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Abstract

In this work, the nonlinear dielectric constant due to the relativistic electron motion by the high
intense laser beam has been derived. From this, one can evaluate the effect of longitudinal external
magnetic field in comparison with transverse external magnetic field on relativistic self focusing of
laser beam inside collisionless plasma. Theoretical and numerical calculations show that the increase
in the values of external magnetic field, in both cases, lead to the laser beam self focusing is faster
and stronger. Furthermore, for fixed values of magnetic field, the self focusing of laser beam in
existence of transverse external magnetic field is greater comparing with longitudinal external
magnetic field case.
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1. Introduction

Currently the propagation of an intense laser
beam through plasmas due to the nonlinear
interaction has a wide research interest both
theoretically [1, 2] and practically [3, 4] as a
result of its relevance with wide-ranging
applications such as laser-driven fusion,
laser-driven accelerators, x-ray lasers [5-10].
In these applications for efficient interaction
between laser beam and plasmas, one needs
the laser beam to propagate several Rayleigh
lengths without divergence which can be
achieved by using the nonlinear self focusing
of laser beam. In plasma, there are three
main  mechanisms  of  self-focusing:
relativistic, poderomotive and thermal. At

laser pulse duration z shorter than(cope )_l,

where @, is the electron plasma frequency,

the relativistic nonlinearity due to the
electron mass variation relativistically will
predominate by comparing with
ponderomotive and thermal nonlinearities.
Max [11] studied the nonlinear self-focusing
of laser beam propagation in plasma due to
ponderomotive nonlinearity. Sodha et al.
[12].considered two different situations of
nonlinearities arising through the thermal
and the ponderomotive force on steady state
self-focusing in magnetoplasma. Fedosejevs
et al. [13] observed a relativistic self-
focusing for hydrogen gas. They employed a
0.3 TW, 250 fs laser pulse, which gave an
axial intensity of 3x10'” W cm 2 Osman et
al. [14] presented numerical calculations on
the concept of relativistic self-focusing of a
high-power laser beam. Hafizi et al. [15]
studied the propagation of an intense laser
beam in plasma as a result of the relativistic
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and ponderomotive effects. Liu and Tripathi
[16] reported the effect of a self-generated
azimuthal magnetic field on the relativistic
self-focusing of an intense laser in plasma.
K. I. Hassoon et al. [17] showed the role of
perpendicular external magnetic field on
relativistic self focusing on other hand M. B.
Hassan et al. [18] presented a theoretical
study to explain the longitudinal external
magnetic field effect on the relativistic self
focusing leading to enhance THz radiation
production. In the present article, we
investigate the nonlinear self focusing of an

intense laser beam through plasma in
presence of a static magnetic field in
longitudinal direction once and

perpendicular direction in another with
respect to laser beam propagation direction.
In section 2 and 3 we derive appropriated
expressions to calculate the nonlinear
dielectric constant of plasma and beamwidth
parameter of laser beam self focuses in
longitudinal case and perpendicular case
respectively. The typical parameters of the
laser beam, plasma and applied magnetic
fields have been characterized in Section 4
with discussion of the numerical results and
introducing the conclusions of the present
work briefly.

2. Relativistic self focusing of the laser
beam with longitudinal magnetic field
constant in

2.1 Nonlinear dielectric

relativistic case and B, 1k

We consider the propagation of Gaussian
laser beam in a uniform magnetoplasma of
equilibrium electron density n, along the

direction of a static magnetic field B, = ZB,.
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The electric field vector E,, of laser beam
propagating along z-direction via the
magnetoplasma can be written as [19]

E_'0+ = ATO+ eXpi (a)Ot - k0+z )’ (1)

where Ay, =E, +iE, is the electric field

amplitude of a right circular polarized
electromagnetic wave , @, and k,, are the

angular frequency and wave vector
respectively , and k,, is related with
2
0.

. - 2
dielectric constant ¢,, as k,, = oz

where c is the light velocity in the vacuum .

The electron relativistic motion equation in
presence of high intense laser is

0 . = e/, =
moyauj:_eEj_E(UjXBO)’ (@)

Where y, sand B, are the relativistic

factor, the oscillation velocity imparted by
laser beam and external magnetic field
respectively.

Using Eqg. (2), we calculate the electron

oscillating  velocity(v,,) for the right
circular polarized mode of laser beam as
S ieE
Uy, =0, +i0, = 0+a) , (3)
Moy, (1-—=)

Wy

eB,
where —e,myand @, =—- are the

m,C

electronic charge , rest mass of electron and
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the electron cyclotron frequency respectively
2 1

andy = (1—%)‘5.
Proposing (7 -1<1) [17] the relativistic factor
y will be

}/;1+1'(L)2'M=1+a+AO+'AS+’ (4)

2 mOC(l)O (1_&)2

)
The  relativistic ~ nonlinearity  factor
e’ 1 .

A =——5" will become zero

ZmOC C()O (1_&)2

Wy

at non-relativistic regime (i.e. y=1).

In relativistic regime the components of the

dielectric constant tensor ¢ will be as
following

2

a,
&, =&, =1— =

s [a)zpe ]( a)ce ]
2
. W,y )\ gy
gxy - gyx 2 !
2 2
wyy
S :gyz =& :gzy :O’
2
[0
_ pe
g, =1 N
yy
where the effective dielectric constant

corresponding to right circular polarized
laser beam ¢, will take the following formula
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2

Dpe

2
£ =, —is, 1T
2074
1

jz is the electron plasma

2
where ,, - (47m0e
mO

frequency.

Using Eq. (4) the effective dielectric
constant ¢, can be written as following
2
O
[C‘)o

| ]
wo 2 a+A0+Ag+ ! (5)

g =1- +
SIS
@y @,
Eqg. (5) shows that the effective dielectric
constant &, consists of a linear part &,, and a

nonlinear partg, (A,,A, ), where the latter is

appearing as a result of relativistic electron
mass increasing. Both parts of the effective
dielectric constant ¢, may be written as

w

&)

=1~ ()
)
)

)
*
¢+ = ‘92+AO+AO+ !

&o

where ¢,, is given by
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2.2 Relativistic self focusing with B, [1k
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oE, 1 oE, OE, 0k, ¢E,
=-"g, +—L |+, | =L~
a e, x oy Loax oy

The general wave equation of
electromagnetic wave propagating through
magnetized plasma can be given as

2

) —
+—-¢-E =0,
o2&

—

VE —V(Vlf)

One can consider that the electromagnetic
wave inside magnetoplasma is transverse
wave since its field vary along external
magnetic field(i.e. z -direction) larger than
its variation via wave front plane(i.e. x—y

plane)[20]so no space charge occur and thus

V.-D :v(gé):o, (10)
Using Eqg. (10) with components of dielectric
tensor, one can obtain

oo

Putting Eq.(11) in EQ.(8) and using zero-
order approximation, thus we obtained the
differential equation for the circular
polarized electric field amplitude A,, as

EU+

0
a? 2 j[a”?jA‘“
/A X 6’y (12)
2

, B
+ C7 (‘90+ + 82+A0+A0+ ) A0+ =0 !

gOzz

2
Ay, + 1(1+

where the product of nonlinear part with

2 2

0 Ag+ or 0 Ag* have been neglected[21].
OX oy

We  assumeA, = A, expi(aft-k,.z)  and

substituting its value in Eq. (12), one can get
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-2ik,, a +1[1+

2 2
| e a
oz 2\ &, \ox° oy

2
2 ! 1% !
+ C—S (& A0ALAL =0, (13)

where Ay, is the complex amplitude.

Proposing a two dimensional Gaussian beam

%:0) and introducing an eikonal

(i.e.
A, = A, exp(ik,,S, ), where A}, and S, are
a real function and the phase of the laser
beam inside magnetoplasma respectively,
hence Eq.(13) after separating real and
imaginary parts can be written as following
[20]

2
2 as_* + E 1+ i (as_’fj — 21 5
a2\ &, \ox ) 2kZAL

x[1+gij%=gﬁ(A§+)z,

2
5022 aX 50+

(14)

a(A&)z +1(A0 )2 l_|_gi azi

oz 2" £, ) OX*
0 \2

2\ &, ) Ox  OX

In the paraxial ray approximation S, can be
expanded to S, :%x2ﬁ+(z)+¢+(z)

where S may be explained as the curvature
radius of laser beam and ¢, is a constant

independent of x.

Introducing initially Gaussian beam with
initial beam radius x, as
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2 2
(As.) =ﬁexp[—%], (16)

f rf.

+

and substituting S.in Eq.(15), A(z )will
take the following formula [22]

-1
& 1 df
2)=2|1+2 | ——,
£.(2) ( 502) f, dz
where f,represents the beam width
parameter.

Using Ag, and /3, (z )values in Eq. (19) and
assuming initially plane wavefront condition

(f,=1and C;f* =0 atz =0)we obtain
z

2 2
df;:E 14 5o 21 :
dZ 4 €022 Rd+ f+

‘92+E020 1 .
60+ r02 f+2

R,., =k,r’ represents diffraction

(17)
L
gOzz

where

length and r, is the initial radius beam.

In term of normalization distance of

: z .
propagation &, =R the last equation may
d+

be rewritten to become more suitable for the
computing programs as follows

2
df, 1(, ¢ 1
+ = 1 0+ -
dgf 4[ +gOzz] f+3
1(, &, \[&.EZ)R?
-=|1 ©0+ 2+—00 d+ ] 18
2[+8022}[ ‘90+ ]r02f+2 ( )

Eq. (18) represents the spot size variation of
laser beam profile as a result of competition
between the diffraction and self-focusing
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terms (first and second terms on the right
hand side of EQ.(18) respectively), it has
been solved numerically for several external
magnetic fields.

3. Relativistic self focusing of the laser
beam with transverse magnetic field

3.1 dielectric constant in

relativistic case and B, Lk

Nonlinear

Consider the propagation of extraordinary
laser beam (X-mode) inside homogeneous
magnetoplasma along z-direction and
perpendicular on an external magnetic

field B, aligned in y-direction. The variation
of X-mode electric field E may be
written as follows
E,=(E,X +E,Z)expi (ot —k,z ), (19)where
@, and Kk, are the angular frequency and wave
vector respectively which can be related by

1

Ko =(er){%j, (20)

speed andeg,is the dielectric constant in

c is the light

relativistic case which may given by

& =1- > N (21)
o, +o
=z
Y
AV 1 eB
where wpe:[“””oe] o =(ot+at) and @, ="
m, m.C

are the angular frequencies of the electron
plasma wave , upper hybrid wave and electron
cyclotron respectively, also n,,m, and —e
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represent the plasma density, electron rest mass
and electron charge respectively.

The relativistic factor y in Eq. (21) refers to the

variation of the dielectric constant due to the
electron mass increasing at relativistic case,
which can be written as following [17]

y= (1+ %} (22)

where v, is the electron oscillating velocity
imparted by electric field of laser beam
1 L
U :_(UOX “Uox T U0, Uy, )2 . (23)

2

The relativistic motion equation of an electron
in electric field of laser beam is given as

o . = I
mo}/auoz—eEo—g(uoxBo), (24)

From Eg. (24) , one may get the velocity
components v,, and v,, of the electron as

ea, ie
Uy = . (02 EZ + wz Ex ,(25)
Moy @, [1_ 7222] Moy, (1_ 7222 ]
o )
" L o g (26)FOr

= 2 r” 2
My, [1_ ;;)Zz j m072w§ [1_7?22]
o

0
the extraordinary mode, one can introduce the
following equations [23]

V.g-E, =0, (27)
E,0 SxE (28)
&
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> The relativistic factor y may be written as

£, =1- ad , (29) .
XX . fO”OWlng [24]
]/0)0 - ¥ a)oz i
yUl+acE, E;, (34)

—i a) a, . P

&, = pe Cez . (30) Thus by equaling terms of order E,E, in both
7o (1_ 2] Eq.(33) and Eq.(34) we get
0

. aEE*:ELZHS&ZM&z%:Z
using Esq.(27-30) , then EQ.(25) and EQ.(26) " 4\m,ac o, o, ) | @
will take the following formulas j [ ]
2 j

Al
[1 A AT * 4 [w] @
y Qi

%)
[
oy ) \ o,
2] =
@) @)

8
@y

2
Dre wpe
e [ya)oj[yw(,] o where o refers to the relativistic nonlinearity
Uy, = +—|Ey, . . -
’ 7@[1 wZ][l (r- 1)w§e+wf] o, which is occurring due to electron mass
/% 2 T 22
b VW

increment which oscillating in high intense laser

field.
Taking the complex conjugates v;, and v,, of

U, and vy, then substituting in Eq.(23) and Substituting the value of y from Eq. (34) into

Eq.(22), the relativistic factor y can be written as Eq.(22), one obtains
the following

CUSe 1 a)Se 155 a);e +a)7°2€

— | 1-— 2 2 2

2 2 4 1 a)02 a)g @, [0 [0
), =1-

1
4 m,w,C W, W, @,

+5(wCe
@y

o, w 2 & 6+13 & 4 % 4
(”o @y @y @y
+8(w“j [ j [%H%Jﬁ”[%ﬂ%y @) In the above equation ¢, includes the non
) @ ) \ @ @ ) \ @ relativistic part &, and the relativistic part
+4[ﬁke] [a)pe] +4[“’ce] [wpe] }EXE:, gzwhere,
Wy Wy Wy Wy

- - . a)z a)z
It is important to mention that we have Pl
neglected the terms of higher orders than E.E; &, =1—

X X a)2
1_ u
order. [ w? ]
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3.2 Relativistic self focusing with B, Lk

The wave equation governing the laser beam
propagation inside plasma may be written as

2
— — [0) —
VE, =V(V-EO)—C—3(5r ), (39)
Using Eq. (27) and Eq.(28) we can write [23]

VE, 0 5[ fa x| B 4gp)
&, \ &, OX 0O

Substituting Eq.(36) and Eq.(40) in Eqg.(39)
2 2 2
ok, OE, —[k§+w—gngxE:]Ex, (41)
c

822 ayZ -
where the products of nonlinear terms with
second order space derivatives have been

i=0 in two

OX

ignored and assuming

dimensional beam case.
To solve Eq.(41) we introduce [20]

E, =A, expi (ot —koz ), (42)
where A, is a complex function of space which
may be written as [21]
A, =A(y,z)expi (k.S ), (43)
A, is a real function and S is the phase of the
beam laser.
Putting Eq. (42) and Eq.(43) in Eq.(41) , then
separating real and imaginary parts we get

2 2

2B L[5 =fpry 21 Ry AZO,

o oy o KoAg Oy

%+(§j[%j+§&f =0, (45)
o oy )\oy ) oy

Assuming S=%y2ﬂ(2)+¢ and introducing

(44)

EZ —y?
Gaussian laser beam A/ = f—°°exp [F]
0
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where S(z) is the curvature of the wave front

and f(z) beam width parameter also using

paraxial ray approximation then substituting in
1 df

Eq.(45) we get B(z )=——.

q.(45) we get f(z) =

Employing Ajand £(z) in Eq. (44) thus for

initially plane  wavefront conditions (i.e.

f =1and 3f=o at z=0) we obtain
Z

d *f 1 &E&
= ~ , 46
dz? RZ3 grif? (46)
where R, =k, represents diffraction length
and r, is the initial radius beam.

In term of normalization

distance of

propagationszz—, the last equation may be
d

rewritten to become more suitable for the
computing programs as follows

df 1 RlgEG
d¢? % grif?’
The first term in RHS of Eq.(47) represents the
diffraction term (linear term) while the second
term is the converging term (nonlinear
term).When the initial laser power is greater than
critical power , the nonlinear term will overcome
the linear term and hence the laser beam spot
size f will decrease along beam propagation
direction. One can expect that at the balance of
the diffraction and converging terms the laser
beam will propagate inside plasma with constant
spot size.
4. Result discussion and conclusions

(47)

The plasma density will fluctuate as a result of
the relativistic nonlinearity by the Gaussian laser
beam. The beam width parameter of incident
laser beam also will undergo variations leading
to vary the laser beam intensity via plasma, this
may be understood depending on Eq. (18) in
longitudinal case and Eq.(47) in perpendicular
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case. Numerical simulations have been achieved
to Eq. (18) and Eq. (47) with following typical
parameters: laser beam
intensityl | 4x10"W cm™  (laser  strength

parameter , - eE 705),  the frequency of
ewoc

laser (@,)=10"rad .sec™, laser beam

pump
radius 3um , plasma density (n,)=255x10"m ™ and
external magnetic fields(B,)=(51102,and 153)MG .

Figure (1) (related with longitudinal case) and
Figure (2) (related with perpendicular case)
demonstrate the nonlinear manner of laser beam
propagation inside magnetoplasma to several
magnetic field values

(B,)=(51102,and 153) MG while relativistic
nonlinearity is considered. The decreasing of

laser beam spot size is due to the increasing of
magnetic field values.

—
—
T

\ \ \ \
03 M 05 0h

Normalized distance of propagation ;)

I | |
0o n

\
amom oot

FIG.1. Variation of beam width parameter f,k with

normalized distance £, when B [Jk .Where dotted red

line, blue solid line and semi-dotted black line represent
wce

D ~0,01, % =0.02 and % =0.03 respectively.
@y @y Wy
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For longitudinal case, Figure (1) shows that the
beam width parameter f, of laser beam is
decreasing after short normalized distance of
propagation &, and leading to increase the laser
beam intensity extremely (see Eg. (18)). On the
other hand in perpendicular case the beam width
parameter f of laser beam is decreasing after
shorter normalized distance of propagation ¢&
than longitudinal case (see Figure 2).

One may conclude that the presence of magnetic
field has significant role on enhanced the self-
focusing in both cases but in perpendicular case
this role will be more affected on self-focusing
laser beam. Therefore for confined plasma

applications the perpendicular magnetic field
will be more candidate than longitudinal
magnetic field.

1 T T T T

whoN wceﬂ'wn=ﬂ 01 I

0,518,002

08f - 003 A
0,51t =0.03

=
-

=
=

=1
=

Beamwidth parameter (f)
= =
o o

il I I I I 1 1 1
0 01 02 03 04 1K D& 07 08 08 1

Normalized distance of propagation (¢)

FIG.2. Variation of beam width parameter f with

normalized distance £ when B Lk .Where dotted
red line, blue solid line and semi-dotted black line

represent e _0,01,% =002 and %= =003
) @y @y

respectively.
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