corollary is complete.

Corollary 2

Let R be a 2-torsion free prime ring and let T : R — R be such an additive
mapping that 2T(x%) = T(x)0(x) + B(x)T(x) holds for all x € R. In this case T is left
and right 0-centralizer , where 0 be surjective endomorphism of R .

Corollary 3
Let R be a 2-torsion free ring and let T : R — R be such an additive mapping
that 2T(X2) = T(x)x + xT(x) holds for all x € R. In this case T is left and right
centralizer , if one of the following statements hold
1) R semiprime ring has a commutator which is not a zero divisor .
(i1) R is a non commutative prime ring .
(i11)) R is a commutative semiprime ring .

Corollary 4

Let R be a 2-torsion free prime ring and let T : R — R be such an additive
mapping that 2T(X2) = T(x)x + xT(x) holds for all x € R. In this case T is left and
right -centralizer
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