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This paper aims to study some properties of the three-parameter Lindley
distribution TPLD and the proposed new formula for the TPLD in
studying the life-time distribution, survival function, and hazard function.
We proposed a new formula for the TPLD by considering the new mixing
weights of the mixing function that were used in constructing the TPLD
and by replacing the mixing weights in the mixing equation to get a new
formula for the TPLD that is called the proposed three-parameter Lindley
distribution, and we denoted it by PTPLD. We study some properties of
PTPLD in the lifetime distribution. We use three methods of estimation,
the method of moments , the MLH method and Standard Bayesian
method, to estimate the parameters and the survival functions for the two
distributions (TPLD and PTPLD) and compare the survival functions
estimates for both distributions using the above three methods of
estimation, and we select the best estimate based on some criteria of
error. In addition, we used real data from the AL-Hussain Teaching
Hospital in Nasiriya City to estimate the survival time of infected patients
with COVID-19 using TPLD and PTPLD. It was concluded that the
proposed formula for the distribution is the best for all selected sample
sizes.
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1. Introduction

Survival analysis has become a very important statistical technique since the beginning of the
20th century; this theory is based on non-negative probability distribution (right-skewed) like
Weibull, Rayleigh, Lognormal distributions, etc. Because of the most phenomena in real life is a
mixture of distributions, so mixture distributions raised, that is a part of the population follows a
certain distribution and the other follows the mixed distributions such as t-Student, Laplace, Lomax
and Lindley distribution. The Lindley distribution was named by Adrian M. Lindley introduced it in
1958 in his paper titled “Fiducial distributions and Bayes' theorem" [1]. But real interest began in
2008, when Ghitany, Atieh and Nadarajah examined its properties and application [2], and this
distribution be developed as a generalized Lindley distribution Proposed by Zakerzadeh and Dolati
(2009)[3].Shanker and Mishra (2013a, 2013b) [4, 5] developed a two parameters Lindley
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distribution and studies a quasi-Lindley distribution, Lindley distribution with location parameters.
Three-parameter distribution was studied by Abd EI-Monsef (2015) [6]. Menezes and Chakraborty
(2018) with stand-in Lindley Kumar and Jose Sales (2019).Bayesian survival function estimation of
three-parameter Lindley distribution and its practical application was studied by Al-Abadi Karma
N. Hussein(2021) [7].In (2023) both (Mathil K. Thamer & Raoudha Zine) studied the properties of
Lindley distribution with three-parameters [8].Because emergence of the COVID-19 pandemic,
which spread rapidly across continents causing hundreds of millions of infections and thousands of
deaths within a short period. This led to fear and panic among human societies and hindered the
global economy, necessitating research, study, and interpretation to understand the behavior of this
pandemic. The purpose of this paper is to estimate the survival function for individuals infected
with the corona virus (COVID-19) by using Lindley distribution with three parameters (TPLD) and
proposing a new formula of (TPLD) distribution through suggesting different values of mixing
parameter. We studied some properties of (PTPLD) in the life time distribution. We use three
methods of estimation (moments, MLH, Bayes estimation) and compare between the results of
survival estimated for (TPLD) and (PTPLD) by using some criterions of errors for the various
studied distributions to get the better one. And finally, we applied real data from AL-Hussain
Teaching Hospital in Nasiriya City to estimate the survival time of infected patients with COVID-
19 using TPLD and PTPLD.

2. Theoretical Aspect
2.1 The Three-Parameter Lindley Distribution (TPLD) and Survival measures
The probability density function of the three-parameter Lindley distribution (TPLD)
introduced by Shanker et al. (2017) can be expressed as a mixture of two distributions exponential
distribution with parameter () and gamma distribution with parameters (2, n) with mixing
proportion: [9]

g 1
=40 1)
Using the mixing formula:
f&n,6,60) =Uf11) + (1 -U) f2(t) )
ferpupy (651,8,6) = ()@ + 06 )e ™™ 6,0,0 > 050G +6 >0 3)

n: scale parameter
(,0: shape parameters
The Cumulative distribution function is:

J+0+n0t, _
F(t .00 =1— [T 21e™ i4,1,0>0, n7+6>0 @)

The survival function S(t) is:

nd{+0+niot
S 1,6,0) = [E2EE] 60 > 0, ng+6 >0 )
And the hazard function is:
i _ n*@+et)
h(t, n,¢,0) = N ;6m,0 > 0, n{+60>0 (6)

The MTTF or mean time to failure for (TPLD) is defined as follows:

[T orme _ dnv20.
MTTF = [" S(tn,$,6) dt = == ’

Non-central and central moments of the TPLD
Non-central moments about zero can be defined as follows: [9]
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r'(n{+(r+1)6)

—_ r —
=E(T) == - r=1,2,...
So the variance of (TPLD) is defined as:
_N%3%+4n{6+267
var ()= M2 (15+)?

Now the r'" central moments is define as follows: [9]

b= Bl =0T = ) ()

U1 =0

’1?+47n0+262

M2 = 2 merey2

_ 2(23n3+67%n2%0+6{n6%+26%)
n3mi+0)3

_3(3¢*N*+24¢3130+447%1n%0+32{n63+86%)
4 Nt (n{+6)*

The measures of central tendency for TPLD
The mean, median, and mode for the TPLD are defined as follows: [9]

_ (mg+20)
mean = n(nd+6)
o [n8+0+4n0tmea] | —ntpmeq —
Median = [ 71 0) ]e med = (),5
0 —n¢
M0d6’= W;lgn|<9

zero, otherwise
The standard deviation (o)and coefficient of variation (C. V) as follows: [9]

_ NOPn? + 4006 + 262

- nm¢ + 6)

JIP? + 4{n6 + 262
(¢ + 26)

The Moment Generating Function for TPLD
It can be found according to the following formula: [9]

M, (t) = Xz <+9+k) (n)k

ng+6
2.2 Proposed Three-Parameter Lindley Distribution (PTPLD)
We suggest a new formula for the (TPLD) by the following assumptions:
1. The exponential distribution as follows:

fitn)=ne™ t>0

And gamma distribution as follows:
ft2,m) = n*te™ >0

C.V=

2. The mixing parameter is defined as follows:
_ _nge
o n{6+1

3. Assuming the mixing formula as follows:

f&n,6,60) =0 -Uf1(t) + Uf2(t)

(8)

©9)

(10)
(11)

(12)

(13)

(14)

(15)
(26)

(27)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

The proposed three-parameter Lindley distribution (PTPLD) can be shown as follows:
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feereLy (6,1,4,0) = ngﬂ) (1+n?et)e ™ ;t,1,0,0>0 (25)

¢, 0 : Shape parameters
n : Rate parameter

n _
————(1+ 2t e " dt=1 (26)
Oj s (L )
The cumulative distribution (c.d.f.) for the PTPLD
Fp=1- [1+ n2Z9t+n(9] e Nt (27)

(Ng8+1)
And the survival function S(t) for PTPLD is given by:
_ _ 1+ n2%70t+MI0 —nt. 28
S(tn,¢,0) = P(T >1t) = [—m(eﬂ) ]e St1,0 >0, n{+6>0 (28)

So, the hazard function can be shown as follows:

_ m+nilet _ (29)
h(tn,¢,0) = T+ 1220t + 20 ;t4,m,6 >0

The non-central moments about origin of (PTPLD) can be obtained as follows:

F oo ¢
i©, = fo . — (n§9+1) 1+ n Cet Ye Ntdt (30)

The first four non-central moments about the origin of PTPLD as follows:

_ 1+2n¢6

M= mee+ (32)
_ 2(1+3n26)

2 = e+ (33)
_ 6(1+416)

3 T Bmie+1) (34)

_ 24(1+5178)

e = i mzer) (33)

The central moments about the mean of (PTPLD) are obtained as follows:

e =E(t =) = [t =) s (L4 nget ) e~ " dt (36)

_ _ 142130 (r—i)! _ 14210 (r—i+1)!

( l’l)r n<e+1[z ( )( r |+2(n<e+1)) + Ze Z ( )( r 1+1(T]<e+1) )] (37)

The three most common measures of tendency are the mean, median, and mode for new formula of
the three parameter Lindley distribution (PTPLD) can be obtained as follows:

__ 1+2nQ6
mean = — s (38)
. _ N0 +Mtpea +17 _ t _
Median = T+ 1 g Ntmed = (.5 (40)
n{f—-1
1
Mode = { vea 11661 > (41)
zero, otherwise
The variance, standard deviation and coefficient of variation of (PTPLD) can be shown as follows:
() = 21n2%7%20%+4n76+1
VA = T g+ 1y? (42)
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_ |2n%3262+4n6+1
o= \/ 12(ng6+1)? (43)
2123262 +4n76+1
C.V= \/—mznze)z (44)
And the coefficient of Skewness (C.S.) of PTPLD is:
_ 3n°(1+4130)(n30+1) 45
¢.5 = 2(1+3170)2 (4)

The Moment Generating Function of (PTPLD)
It can be found according to the following formula:
k k
Mx(V) = 537 [n 2k=o (n) + 00 2(% ) (n) ] (46)
2.3 Moments Method (MME) for (TPLD) [4]

(16+20) _ 1gn
nmi+6)  nSi=17 (47)

215+30) _ 1om 2

wmire)  n2i=1li (48)
6m{+46) _ 1gxm 3
Bmi+0) izt b (49)

We see that they (47), (48)and(49) are non- linear equation and do not seem to be solved directly
to obtain estimator fi,,om, Cmom and B,em. Thus, we must use the Lindley approximation to solve
these equations for the survival function of TPLD as follows:

) — ﬁmomzmom+§mom+ﬁmom2mom§momti -7 t;
Rmom(ti) - e Tmom®i (50)

(ﬁmomzmom +§mom)

2.4 Similarly the MME to PTPLD

nge+2 l n '

nmi0+1) nZi:l ti (51)
mi0+6 _ lgn 2

n2(M{6+1) T p4i=l tl (52)

61¢0+24 1 t3
73(MI6+1) T p&i=lt (53)
We see that they (51), (52)and(53) are non- linear equation and do not seem to be solved directly
to obtain estimatori,,gm, Cmom and Omem. Thus, we must use the Lindley approximation to solve
these equations for the survival function of PTPLD as follows:
o) N — ?Imomzmomamom*'ﬁmomti"'l ~Amomti 54
o (1) = | Tt non Inandi | &4
2.5 Maximum Likelihood Estimate (MLH)
Let t,t,, ts, .... t,, be a random sample of size n from (TPLD) (3).The likelihood function of

(3) is given by: [9, 12]

s o ]
L=Q;J n({+ 0t )e™ i (55)
.-.%—;Lzzﬁ—n—%—nf=0 (56)
5 = Dl ~ 75 = 0 &0
% - Z?zl[f-l-téti] B ﬁzn+'9 =0 (58)
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Since the first derivatives of likelihood function with respect to n, { and 6 are non-linear equations
and do not seem to be solved directly .so, we will use the Fisher’s scoring method to solve these
equations as follows:

0%LnL _ -2n ng?

> T n? | (ni+6)? (59)
9%LnL _  -n® _ 9%LnL

mag — (m¢+6)2  aan (60)
9%LnL _  -n{ _ 9%LnL

on00  m¢+0)? _ 0607 (61)
0%Lnl _ @n -1 nn?

0¢z T SIEL(C+6tz (10+6)? (62)
0%Lnl _ @n —ti nn _ 9%LnL

2706 Zi=1reuz T (ni+6)2 . 0807 (63)
9%lnl _ opn  —ti? n

267~ &i=1 500 | 7402 (64)
The following equations can be solved for getting MLEs 7 , { and 8 of (TPLD)

9%LnL  9%LnL 92%LnL [aLnL

| on? onog  onao | N —No | an |

|o2LnL  9%21nL 92LniL| t—¢| = | oLnt |

[Bcan  Ta¢z azae | 2 00 T g (65)
IaZLnL 9%LnL  9%LnL L_ 0 -6, [aLnLJﬁ=,70

l Jn—no —|"

96an  989¢ 062 lp_. 90 “2=¢,

§=90 ’é=90
Where,n,, {, and 6, are the initial values of n , ¢ and 8 respectively. These equations are solved
iteratively till sufficiently close values of 7, { and @ are obtained.
2.6 Similarly for MLE to (PTPLD)

L= (=) I + 20t ) e ™
n<e+1 =1 T] (66)
oLnL _ n nl6 n 27¢0ti =
am 7 (3H+1) t iz 7220t; nt =0 (67)
L Olnl _ n n20ti _ nHo
ez T Z:i=1[1+ ﬁ22§ti] 7CO+1 0 (68)

R R L A L [
; = 2i=1l 50 ~ 77841 = 0 (69)

We see from (67), (68) and (69) they are non-linear equations and do not seem to be solved
directly. Thus we will use the Fisher’s scoring method to solve these equations as follows:

9%LnL _-n ng?e2 +yn net;

mz  mZz | me+1)? “1=1 (14 n27010)2 (70)
d’LnL _ -nb n 2n6ti _ 9%LnL

ot mie+D? T =1 (1s negen? . ogan (71)
8’LnL _  -n _yn 2nlti _ 9%LnL

Moo (me+1?  “i=1(13n2te0)2 _ 00 an (72)
8%LnL _ nn?6? _yn n402ti?

032~ (mge+1)z <=1 (14 n2761)2 (73)

312



Journal of AL-Rafidain University College for Sciences (2024); Issue 56 EISSN (2790-2293) PISSN (1681-6870)

9%LnL _ nn?¢? _yn n*¢2ti?

202 (me+1?  “i=1(14 n2gen)? (74)
0’LnL _ @p -n*ti  nm__ 9°LnL

9000  “I=1{14 120007  (mi8+1)2  000¢ (75)

~

The following equations can be solved for getting MLEs # , { and 8 of (PTPLD) where 5o, ¢, and
9°LnL  9%LnL 9?LnL dLnL

| on? mog  onae | ﬁ_no l[an —I
9’LnL  9°LnL  9%LnL 5 __[0LnL
atan a2 aae 5 G = at (76)
0%LnL  9%LnL 92%LnL =m0 -0 lmjﬁ:no
90on 0007 902 l7_g 20 -~ 7=,
6=6, 6=00

6, are the initial values of, ¢ and 6 respectively.These equations are solved iteratively till
Sufficiently close values of # , ¢ and 8 are obtained.

2.7 Standard Bayesian Estimations

By integrating the starting probability, the Bayes theorem may describe the likelihoods
function of the observations based on the sample's current knowledge. We obtain the posterior
probability distribution by integrating the density function for the parameters with the greatest
possibility function for the current observation. We employ a loss function in the Bayes method,
which allows us to measure the loss that results from making decisions based on the value of (n),
whereas the option to take relies on(n). That is, the parameter and its estimate diverge from one
another. In order to estimate b on a, we must provide the initial distribution of the parameters to be
estimated 7 , ¢ and 8. Based on the researcher's knowledge of the initial distribution of the
parameters, Consider that those parameters' initial distributions will be as follows: [13]
n~Gamma (a4, b;), scale parameter
{~Gamma (a,, b,), shape parameter
6~Beta (c,d) , shape parameter
Thus, the following defines how each parameter's priority distribution function is formed:

T (n) « r(lal) Nt e ;>0 (77)
1@ o D2 1 bt {0 79
I'(ay) '
[(c+d) . _
ng(e)ocme 11-0)41 ;0<06<1 (79)

With three parameters (n , ¢ and @), the prior distribution of the Lindley distribution's parameters is
represented by equations (77, 78) and (78). Based on prior experiences and the researchers' access
to past experiences, parameter b has a gamma distribution with the Hyper-parameters (a,) and (b,),
parameter has a gamma distribution with the Hyper-parameters (a,) and (b,), and parameter has a
beta distribution with the Hyper-parameters (c) and (d).
Therefore, will be a joint prior distribution of 1, {, and 6 as follows:

b,“'b,** T(c+d)

T < a;—1 7ax—-1 HC—I 1 _ 9 d—le—(b1n+b2<)
n.4,0) F(al)r(az) F(C)F(d) n Z ( ) (80)
b;%1b,%2  T(c+d) _ _ _ -1 -
l0g Tirg0) = 109 (St Teor 1 871 057 (1 - )4t ineed) (81)
The observations probability function t4, t,, ... ... , t, can be given as follows:
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L(ty, ty e taln) = [T f(x, 1,0,0) (82)
2\ _
L(ty, tg, e, tyln) = (n;e) n (¢ +6t; )e~ ™t (83)

The joint posterior distribution at the observed data and for parameters, ¢ andé is as follows:
L(tl, tz, ...... ) t |77)T[( , ‘9)
h(,3, 01ty tpy ey ty) = n e

fffn’('g L(tlﬁ tZr ------ ) tnln)n(n‘z’e)dndgde

2 \" o b Mb,%2 T(ct+d) TN a1 et d-1 _
<n{nﬂ) H?:l(("'eti )e nntr(él)rgaz) FEC)F(d% n Zaz 0° (1-6) e (b1n+by0)

fffn'{'g H?:l({ + 0t; )e—nﬂf F?clll;ll')‘%azz) ll_-:((g)-l_':(cé)) 770'1_1 (az—l 90—1(1 — g)d—le—(blr]+b2() dnd(dg

2 \" -
(n(n_l_ 9) nal—lcaz—l 90—1(1 _ e)d—l H:lzl(( + eti )e—nnt—bln—bzl

h(Tl' {' altlr L5 TR tn) =

7\ - (84)
fffr],{,@ (W) 770.1—1(0.2—1 90—1(1 _ g)d—l H:lzl(( + 6t; )e—nr]t—blr]—bzi dndfdG

By using the squared loss function, the Bayes estimate for the distribution's parameters (PTPLD) as
follows:

SsBayes(t1, tay e s tn) = E(O]ty, tg, e oee, )

n

09} -~ 2 _
fﬂn,{,e(e—_ Q)Z (n(ﬂ_i_ 9) 77111—1<¢12—1 Bc_l(l _ g)d—l H?=1(( + 6t; )e—nnt—bln—bzz dnd{de (85)

oo 2 n _
ﬂfn.{.e (n(n_i_ 9) 77111—1<¢12—1 gc—l(l — g)d—l H:l=1(( + eti )e—nnt—bln—bZ( dnd{d@

Therefore, the purpose of Bayes is to distribute (PTPLD) the survival function:

2 2 \" B
[N (—1 + (ﬂcgej{)‘“e e‘”f> (n{ﬂ 9) %1781 9o (1 — )L [T, (C + 0t; Je™ ™Ebin=b28 dndgde

W76 (,,{%) @148t g61(1 = O)4H I, (§ + Ot Je~ M1E-Pin=ba8 dpd(dg
The survival function of PTPLD is represented by equation (86) which shows that the survival
function is not conceptually difficult and does not have a closed formula. It is necessary to compute
these complex integrals numerically using the Lindley Approximation in order to derive the
estimate of the dependability function (survival).
3. Empirical Aspect
3.1 Simulation Experiments
A Monte Carlo simulation was performed as follows:
First step: theoretical determination of values
1- Determining the theoretical values of the parameters of the distributions under study: this
was done by carrying out several experiments, analyzing and evaluating the outcomes, and
drawing conclusions that provided a comprehensive understanding of the capabilities and
behavior patterns.
2- Determining theoretical values for the sample size (n =10, 25, 50, 100)
Second step: Data Generation:
At this step, the following formulas are used to create data that corresponds to the Lindley
distribution with three parameters and the three distributions we suggested with parameters (n, C, 6):
1- TPLD by using the Lambert W Function as follows:

_(Zne+6)
_n_1_1uw ((Zn+n)(1—u)e ) (87)

(86)

RSB’ayes -

X = -1
06 ¢ )
2- PTPLD by suing the Lambert W Function as follows:

Third step: Discuss about the outcomes of the simulation exercises.
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Table (1) Simulation outcomes when (n=1.5, {= 0.8, 6 =0.5)

z TPLD PTPLD
n 5 A | 1 8 i I
£ o 1.678, 0.997, 0.776 1.635, 0.989, 0.711
5 - 1.643, 0.865, 0.765 3 1.663, 0.876, 0.656
- s 1.542, 0.854,0.664 g 1.555, 0.855,0.671
E S S § é S 5 5
g 2 - : & 3 : 5
5 2 £ 2 2 2
o~ 3 & & & 2
5 ‘
0.99019 | 0.87022 | 0.89194 | 0.99130 | 0.99787 | 0.92138 | 0.99292 | 0.98680
= |0.94939 | 0.83023 | 0.87939 | 0.95193 | 0.93667 | 0.86537 | 0.96351 | 0.94667
10 § 0.87802 | 0.68065 | 0.77802 | 0.88587 | 0.76663 | 0.71757 | 0.89434 | 0.77663
2 [0.78322 | 0.66837 | 0.68322 | 0.79848 | 0.75435 | 0.69933 | 0.79806 | 0.76446
0.67387 | 0.56185 | 0.58387 | 0.69748 | 0.67782 | 0.63984 | 0.70603 | 0.68788
0.59746 | 0.53729 | 0.49746 | 0.60656 | 0.63327 | 0.57759 | 0.62515 | 0.64333
0.52125 | 0.43277 | 0.44125 | 0.55542 | 0.55875 | 0.50723 | 0.56400 | 0.56873
0.44749 | 0.36043 | 0.37749 | 0.46601 | 0.46641 | 0.43344 | 0.45160 | 0.45646
0.37800 | 0.27204 | 0.33800 | 0.39997 | 0.36801 | 0.31398 | 0.40852 | 0.37845
0.34531 | 0.14975 | 0.23531 | 0.32861 | 0.26534 | 0.20335 | 0.33720 | 0.27573
IMSE 0.18688 | 0.14716 | 0.13924 0.15118 | 0.11146 | 0.10345
-2InL 17.98 1759 | 17.66 17.52 17.94 | 1750 1750 | 17.38
AIC 19.89 19.99 | 19.39 19.55 19.85 | 19.68 19.30 | 19.44
CAIC 18.93 18.79 | 18.49 18.55 18.89 | 1855 18.46 | 18.30
BIC 14.87 14.82 | 14.85 14.65 14.84 | 1478 14.81 | 14.43
Best
Model 2 .
Best = a
Method STPLDBayes STPTPLDBayes
2 TPLD PTPLD
no| s n | ¢ [ 6 i [ ¢ [ @
£ o 1.667, 0.987, 0.745 1.590, 0.988, 0.556
50 1.578, 0.667, 0.657 1.578, 0.878, 0.566
o = 1.554, 0.835,0.651 3 1.532, 0.827,0.551
] : :
= a x = a A
& = 5 = > &
& £ = & 3 5
\%) @K {9 o
s
o5 S 089009 | 0.77012 | 0.79184 | 0.89120 | 0.89170 | 0.89878 | 0.85341 | 0.90170
2 [0.84927 | 0.73013 | 0.77924 | 0.85193 | 0.84611 | 0.86052 | 0.79522 | 0.85611
0.77792 | 0.58055 | 0.65792 | 0.78577 | 0.69653 | 0.70436 | 0.67389 | 0.70653
0.68312 | 0.56828 | 0.58312 | 0.69888 | 0.68426 | 0.68146 | 0.64910 | 0.69426
0.57377 | 0.46175 | 0.48377 | 0.59738 | 0.57772 | 0.60596 | 0.54974 | 0.58772
0.49736 | 0.43719 | 0.39736 | 0.52646 | 0.45317 | 0.53505 | 0.41334 | 0.46317
0.42115 | 0.33267 | 0.32115 | 0.45532 | 0.34865 | 0.46390 | 0.38713 | 0.35865
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0.34739 | 0.26036 | 0.27739 | 0.38591 | 0.32634 | 0.39450 | 0.32337 | 0.33634
0.27790 | 0.17194 | 0.22390 | 0.29986 | 0.28792 | 0.30845 | 0.23988 | 0.29792
0.24521 | 0.14965 | 0.13521 | 0.22851 | 0.25563 | 0.19710 | 0.22119 | 0.27563
IMSE 0.16490 | 0.12518 | 0.11726 0.12920 | 0.08948 | 0.08147
-2InL 20.96 20.57 20.64 20.50 20.80 20.48 20.48 20.36
AlIC 22.87 22.97 22.37 22.53 22.82 22.66 22.28 22.42
CAIC 21.91 21.77 21.47 21.53 21.86 21.53 21.44 21.28
BIC 17.85 17.80 17.83 17.63 17.86 17.76 17.79 17.41
Best
Model 2 !
Best = R
Method STPLDBayes STPTPLDBayes
z TPLD PTPLD
n £ Ui 4 6 Ui 4 6
e 1.543, 0.867 0.554 1.607, 0.852 0.645
g _ 1.654, 0.897, 0.675 < 1.554, 0.844, 0.574
o S 1.667, 0.888,0.786 S 1.533, 0.835,0.543
§ E %]
V;E = § 8 E -~ § :5\
2 z g “ 3 5 2
2 = =
2 : : 3 2 :
“© (U[;. < @« (Ug;- ) &
0.66742 | 0.65739 | 0.57012 | 0.55844 | 0.77896 | 0.59169 | 0.56702 | 0.78896
f_g 0.62650 | 0.61568 | 0.55712 | 0.51674 | 0.73166 | 0.57310 | 0.52532 | 0.74166
50 E 0.55514 | 0.46710 | 0.43580 | 0.36816 | 0.63308 | 0.45177 | 0.37674 | 0.64308
& 0.46035 | 0.45483 | 0.36100 | 0.35588 | 0.57081 | 0.37698 | 0.36447 | 0.58081
0.35099 | 0.34830 | 0.26165 | 0.24935 | 0.46428 | 0.27762 | 0.25794 | 0.47428
0.27458 | 0.32374 | 0.17524 | 0.22480 | 0.43972 | 0.19122 | 0.23338 | 0.44972
0.19838 | 0.21922 | 0.15903 | 0.21928 | 0.32520 | 0.17501 | 0.12786 | 0.33520
0.12462 | 0.14692 | 0.14527 | 0.18797 | 0.26289 | 0.16125 | 0.11655 | 0.27289
0.11513 1 0.13849 | 0.12378 | 0.16705 | 0.23447 | 0.13976 | 0.11563 | 0.24447
0.11044 | 0.12221 | 0.11691 | 0.15274 | 0.22019 | 0.13288 | 0.01132 | 0.23019
IMSE 0.00158 | 0.00389 | 0.03201 0.02675 | 0.01887 | 0.00123
-2InL 28.49 28.32 28.43 28.49 28.44 28.19 28.21 28.34
AlIC 31.52 30.19 30.32 31.52 30.56 30.06 31.11 30.23
CAIC 29.42 29.12 29.18 29.42 29.45 29.11 29.12 29.10
BIC 25.43 25.31 25.43 25.43 25.44 25.01 25.22 25.15
Best
Model 2 !
Best s N
Method SThLDBdBayes STPLDBayes
N .g TPLD PTPLD
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8 U 4 4 U 4 4
% » 1.511, 0.812 0.526 1.515, 0.821 0.518
= 1.556, 0.876, 0.667 - 1.567, 0.665, 0.567
o E 1.664, 0.998,0.767 s 1.645, 0.867,0.699
3 . £ 3
a (=) Q = ()] ()]
& 5 = = 5 &
<U[; E & <<_,%" E E
@ X i o5
0.55527 | 0.54224 | 0.44497 0.44329 | 0.59019 | 0.57179 | 0.40955 | 0.47422
‘_§ 0.51435 | 0.50053 | 0.43197 | 0.40159 | 0.54289 | 0.55320 | 0.39785 | 0.45563
100 b 0.44299 | 0.45195 | 0.32065 | 0.25301 | 0.46431 | 0.43187 | 0.25927 | 0.33430
= 0.34820 | 0.33968 | 0.24585 | 0.24074 | 0.38204 | 0.34708 | 0.24700 | 0.25950
0.23884 | 0.23315 | 0.14650 | 0.13420 | 0.27550 | 0.25772 | 0.14046 | 0.16015
0.16244 | 0.17859 | 0.06009 | 0.10965 | 0.21095 | 0.16132 | 0.11591 | 0.07374
0.08623 | 0.10407 | 0.04388 0.00413 | 0.14643 | 0.14511 | 0.01039 | 0.05754
0.01247 | 0.02218 | 0.00012 0.00282 | 0.06412 | 0.06360 | 0.00092 | 0.04378
0.00298 | 0.00334 | 0.00064 | 0.00190 | 0.06570 | 0.06186 | 0.00184 | 0.02229
0.00171 | 0.00306 | 0.00076 | 0.00759 | 0.03941 | 0.02298 | 0.00915 | 0.01541
IMSE 0.00132 | 0.00128 0.01168 0.00119 | 0.00112 | 0.01134
-2InL 39.90 39.12 39.37 39.40 39.85 39.09 39.35 39.39
AlIC 42.92 41.14 41.35 42.39 42.87 41.07 41.33 42.38
CAIC 40.89 40.23 40.38 40.50 40.86 40.09 40.32 40.49
BIC 36.88 36.22 36.33 36.51 36.83 36.14 36.31 36.50
Best
Model 2 L
Best = A
Method STPLDML SPTPLDML
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Figure (1) the TPLD Distribution’s Reliability Function Curve's (Survival) Behavior for the
sample  size (n =10, 25, 50, 100)
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Figure (2) the PTPLD Distribution's Reliability (Survival) Function Curve's Behavior for the
sample size (n =10, 25, 50, 100)
3.2 Discussion of Results
a. Atall sample sizes; the model (PTPLD) was better than the rest of the models as it recorded
the lowest comparison standards, followed by the model (TPLD)
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b. Atasample size of (10,25), the Bayes method scored superiority over the rest of the
estimation methods for all models because it recorded the lowest comparison standards,
followed by the method of moments and finally the method of maximum likelihood.

c. The MLE was the best in the model (TPLD) at a sample size of (50); followed by the
method of moments, Bayes, and the Bayes method outperformed the other estimating
methods used in the model (PTPLD). The method of moments comes after that, and the
method of MLE comes last.

d. The maximum likelihood approach, which matched the lowest comparison criteria, was the
most effective model for sample sizes of (100). It was followed by the moments methods
and Bayes comes last.

3.3 Real Data Application

Data for patients with the Corona virus are taken from the Al Hussein Educational Hospital
in Nasiriyah, Statistics Division, which represents the time of survival to death due to Corona from
100 patients who entered the hospital and died as a result of the Corona virus. After doing the

proper work, after applying x?2 statistics to analyze the data for good of fit, the following outcomes
were found. Utilizing the Matalap program.
Table (2): Results of the data fit test for the PTPLD distribution

Distribution x> xX? Sig. Decision

PTPLD 0.14855 123.225 0.46754 Accept Hy

Table (2) shows that the value of Sig = 0.46754 is more than the threshold of significance (0.05)

and that the estimated value of x? (0.14855) is smaller than the tabulated value of X% (123.225).
As a result, the null hypothesis cannot be rejected, indicating that the actual data are distributed in
accordance with the Proposed Lindley distribution.

In order to determine which distribution performed the best when used with actual data, TPLD
Distribution and PTPLD distribution were compared (-2LnL, AIC, CAIC, BIC), were used for
model selection; the outcomes are shown in Table (3):

Table (3): Results of comparison and accuracy tests applied to real data

Distribution -2LnL AlIC CAIC BIC
TPLD 46.7784 46.9984 46.2484 46.2784
PTPLD 39.7584 39.0984 39.2084 39.3884

Table (3) shows that the Proposed Lindley distribution had lower criteria for the special tests,
suggesting that it is a better fit for the actual data than the previous distributions.

4. Conclusions

Through analyzing the simulation and estimating the survival function for the original and
proposed distribution with three estimation methods (moments methods, MLH, Bayes method) we
concluded that the proposed formula for the distribution is the best for all selected sample sizes and
also superior to the Bayesian method at sample size n = 10.25 for all models because it recorded the
lowest. The maximum likelihood approach, which matched the lowest comparison criteria, was the
most effective model for sample sizes of (50,100). It was followed by the moments methods and
Bayes comes last comparison standards, followed by the method of moments.
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