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Abstract 

    In   the   present  work ,  The   ������
���    isotope  in   SU(3) – O(6)   transition  region  

were investigated .  The  Hamiltonian  equation   for    this  dynamical  symmetry   is  

used   in   the calculations  of  energy levels for  ������
���  isotope according  to the  

interacting boson  model version one ( IBM-1) . The potential energy surface  was also 

studied . As  spin  and parity for some energy levels, which were not exactly 

determined experimentally have been determined.  It  was   assuring  that   spin    and   

parity   for  energy  levels  number ( 5 ) .  The  results   are  compared  with  the most 

recent experimental data . Good  agreement  was  obtained  between our  theoretical  

calculations  for  this  under  study  isotope . 

Key words: IBM-1 , nucleons tructure ,  potential energy surface   

 
������  رـــیـظـح للنــطـد الســــھـة جـــاقـة وطـــاقـات الطــویــتـة مســـدراس

���  

  

   الخلاصة

������ث الحالي ،  النظیر  ـي البحـف    
ـة . استخدمت معادل SU(3) – O(6)ة الانتقال ـع في منطقـیق  ���

������ اقة للنظیرحساب مستویات الطلھذا التناظر الدینامیكي في الھاملتونین 
ً لأ  ��� نموذج البوزونات وفقا

ض ـل لـبعـاثـمـرم والتـد البـدیـــم تحـا تـكمح . ـد السطــة جھـاب طاقــم أیضاً حسـت (IBM-1) . المتفاعلة الأول

ـة عــدد ات طـاقویـمـسـتبرم وتـمـاثل ل ـدة ، حیث تم تأكـیـدـورة أكـیـر الـمـحـددة عـمـلیـاً بصـة غیـمستـویـات الطـاق

ظریة  للنظیر  ا النـــنـاتـابـع حسـد  مـیـق  جـوافـا  على  تـم العملیة  المتوفرة  حصلنـالقی ج  معـوبمقارنة  النتائ) . 5(

  تحت  الدراسة .

  طاقة الجھدالنووي ،  ونات المتقابلة ، التركیبنموذج البوزالمفتاحیة : الكلمات 
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1- Introduction : 
    In 1974  a nuclear model  was  proposed by 
Arima and Iachello[1,2], and was called   
Interacting   Boson   Model  ( IBM )  in  an attempt    
to   describe   in    a  unified  way  collective  
properties of  nuclei  ( collective  motion ) . 

    The interacting boson model (IBM)  was   
based on  the well-known  shell model  and  
on   geometrical collective   model   of   the 
atomic   nucleus .  Which   is    suitable  for  
describing   the  structure   of  intermediate 
and  heavy  nuclei . In addition ,  it  is  of  a 
considerable   theoretical   interest  since  it  
shows   the dynamical  symmetries  of   the  
nuclei ,  which  are  made   visible  through 
using  Lie  algebra . 

    The basic idea of  the  interacting  boson   
model   is  to  assume  that ,  the  low-lying  
collective   states   in  medium  and   heavy   
even –even nuclei away from closed shells,  
are dominated by excitations of the valence 
protons   and  the  valence  neutrons  only ,  
while  the closed-shell core  is inert[3,4,5] . 
    The ( IBM )  model ,  assumed  that , the 
collective     behavior    arises    from     the 
coupling ,  through   the  nucleon - nucleon  
interaction     of     the  separate   low-lying  
systems  of  valence protons  and  neutrons   
defined    with   respect   to   a  major  shell 
closure . It  can be  able to describe nuclear  
properties  such  as  spins  and  energies  of  
the   levels ,  decay    probabilities  for   the 
emission  of   gamma quanta , probabilities 
of   electromagnetic  transitions   and   their 
reduced    matrix   elements   for   different 
transitions ,     multipole    moments ,    and 
mixing  ratios[3,6] . 
    Furthermore ,  it  was  assumed  that  the  
particle  configurations  which   were  very      
important  in shaping  the properties of  the 
low-lying   states   were   these    in   which 
identical  particles  were  coupled  together   
forming pairs of angular momentum  L = 0  
or  2 , In  addition , these proton ( neutron ) 
pairs  are  treated  as  bosons .  The  bosons 
with angular  momentum  L=0  are denoted 
by  s� (s�)  and are  called  s- boson, while  
proton   ( neutron )   bosons   with   angular  
momentum  L=2   are  denoted  by  d�(d�) 
and  where  they  are  called d-boson[7] . 

    The number of  bosons depends   on  the 
number of  active nuclear particle (or hole) 
pairs outside  a closed shell, while the total  
boson number (N) is calculated  by  adding     
the partial numbers i.e. Ν=Ν� + Ν� ,where   
Ν�    and   Ν�   are   the number  of   proton  
and  neutron bosons  respectively[3,6] . 

2 –Theoretical  Basics : 

2 –1: The  Hamiltonian  operator  of  the ( 
IBM-1 ) 
    In the  IBM-1, the Hamiltonian operator  
can be written in terms of  (one –body  and 
two –body interaction)  as [8] . 
    
 Ĥ = ∑ ԑ�

�
��� + ∑ ���

�
���                   …. ( 1 ) 

where  
ԑ� :- The Boson energy . 
���:- Boson–Boson interacting energy . 

N :- Total number of  bosons .  
 
Also the Hamiltonian can be written  in   
terms   of   Creation  and   Annihilation   
operators  as [5, 8]  :- 
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�.  ��� ) + ԑ�  � ��
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]�                                          …. ( 2 ) 

 
  Where  
ԑ�(L = 0, 2),  ��( L = 0, 2, 4),  ��(L = 0, 2),  
��   (L = 0, 2) represents the boson energies      
and  interactions . 

    The creation operators (���, Ŝ�) , and the  

annihilation operator ( ŝ , �� )  can obey  the 
commutation  relations [4,8] . 
                

[ Ŝ , Ŝ� ] = 1, [ Ŝ , Ŝ ] = 0,  [ Ŝ� , Ŝ� ] =0 

[ ���  , ���  ] = 0,     [���  , ���
�  ] = MM  , 
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[ ���
�  , ���

� ] = 0, [ Ŝ , ���  ] = 0, [ Ŝ , ���
� ] = 0 ,    

[Ŝ�, ��� ] = 0 , [ Ŝ�, ��� 
� ] = 0             …. ( 3 ) 

 
    The  general  formula   of   the  IBM-1 
Hamiltonian, which contains one- body  and  
two-body  terms , can  be written  explicitly  
in terms of  s and d  bosons [8] . 
 

Ĥ = ԑ�  (Ŝ
�. ���) + ԑ�   ∑ (�  ���

� .���� ) + ��   
                                                         …. ( 4 )  
 
where : 
ԑ�  ,  ԑ�   are the  s-  and d- boson energies .  
The  index  m = 0, ±1,  ±2 . 
�� :-  boson-boson   interaction , which  can  
be  written  as :- 
 

��  = ∑
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����,�,�
 ( 2� + 1 )
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 ����
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                                  ….( 5 ) 

 
 
Where  the   parameters  CL ( L = 0, 2, 4 ) ,  
VL  ( L = 0,  2 ) ,  UL (  L = 0,  2  )  describe 
the  boson  interaction  and  the parenthesis          
denotes  angular  momentum  couplings .  
 
The  most   commonly   used  form  of   the   
IBM-1   Hamiltonian  is [4, 8] . 
 
 

Ĥ = ԑ ��� + � �(�̂.�̂)+ �����.���+

�����. ���+ � �����.����+ � �����.���� 
                                                         …. ( 6 ) 
                                                    
Where   ԑ = ԑ� − ԑ�  is the  boson energy . 

The  operators :  
 

 ��� = (���. ���)          the  boson  number    
                                 operator   

��= 
�

�
 (���. ���) −

�

�
 (���. ���)      the  pairing 

                                      bosons operator   

�� = √10 [��� × ��� ](�)         the  angular  
                               momentum operator 
                               

�� = ����� × ���� + ���� × �����
(�)

−

�

�
√7 ���� × ����

(�)

            the quadrupole  

                                       operator 

���= ���� × ����
(�)

   the octupole operator 

 

���= ���� × ����
(�)

        the   hexadecapole 

                                  operator    
                                                 ….( 7 ) 
 
 
And      a0 ,   a1 ,   a2 ,   a3 ,   a4     are   the  
phenomenological  parameters . 

CHI = −�
�

�
       for    rotational   dynamical  

symmetry and  CHI = Zero  for  vibrational    
and   γ – soft   dynamical  symmetry . 
 
2-2:  Potential  Energy  Surface (P.E.S.)  

    The  general  formula  for   the  potential 
energy surface as a function of geometrical 
variables β and  γ  is given  by[3, 8] :- 

�(�,�,�)=
�(ԑ��ԑ��

�)

����
+

� (��� )

(����)�
(���

� +

���
� cos 3� + ���

� + � �)                  …. ( 8 ) 

Where  

N= is the total boson number . 

���  =     is    the   quadrupole   deformation 
parameter  operator  from  0 → 2.4 . 

��  =  is   the  distortion  parameter  operator  
or  ( asymmetry  angle )  for 0° → 60 ° . 

The     variables   (   �� ,  �� ,  �� ,  ��   )  are 
related  to  the  parameters  �� , ��  and  ��  
which  is  given  in  equation ( 3 ) . 
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    The relationships between  the  variables  
(α's)   and    these   parameters   have   been  
expressed by Van Isacker and Chen (1981)  
as[9] :-  

�� =
��

��
+

��

�
+

�

��
∗ ��                    …. ( 9 ) 

�� = −���� �
�

��
� ∗ ��                 …. ( 10 )  

�� = (�� + � �)/����(5)            …. ( 11 )  

�� = � �                                        …. ( 12  )                                                             

    For  each  dynamical symmetry  there  is     
an equivalent equation of   the Hamiltonian 
operator   function ,   which    is   used     to 
calculate the energy levels, their ratios  and  
the ( g , β , γ ) –energy  bands .                                                             

    Show   that ,  the    ������
���     isotope   is  

belonging     to    the  dynamical  symmetry   
SU(3) – O(6)    and    the  equation   of  the  
Hamiltonian operator function as  shown in  
table ( 2 ) . 

    One   must  take   into   account  that  the  
asymmetry angle which occurs only  in the 
term  cos3γ . 
    Thus,  the  energy  surfaces  has  minima  
only  at     � = 0 °    and   60° .  The  energy 
expressions   in   their   limits,  can  display  
the   essential  dependence   on   β   and   γ,  
which  are been  given  as [3] :- 

�(�,�, �)= ԑ� �
��

����
   

 in SU(5) limit                               …. ( 13 )  

�(�,�,�)= ��(� − 1)
��

�

�
��� √��� �����

(����)
      

in SU(3) limit                                …. ( 14 ) 

�(�,�, �)= � ��(� − 1)�
��� �

����
�                 

in O(6) limit                                  …. ( 15 ) 
3- Results  and  Discussion : 
3-1: Energy  levels and energy ratios  

  To introduce a comprehensive description   
for   a nuclear  structure   of   the   ������

���  
isotope, we  have  to emphasize first  of  all  
on finding  the dynamical symmetry of this  
isotope ,  by  comparing  the  energy  ratios  
with    their   identical   and    experimental 
values  as  shown  in table ( 1 ) . 

Table  ( 1 ) :  The energy  ratios  of 
corresponding  limits[3,4,8] . 

 

Limit R4 = 

E(4�
⁺)/

�(2�
⁺) 

R6 = 

E(6�
⁺)/

�(2�
⁺) 

R8 = 

E(8�
⁺)/

�(2�
⁺) 

SU(5) 2 3 4 

SU(3) 3.33 7 12 

O(6) 2.5 4.5 7 

   

 Table  ( 2 ) :  Hamiltonian  representation    
for the dynamical symmetry corresponding  
to the  ������

���   isotope used in the present  
work . 

Isotope Dynamical 
Symmetry 

Hamiltonian 

������
���  SU(3) – 

O(6) 
�� = ����

�.��+ ����
� +

 ����
� +  �����

� 

 

    Table  ( 3 )   shows     the  corresponding   
parameters  obtained  with  the  best  fitting   
from   the  Hamiltonian operator   with  the     
convenient dynamical symmetry . 

Table   ( 3 ) :  The  parameters   values    of  
Hamiltonian   operator   for   the    ������

���   
isotope  by  using ( IBSS1. For )  program . 

Isotope ������
���  

�� 4 

�� 8 
N 12 

EPS (Mev) 0.0000 

���.�� (Mev) 0.0127 

��. �� (Mev) 0.0100 

��. �� (Mev) -0.0144 

���.��� (Mev) 0.0280 

���.��� (Mev) 0.0000 

CHI (Mev) -0.9000 
 

    Table ( 4 )  shows  the energy  levels and    
their   transitions  were  obtained  from  the  
program  ( IBSS1. For )  for   the   ������

���  
isotope .  The  results  have  been  used  for  
calculating the energy ratios and compared  
them   with    the  identical   and   available  
experimental values as shown in table (5) . 
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Table ( 4 ) :   Theoretical  energy  levels    and      energy   transitions    compared    with    the 
experimental data  for  the   ������

���   isotope  by  using ( IBSS1. For) program . 

 
Isotope 

 
I�
� 

Energy level 
(MeV) 

Spin sequences 
 I�
�- I�

� 
Transition Energy  

(MeV) 
Exp.[10,11] IBM-1 Exp.[10,11] IBM-1 

������
���  

 
0�
�(g) 0.0000 0.0000 – – – 

2�
�(g) 0.1112 0.1090 2�

�– 0�
� 0.1112 0.1090 

4�
�(g) 0.3641 0.3606 4�

�– 2�
� 0.2528 0.2516 

6�
�(g) 0.7483 0.7500 6�

�– 4�
� 0.3842 0.3894 

2�
�(��) 0.9033 0.9602 2�

�– 4�
� 

2�
�– 2�

� 
2�
�– 0�

� 

0.5392 
0.7921 
0.9033 

0.5996 
0.8512 
0.9602 

0�
�(��) 1.0025 1.0005 0�

�– 2�
� – 0.8915 

3�
�(��) 1.0060 1.0859 3�

�– 4�
� 

3�
�– 2�

� 
0.6419 
0.8948 

0.7253 
0.9769 

2�
�(��) 1.1214 1.1160 2�

�– 4�
� 

2�
�– 2�

� 
2�
�– 0�

� 

0.7574 
1.0102 
1.1214 

0.7554 
1.0070 
1.1160 

4�
�(��) 1.1338 1.2382 4�

�– 3�
� 

4�
�– 2�

� 
4�
�– 4�

� 
4�
�– 2�

� 

0.1277 
0.2305 
0.7698 
1.0226 

0.1523 
0.2780 
0.8776 
1.1292 

8�
�(g) 1.2520 1.2721 – – – 

5�
�(��) 1.2941 1.4434 5�

�– 4�
� 0.9309 1.0828 

0�
�(��) (1.3221) 1.5910 0�

�– 2�
� – 0.6308 

4�
�(��) (1.3590) 1.3777 – – – 

2�
�(��) 1.3863 1.7458 2�

�– 3�
� 

2�
�– 2�

� 
2�
�– 2�

� 
2�
�– 0�

� 

0.3803 
0.4830 
1.2751 
1.3867 

0.6599 
0.7856 
1.6368 
1.7458 

2�
�(��) 1.4310 1.8147 2�

�– 2�
� 

2�
�– 0�

� 
– 
– 

1.7057 
1.8147 

6�
�(��) (1.4790) 1.6498 – – – 

3�
�(��) (1.5233) 1.9555 3�

�– 2�
� – 1.8465 

0�
�(��) 1.6149 1.8792 0�

�– 2�
� 

0�
�– 2�

� 
– 
– 

0.9190 
1.7702 

4�
�(��) (1.6960) 1.8760 – – – 

10�
�(g) 1.8610 1.9219 – – – 
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Table  ( 5 ) :   Theoretical    energy    ratios 
values   �(4�

�) �(2�
�) ⁄ ,      �(6�

�) �(2�
�) ⁄ ,    

�(8�
�) �(2�

�)⁄   and  their  comparison with   
the   experimental  data   according   to  the   
( IBM-1 )   for   the   ������

���   isotope  . 

Isotope ������
���  

�(4�
�) �(2�

�)⁄  Exp.[10] 3.2737 
IBM-1 3.3076 

�(6�
�) �(2�

�)⁄  Exp.[10] 6.7290 
IBM-1 6.8793 

�(8�
�) �(2�

�)⁄  Exp.[10] 11.2583 
IBM-1 11.6673 

3 – 2: ( g, β, γ ) – Energy bands spectrum  

  The researcher classifies the energy levels 
of the   ������

���   isotope,  according  to the 
energy bands (g , β , γ – bands) . 

    Table ( 6 ) shows the energy band values  
for     the      ������

���      isotope   and   their 
comparison          with          the    available 
experimental   values ,  the   results   shows  
that, there are good agreement of the levels  

of   the  present work  comparison with  the   
experimental   results ,    as   assuring    the  
energy  levels   of     the   spins   (  6�

�,  4�
� ,

0�
�, 3�

�, 4�
�  )  from ( 1.479, 1.359, 1.3221, 

1.52326, 1.696 )  in experimental results to  
( 1.6498, 1.3777, 1.5910 , 1.9555 , 1.8760 )  
in   the  present work  respectively,  as well 
as   the  isotope  belongs  to  the dynamical 
symmetry   SU(3) – O(6) ,   that   the  (  β – 
band  )    is  widely   appearance   than   the  
( γ – band ) . 

    Figure ( 1 )  shows the energy levels  for  
the  ������

���   isotope, where  that obey  the    
typical  energy   bands  spectrum .  Noticed   
that , there are good agreement of  the level 
sequences  of  each  band   with  the typical 
sequence of ground band (0�, 2�,4� …. ) , 
β – band  ( 0�, 2� ,4� …. )   and   γ – band     
(2�, 3� , 4�, 5� ….. ) .  There  are   good   
agreement between  the present  results and   
the  experimental   values   of    the  energy  
bands . 

 

Table ( 6 ) :  The   comparison  between   the  theoretical  (pw)  and  experimental [10] energy  
bands  ( g, β, γ-bands )   for  the   ������

���   isotope  by  using  IBM-1 . 

Isotopes   Spin 
 

Band 

0� 
2� 

2� 
3� 

4� 
4� 

6� 
5� 

8� 
6� 

10� 
7� 

������
���  

 
SU(3) – 

O(6) 

g- exp. 0.0000 0.1112 0.3641 0.7483 1.2520 1.8610 

g-pw 0.0000 0.1090 0.3606 0.7500 1.2721 1.9219 

��-exp. 0.9033 1.0060 1.1338 1.2941 (1.4790) _ 

��-pw 0.9602 1.0859 1.2382 1.4434 1.6498 _ 

��-exp. 1.0025 1.1214 (1.3590) _ _ _ 

��-pw 1.0005 1.1160 1.3777 _ _ _ 

��-exp. (1.3221) 1.4310 _ _ _ _ 

��-pw 1.5910 1.8147 _ _ _ _ 

��-exp. 1.3863 (1.5233) (1.6960) _ _ _ 

��-pw 1.7458 1.9555 1.8760 _ _ _ 

��-exp. 1.6149 _ _ _ _ _ 

��-pw 1.8792 _ _ _ _ _ 
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Figure ( 1 ) : Comparison between calculated  IBM (pw);  and  experimental[10] energy bands   
states ( g, β, γ- bands )  in    ������

���    isotope   of  the  dynamical  symmetry   SU(3) – O(6) . 

 

3 – 3 :  The  potential  energy  surface      
( P.E.S) 

    In  the  present  work , the researcher has  
applied    the  geometrical  model    of   the   
IBM-1  for  the  ������

���  isotope, since  the  
IBM-1   geometrical   model    of    nuclear  
collective motion  is  provided as   with  an  
alternative description of nuclear collective  
excitations , which are  more sensitive than      
the  phenomenological  model . 

    The IBM-1 analysis of  the counter plots  
of  the potential energy function  V(N, β, γ)  
is  calculated by  using the parameters (α's) 
that    was    deduced   from  ( IBSS1. For ) 
program ,  as shown  in  table  ( 7 ) . 

   Figure  ( 2a )    elucidates    the  potential   
energy surface   as a function  of  deformed     
parameters ( β , γ ) ,  the  contour  lines  are  
in good agreement with  the  typical  plots .    

    The    axially    symmetric     (  � = 0°   ,
� = 30°,   � = 60° )  plots  of  the potential 
function  is calculated in the present work , 
for  the   ������

���  isotope  show  that : 

    The  axially  symmetric  for  the  isotope    
������

���     of   the    dynamical    symmetry  
SU(3) – O(6)  ,  Figure  ( 2b )    shows   the 

behaviors  of  the potential energy surfaces  
of  ( 3.109 MeV )  on the  prolate  shape  at  
β=1.2 , γ= 0°   and   for  oblate    shape    at   
β=0.8 ,  γ= 60°   which  is  ( 1.302  MeV ) . 
Also  it   shows  good   agreement with  the   
typical axially  symmetric of  SU(3) – O(6)  
limits . 

Table ( 7 ) : The parameters values  of   the  
potential  energy  surface  ( P.E.S )  for  the  

������
���   isotope .  

Isotope ������
���  

�� 4 

�� 8 
N 12 
�� -0.0720 

�� 0.0730 

�� 0.0000 
�� -0.0280 

�� -0.0640 

�� 0.0000 
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Figure (2 a, b) : The Contour plots  and the axial symmetric  for  the   ������
���   isotope  of  the 

SU(3) – O(6) limit . 

 

3 – 4: Conclusions 

 The  following results are  the outcome  of   
this  research : 

1–  The   calculating   values    for    energy 
levels ,    their ratios ,    transition  energies 
using  IBM-1  for  the   ������

���   isotope  is   
in a good agreement with  the experimental 
values . 

2 – Determining  spin and parity  for  some  
energy  levels ,   which  were    not  exactly  
determined  experimentally . 

3– Determined   the   nuclei   shape  by  the   
potential  energy  surface  for   the ������

���     
isotope .     
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