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Abstract

The aim in this work is to give some a new types of totally - continuous functions called (totally sb* -
continuous functions and sb*- totally continuous functions) in topological spaces. As well as, will be
investigated and discussion the relationships among these functions with other totally — continuous
functions. Furthermore, will be introducing some of their properties.
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1-Introduction :

Many different forms of continuous functions have been introduced over the years.
Some of them are totally—continuous functions [Jain 1980], in 1995, Nour. T.M.,
introduced and studied the concepts of totally semi- continuous functions. Recently,
Rajesh (2007), and Caldasm and Rajesh 2009), introduce the notions of totally w -
continuous functions and totally b- continuous functions respectively. In (2011), Raviet et
al., They give and investigated the concept of totally sg- continuous functions. While,
the concepts (sb*- open sets , sb*- closed sets and sb*- continuous functions) were
discussed and introduced by (Poongothai and Parimelazhagan , 2012) .

The purpose of this paper, we introduce and study a new types of totally— continuous
functions which are (totally sb*-continuous functions and sb*-totally continuous
functions) . Also, we give several properties of these functions are proved.

Throughout this paper (X, 1), (Y, 6) and (Z ,u) ( or simply X,Y and Z ) represent non —
empty topological spaces .For a subsets A of a spaces X. cl(A ), int (A) and A® denote the
closure of A ,the interior of A and the complement of A respectively .
2-Preliminaries:

Some definitions and basic concepts related to this paper.
Definition (2-1):

A subset A of a space (X,1) is said to be a :
1-semi open set [Levine, 1963] if Ac cL(int(A)) and semi closed set if int( cl(A)) < A.
2- b-open set [Andrijevic, 1996] if A C int(cl(A))U cl(int(A)) and b-closed set if
int(cl(A))N cl(int(4)) € A.
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Definition (2-2):

The intersection of all semi-closed subsets of topological space (X,t) containing a set 4
is called semi-closure [Levine, 1963] of 4 and is denoted by scl(A) .

Definition (2-3):

A subset A of a space (X,7)is said to be a -
1-semi- generalized closed set ( briefly , sg- closed ) [Bhattacharyyal987] if scl(A)

C U whenever AC U and U is semi- open set in X .The complement of sg- closed set

is called sg-open .

2-w- closed set [Sundaram1995] if cl(A) S U whenever AC U and U is semi- open set

in X . The complement of sg- closed set is called w -open .
3-strongly b*- closed set (briefly , sb*- closed) [Poongothai2012] if cl(int(A)) € U

whenever AC U and U is b- open set in X .The complement of sb*- closed set is called

sb*-open .

The collection of all semi-open subsets ( resp . b-open , sg-open , w -open and sb*-
open ) subsets in (X,7) is denoted by SO(X,t) ( resp . BO(X,r) , SGO(X,1) ,wO(X,1)
and SB*O(X,t)) and the collection all semi-closed subsets ( resp . b-closed , sg- closed
, w - closed and sb*- closed) subsets in (X,1) is denoted by SC(X,t) ( resp . BC(X,1) ,
SGC(X,r) ,wC(X,r) and SB*C(X,7) ).

Remark(2-4),[Poongothai, 2012] :

Every open ( resp . closed ) subset in (X,7) is a sb*- open ( resp . sb*- closed ) subset .
But the converse need not be true in general.

Example (2-1):

Let X= {a,b} with the topology 1={X,®}. Then the set A={a} is a sb*-open subsets but
not open subsets in (X,t ) . And Also, A°= {b} is sb*-closed subset in (X, ). But is not
closed.

Definitions (2-5):
A function f: (X, 1) — (Y, o) is said to be
1- Continuous function [Levine, 1993] if for each open set A of (Y,o), then f~1(A)
open in (X,7) .
2- b-continuous function [El.Atik, 1997] if for each open set A of (Y,5) , then f~1(A)
b-open in(X,1) .
3- sh*-continuous function [Poongothai] if for each open set A of (Y,o) ,then f~1(A)
sb*-open in (X,1) .
A function f: (X, 1) — (Y, o) is said to be
1- totally- continuous function [Jain 1980] if the inverse image of every open subset
of (Y,o) is a clopen ( i.e., open and closed ) subset of (X,1) .
2- totally semi -continuous function [Nour1995] if the inverse image of every open
subset of (Y,o) is a semi- clopen ( ie., semi- open and semi-closed) subset of
X,1).
3- totally b-continuous function [E1.Atik, 1997] if the inverse image of every open
subset of (Y,0) is a b- clopen ( i.e.,b- open and b-closed ) subset of (X,1) .
4-  Totally w-continuous function [Rajesh, 2007] if the inverse image of every open
subset of (Y,0) is a w- clopen ( i.e., w- open and w- closed ) subset of (X,7) .
5- Totally sg-continuous function [Ravi, 2011] if the inverse image of every open
subset of (Y,0) is a sg-clopen ( i.e.,sg- open and sg-closed ) subset of (X,1) .

333



Journal of Babylon University/Pure and Applied Sciences/ No.(2)/ Vol.(24): 2016

Definition (2-7) :

A topological space (X,t) is said to be b— space[Nasef 1999] if every b-open subsets

in (X,7) is open.
3- Totally sb* - Continuous Functions and sb*- Totally Continuous Functions

In this section, we introduce a new type of totally-continuous functions namely
(totally sb* -continuous functions and sb*- totally continuous functions) and studying the
relations between them . Also, we give some of their propositions .
Definition(3-1):

A function f': (X ,7) —(Y ,0) is said to be totally sb*- continuous if the inverse image
of every open subset in (Y,0) is a sb*-clopen subset in (X ,7).
Example (3-1):

Let X=Y={a,b,c} with the topologies Tt ={X,®, {c},{a,b}} and 6 ={Y,D,{c}}
then SB*O(X,7) = {X, 0,{c},{a,b},{a,c},{b,c} } . Let /- (X,7) —(Y ,0) be an identity
function . It observe that /" is a totally sb*- continuous function .

Proposition (3-2):

A function f': (X ,7) —(Y ,0) is totally sb*- continuous if and only if the inverse of
every closed subset in (Y,0) is a sb*-clopen subset in (X, 7).
Proof:

Assume that f* is totally sb*- continuous . Let 4 be any closed subset in Y. Then A® is a
open subset in Y., since fis totally sb*- continuous . Thus, f~* (4°) is sb*- clopen subset
in X( ie., sb*- open and sb*-closed subset in X ) . But ! (4°) =X-F~*(4) , and so
F~1(4) is both sb*-closed and sb*-open subset . Hence, £~ (4) is sb*-clopen subset in
X. Conversely, let G be an open subset in Y. Then Gis closed subset in X .By assumption
F~1(G) is sb*-clopen subset in X ( i.e., sb*- open and sb*-closed subset in X ) . But
F~1(G°) = X-f~Y(G) ,.and so f~1(G) is both sb*-closed and sb*-open subset . Hence,
f~Y(G) is sb*-clopen subset in X. Therefore, f is totally sb*- continuous function .
Proposition (3-3):

(1) Every totally— continuous function is totally sb* — continuous .

(1) Every totally w — continuous function is totally sb* — continuous .
Proof:
(i)Let f: (X ,7) —(Y ,0) be a totally - continuous and A be an open subset in (Y ,0) . Since
f is a totally— continuous function . Thus, f~*(A4)is clopen subset in (X,7) ( ie.,
F~1(4) is both open and closed subset in (X,t)) by using Remark(2-4) we get f~* (4) is
both sb*-open and sb*-closed subset in (X,t) . This implies that £~ (4) is sb*-clopen
subset in (X,t) .therefore , f'is a totally sb* — continuous .
(i) Let f': (X ,7) —(Y ,0) be a totally w-continuous and A be an open subset in (Y ,0) .
Since f is a totally w — continuous function . Thus, f~!(A)is w —clopen subset in
(X,1) (ie., f~1(A)is both w —open and w — closed subset in (X,1)) , since ( Every w —
open set is a sb*-open , [Poongothai 2012] ,and every w —closed set is a sb*-closed ,
[Poongothai2012]) we get f~* (A4) is both sb*-open and sb*-closed subset in (X,t) . This
implies that £~1 (4) is sb*-clopen subset in (X,t) .therefore , f is a totally sb* —
continuous .

The following example shows that the converse of Proposition (3-3) is not true.
Example (3-2): Let X=Y={a,b} with the topologies T ={X,@}and o ={Y,0,{a}},then
SB*O(X,t) =SB*C(X,7) = {X, @,{a},{b}} . Let f: (X,7) —(Y,0) be function defined by
f(a)=b and f (b)=a . It observe that f is a totally sb*- continuous function, but f is not
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totally-continuous function and totally w- continuous function , since for open set A={a}

. f7Y(A)=f~1({a})= {b}is not clopen (resp. w- clopen ) subset in (X, 1) .

Proposition (3-4):

Every totally sb*— continuous function f': (X,7) —(Y,0) isa

(1) totally b— continuous function .

(i)  b- continuous function .

(iii)  sb*- continuous function .

Proof:

(i)Let A be an open subset in (Y ,0) . Since f is a totally sb*— continuous function
Thus, f~*(4)is sb*-clopen subset in (X,t) ( ie., f~*(4)is both sb*-open and
sb*closed subset in (X,1)) since ( Every sb *x — open set is a b-open , [Poongothai
2012] ,and everysb *—closed set is a b-closed , [Poongothai 2012]) we get £~ (4) is
both b-open and b-closed subset in (X,t) . This implies that £~ (4) is b-clopen subset
in (X,7) .therefore , fis a totally b — continuous .

(i1) Let A be an open subset in (Y ,o6) . Since [ is a totally sb* — continuous function .
Thus, f~1(A4)is sb* —clopen subset in (X,1) ( i.e., f~1(A)is both sb* — open and
sb* — closed subset in (X,1)) , since Every sb * — open set is a b-open , [Poongothai
2012] ,and everysh *—closed set is a b-closed , [Poongothai 2012]) we get f~* (4) is
both b-open and b-closed subset in (X,t) . and so, f* (4) is b-open subset in (X,1)
therefore , f'is a b — continuous .

(ii1) Let A be an open subset in (Y ,0) . Since f is a totally sb* — continuous function .
Thus, f~*(4)is sb* —clopen subset in (X,t) ( ie., f~*(4)is both sb* — open and
sb* — closed subset in (X,t)), thus f~*(A4) is sb*-open subset in (X,t) .therefore ,
is a sb* — continuous .

The following example shows that the converse of Proposition (3-4) is not true.

Example (3-3):

Let X=Y={a,b,c} with the topologies T ={X,d, {a},{a,c}} and ¢ ={Y,0D,{b,c}},then
SB*O(X,t)={X, @ ,{a},{a,c},{a,b}}, SB*C(X,1) ={X, 0,{c},{a,c},{b,c}}and BO(X,1)
={X,0, {a},{b},{a,b},{a,c},{b,c}}. Let f: (X,z) —>(Y ,0) fla)=a, f(b)=b and f(c)=c . It
observe that f* is a totally b- continuous function ,but f is not totally sb*- continuous.
Since for open subset A={a,c}in (Y,0) . f"1(A)=f~1({a,c})= {a,c}is sb*-closed but is
not sb*- open subset in (X, 1) . Hence, f~1(A)= f~1({a,c})= {a,c}is not sb*-clopen
subset in X .

Example (3-4):

Let X=Y={ab,c}with the topologies 1={X @ ,{a},{b},{a,b}} and
o={Y, @ ,{a},{b},{a,b},{b,c}},then SB*O(X,r) ={X, @ ,{a},{b},{a,b}}, SB*C(X,7)
={X,0,{c},{a,c},{b,c}}, BOX,1)={X .0, {a},{b},{a,b},{a,c},{b,c}}}and BC(X,1)={ X,
,0,{a},{b},{c},{a,c},{b,c}}, Letf: (X,1) —(Y,0) fla)=a, f(b)=c and f(c)=c . Then, f
is a b- continuous function ,but f is not totally sb*- continuous. Since for open subset
A={ab}in (Y,0) . f1(A)= f~1({a,b})= {a,c}is sb*-closed but is not sb*- open subset in
(X, 1) . Hence, f71(A)= f~1({a,b})= {a,c}is not sb*-clopen subset in X .

Example (3-5):

Let X=Y={a,b,c} with the topologies 1 ={X,0, {a},{b},{a,b}} and o ={Y,0,{a,c}},then
SB*O(X,7r) ={X,0,{a},{b},{a,b}}, SB*C(X,1)={X,0,{c},{a,c},{b,c}}and Let /' : (X ,7)
—(Y ,0) f(a)=c, f(b)=b and f(c)=a . Then, f is a sb*- continuous function ,but f is not
totally sb*- continuous. Since for open subset A={b,c}in (Y,5) . f~1(A)=f"1({b,c})=
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{a,blis sb*-open but is not sb*- closed subset in (X, 1) . Hence, f~1(A)= f~1({b,c})=
{a,b}is not sb*-clopen subset in X .

Remark(3-5):

The concepts of totally semi- continuous functions and totally sg- continuous functions
are independent to totally sb*- continuous functions . In Example(3-2) it is clear that f'is
totally sb*- continuous functions , but f'is not totally semi — continuous function . Also ,
in Example (3-3) f is totally semi- continuous functions and f is totally sg- continuous
functions , but f'is not totally sb* — continuous function .

Remark(3-6):

The concept of continuous functions and totally sb*- continuous functions are
independent . As, shows in the following example .

Example (3-6):

(1) Let X={a,b,c} with the topology={X, @, {a},{a,c}}, then SB*O (X,7) = {X, 0 ,{a}
{a,c},{a,b}}, SB*C(X,r) ={X,D,{c},{b},{b,c}}. Let f: (X ,7) —(X ,7) be the identity
function .Then, f is a continuous function ,but f'is not totally sb*- continuous. Since for
open subset A={a}in (X ,1) . f~1(A)=f"1({a})= {a}is sb*-openbut is not sb*- closed
subset in (X, 1) . Hence, f ~1(A)= f~1({a})= {a}is not sb*-clopen subset in (X,7) .

(i) Let X=Y={a,b} with the topologies T ={X,@}and ¢ ={Y,0,{b}}, then SB*O (X,1) =
SB*C(X,1) ={X, @,{a},{b}}.Let f :(X ,5)—(Y,0) be function defined by f (a)=b and
f(b)=a . It observe that f* is a totally sb*- continuous function, but f is not continuous
function, since for open set A={b} . f~1(A)= f~1({b})= {al}is not open subset in (X, 1) .

The following proposition give the condition in order to every sb*-clopen is clopen .

Proposition(3-7):

If a space (X,7) is b- space , then

(1) Every sb*-open subset of space (X,t) is an open .

(i1) Every sb*-closed subset of space (X,t) is an closed .

(ii1) Every sb*-clopen subset of space (X,t) is an clopen .

Proof:

(i)Let A is a sb*- open subset in (X,t) , since (Every sb*- open set is b-open). This
implies that A is a b-open subset in(X,t) . By hypotheses (X,1) is a b-space and by using
definition (2-7) we get A is an open subset in (X,1) .

(i) Let A is a sb*- closed subset in (X,7) , then A®is an sb*- open subset in (X,t), since
(X,7) is a b-space and by step-i- we get A° is an open subset in (X,t) .Thus , A is a closed
subset in (X,7) .

(i) Let A is a sb*- clopen subset in (X,1) ,(i .e., A is both sb*-open and sb*closed subset
in (X,1)) . Since (X,1) is a b-space and by step-i- and —ii- we get A is an open and closed
subset in (X,t) .Hence, A is clopen subset in (X,1) .

Next, in the following proposition we give the conditions to make the converse of a
proposition (3-3) ,(3-4), Remark(3-5)and Remark(3-6) are true:

Proposition(3-8):

Iff: (X,7) —(Y, 0) is a totally sb*- continuous function and X is a b- space , then f is a

(1) totally - continuous function .
(1) totally w- continuous function .
Proof:

(i)Let A is an open subset of (Y,0) . Since f is a totally sb*- continuous function . Thus,
F~1(4) is sb* —clopen subset in (X,t) (ie., f~* (4)is both sb* — open and sb* — closed
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subset in (X,1)) . By hypotheses (X,1) is a b-space and by using Proposition (3-7) step-iii-

we get f 1 (4)is clopen subset in (X,t) . Therefore, fis totally- continuous function.

(i1) Let A is an open subset of (Y,o0) . Since fis a totally sb*- continuous function . Thus,

F~1(4)is sb* —clopen subset in (X,t) By hypotheses (X,t) is a b-space and by using

Proposition (3-7) step-iii- we get f~* (4) is clopen subset in (X,7) ) (i.e., f~* (4) is both

open and closed subset in (X,1)), since (Every open set is an w-open ,[Sundaram 1995]

and every closed set is a w- closed [Sundaram1995] .This implies f~* (4) is w- clopen

subset in (X,t). Therefore, f'is totally w- continuous function.

Proposition(3-9):

Let f: (X,7) —(Y, g) be any function from discrete space (X,t) and topological

space (Y,0) , then f is a totally sb*- continuous function if and only if

(1) f is totally b-continuous function .

(i)  f is totally semi-continuous function .

(i)  f is totally sg-continuous function.

(iv)  f is continuous function .

(v)  f is b-continuous function.

(vi)  f is sb*-continuous function .

Proof:

(1) If f'is totally sb*- continuous function, then by using Proposition (3-4) step-i- we get f°
is a totally b- continuous function . Suppose that f* is a totally b- continuous function
and A is an open subset of (Y,o) . Thus, £~1 (4) is b—clopen subset in (X,1) ie.,
f~1(A4) is both b-open and b —closed subset in (X,t) . By hypotheses (X,1) is a
discrete space we get every subset of (X,1) is both open and closed subset in (X,1) .
B y Remark (2-4) we get f~* (4) is both sb*-open and sb*-closed subset in (X,1) .
This implies f~* (4) is sb*-clopen subset in (X,t) .therefore , / totally sb* —
continuous

(i))Let f* is totally sb*- continuous function and A be an open subset in (Y,o) .Thus ,
f1(A4)is sb*—clopen subset in (X,1) ( ie., f *{A4)is both sb*— open and sb* —
closed subset in (X,1)) . By hypotheses (X,1) is a discrete space we get every subset
of (X,7) is both open and closed subset in (X,1) ,and since (Every open set is semi-
open [Levine 1963] , and every closed set is semi- closed , [Levine,1963] ), this
implies ' (4) is both semi- open and semi— closed subset in (X,t). Hence, f~* (4)
is semi-clopen subset in (X,7) . and so f totally semi — continuous function
Conversely , assume that f'is a totally semi- continuous function , and A be an open
subset in (Y,0) .Thus , £~ (4) is semi-clopen subset in (X,7) (i.e., f~1 (4)is both
semi- open and is semi — closed subset in (X,1)) . By hypotheses (X,7) is a discrete
space we get every subset of (X,1) is both open and closed subset in (X,t) , . By
Remark(2-4) we get f~1 (4) is both sb*-open and sb*-closed subset in (X,t) This
implies £~ (4) is sb*-clopen subset in (X,t) .therefore , ftotally sb* — continuous.

The proof of steps-iii- , -iv-,-v-and —vi- is similar to step —ii- .
Next, we give other type of totally sb*- continuous function is called sb*- totally
continuous function.

Definition(3-10):

A function f': (X,7) —(Y ,0) is said to be sh*- totally continuous if the inverse image
of every sb*-open subset in (Y,0) is a clopen subset in (X, 7).

337



Journal of Babylon University/Pure and Applied Sciences/ No.(2)/ Vol.(24): 2016

Example (3-7):

Let X={a,b,c},Y={a,b} with the topologies 7={X,0,{a},{b,c}}and c={Y,D,{a}} , then
the clopen subset in (X,1) are {X,0,{a},{b,c}} and SB*O(Y,0) ={X,0,{a}}. Let /' (X,7)
—(Y ,0) be a function defined by f (a)=b and f (b)=f (c)=b . It observe that /" is a sb*-
totally continuous function .

Proposition (3-11):

A function f> (X, 1) —(Y, o) is sb*- totally continuous if and only if the inverse of every

sb*-closed subset in (7, o) is a clopen subset in (X, 7).
Proof:_ This proof is similar to that of proposition (3-2)
Proposition(3-12):
Iff: (X,7) —>(Y,0) is sb*- totally continuous function , then f is a
(1) Totally — continuous function.
(1) Totally semi — continuous function.
(i)  Totally w — continuous function.
(iv)  Totally sg — continuous function.

(v) Totally b — continuous function.
(vi)  Totally sb* — continuous function.
Proof:

(i)Let A is an open subset in (Y,0) . By Remark (2-4) we get A is a sb*- open subset in
(Y,o) . Since f'is a sb*- totally continuous function, this implies that f~* (A4) is clopen
in (X,7) . Therefore, f* totally — continuous function.

(i) Let A is an open subset in (Y,0) . By Remark (2-4) we get A is a sb*- open subset in
(Y,o) . Since fis a sb*- totally continuous function. Thus , £~ (4) is clopen in (X,1),
since (Every open set is a semi- open , [Levine 1963] and every closed set is a semi-
closed , [Levin 1963] ) . this implies that #~*(4)is both semi- open and semi—
closed subset in (X,t). Hence, £~ * (4) is semi-clopen subset in (X,t) . Therefore, f
totally semi — continuous function.

(ii1) ) Let A is an open subset in (Y,0) . By Remark(2-4) we get A is a sb*- open subset in
(Y,0) . Since fis a sb*- totally continuous function . Thus , £~ (A4)is clopen in
(X,7) , since (Every open set is aw- open , [Sundaram 1995] and every closed set is
aw- closed , [Sundaram 1995] ) . this implies that =1 (4) is both w- open and semi—
closed subset in (X,t). Hence, £~ (4) is w -clopen subset in (X,t). therefore, f
totallyw— continuous function .

The proof of steps, -iv-,-v-and —vi- are similar to step —iii- .

The converse of Proposition(3-12) need not be true in general , the following example
shows that .

Example(3-8):

Let X=Y={a,b} with the topologies T ={X,?,{a}}and ¢ ={Y,0}, then SO(X,1)=
wO(X,1)=SGO(X,t1)=BO(X,t) =SB*O(X,7) = {X, @,{a}} . Let f - (X ,0) —(Y ,0) be
function defined by f'(a)=b and f (b)=a . It observe that /" is a totally- continuous( resp .
totally semi — continuous , totally w- continuous , totally b- continuous and sb*-
continuous ) function, but f is not sb*-totally continuous function , since for sb*-open
subset A={a} . f~1(A)= f~1({a})= {blis closed subset in (X,t), but is not open . Hence,
f~YA)=f"1({a})= {b}is not clopen subset in (X, 1) .
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Proposition(3-13):

If f:(X,7) —(Y,0) is sb*- totally continuous function , then f is a
(1) Continuous- function.
(i)  b- continuous- function.
(iii)  sb*-continuous- function.

Proof: It is clear.

The converse of Proposition (3-13) need not be true in general, the following
example shows that.

Example(3-9):

Let X={a,b,c} with the topology t ={X,0,{a}}, then BO(X,1)=SB*O(X,1)={ X, @,
{a},{a,b},{a,c}} . Letf: (X,7) —=(X,7) be an identity function . It observe that / is a
continuous function ( resp. b- continuous function and sb*- continuous function ),but f'is
not sb*- totally continuous function, sinc for sb*-open subset A={a}. f~1(A)=f"1({a})=
{a}is an open subset in (X,1) , but is not closed . Hence, f~1(A)=f~1({a})= {a}is not
clopen subset in (X, 1) .

Next, in the following proposition we give the conditions to make the converse of a
proposition (3-12) and (3-13) are true:

Proposition(3-14):

Let f: (X,7) —(Y, g) be any function from discrete space (X,t) into b- space (Y,o) , then
f is a sb*- totally continuous function iff is a

(1) Totally- continuous function.

(1) Totally -semi continuous function.
(i)  Totally w- continuous function.
(iv)  Totally sg- continuous function.
(v) Totally b- continuous function.
(vi)  Totally sb*- continuous function.

Proof:

(1) Let A be a sb*- open subset of (Y,o) . Since (Y,0) is b-space and by using Proposition
(3-7) step-i- we get A is an open subset in (Y,5). By hypotheses f is a totally —
continuous function, this implies that f£~* (4) is a clopen subset in (X,t) . Therefore, f
sb*- totally continuous function.

(i) Let A be a sb*- open subset of (Y,o) . By hypotheses (Y,o0) is b-space and by using
Proposition (3-7) step-i- we get A is an open subset in (Y,5). Since f'is a totally semi
— continuous function, this implies that f~1(4)is a semi- clopen subset in (X,1) .
Also , since f'is a discrete space , then every subset in (X,t) is both open and closed .
Hence, f~1(4) is a clopen subset in (X,1), therefore , f sb*- totally continuous
function .

(i) Let A be a sb*- open subset of (Y,o) . By hypotheses (Y,o) is b-space and by using
Proposition (3-7) step-i- we get A is an open subset in (Y,s5). Since f'is a totally w —
continuous function, this implies that £~ (4)is a w-clopen subset in (X,t) . Also,
since f'is a discrete space, then every subset in (X,t) is both open and closed . Hence,
f~1(A4)is a clopen subset in (X,1), therefore , f sb*- totally continuous function.

The proof of steps, -iv-,-v-and —vi- are similar to step —iii- .
The proof of the following Proposition it is easy. Hence, it is omitted.
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Proposition(3-15)

Let f: (X,7) —(Y, g) be any function from discrete space (X,t) and topological space

(Y,0) , then f* is a totally sb*- continuous function if and only if
(1) Continuous function.

(i)  b-continuous function.

(iil)  sb*- continuous function.

Proposition (3-16)

Let f: (X,t) = (Y,0) and g: (Y,0) = (Z, ) be any two function, then g f:(X,7) -

(Z,) is totally sb*- continuous function if
(1) fis a totally sb*- continuous function and g is a continuous function .

(i1) fis a totally sb*- continuous function and g is a totally- continuous function .

(i)  fand g are two totally — continuous functions .

Proof:

(i) Let A be an open subset in Z , since g is a continuous function . Thus g~1(4) is an
open subset in Y .Also ,since f is a totally sb*- continuous function
sthen f~1(g~1(A)) is sb*-clopen subsetin X . But f~1(g™1(A) ) =(g f)~(A) and
so (g f)1(A) is sb*- clopen subset in X .Hence, g f:(X,t) = (Z, 1) is a totally
sb*- continuous function .

(ii) Let A be an open subset in Z , since g is a totally- continuous function . Thus g~ (A)
is clopen subset in Y , this implies that g=1(A) is an open subset in Y By hypotheses
fis a totally sb*- continuous function ,then f ~(g~1(A)) is sb*- clopen subset in X .
But f71(g7Y(A) ) =(g f)"(A) and so (g f)"1(A) is sb*- clopen subset in X
Hence, g f:(X,1) = (Z, ) is a totally sb*- continuous function .

(iii) Let A be an open subset in Z , since g is a totally- continuous function . Thus g~*(4)
is clopen subset in Y , this implies that g =1 (A) is an open subset in Y By hypotheses
fis a totally -continuous function ,then f~(g~1(A)) is clopen subset in X and by
using Remark(2-4) we getf "1(g~1(A)) is sb*- clopen subset in X . But f~1(g~1(A)
) =(g f)1(A) and so (g f)"!(A) is sb*- clopen subset in X .Hence,
g f:(X, 1) - (Z ) is a totally sb*- continuous function .

Next, we give some propositions about the composition of these types of functions
Remark(3-17):

Iff:(X,t) » (Y,0) and g: (Y,0) = (Z, ) are two totally sb*- continuous function ,
then g f:(X,7) = (Z,1) is not necessarily totally sb*- continuous function , as shows
in the following example .

Example(3-10):

Let X=Y=Z={a,b} with topologies =={X,?,{a}}, o ={Y,0} and p ={Z,0,{b}}.Then

SB*O(X,1) ={ X,0,{a}}, SB*O(Y,0) ={ Y,0{a},{b}} and p ={ Z,0,{b}}. Define f

:(X,t) » (Y,0) by [ (a)=a, f (b)=b and g: (Y,0) — (Z,n) defined by g(a)=a,g(b)=b.

Then clearly f'and g are two totally sb*- continuous function, but g f:(X,7) = (Z, )

is not totally sb*- continuous function .Since for open subset A ={b} in (Z,pn) .

(g NT'A) =fg7(A) =f"Hg7 (b} )= f~1({b})={b} .is a sb*- closed subset

in (X,t) but is not open . this implies(g f) YA =f"Y(g X A) ) =f"Yg (b)) )=

f({b})={b} is not sb*- clopen subset in (X,1).

Proposition (3-18):

Let f: (X, 1) = (Y,0) be a sb*-totally continuous function and g:(Y,0) — (Z, 1) be
any function , then g f:(X,7) = (Z, ) is totally sb*- continuous function if
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(1) g is a totally sb*- continuous function .

(i1) g is a totally - continuous function .

(iii) g is a totally w-continuous function .

Proof:

(i)Let A be an open subset in Z, since g is a totally sb*- continuous function . Thus

g~ 1(A) is sb*-clopen subset in Y , this implies that g~1(A) is an sb*- open subset in Y

By hypotheses f'is a sb*- totally continuous function ,then f ~(g~1(A)) is clopen subset

in X and by using Remark(2-4) we getf (g 1(A)) is sb*- clopen subset in X . But

fY (g 1(A) ) =(g f)"(A) and so (g f) 1(A) is sb*- clopen subset in X .Hence,

g f:(X, 1) - (Z ) is a totally sb*- continuous function .

The proof of step-ii- and —iii- are similar to step-i- .
Similarly, we prove the following corollary.
Corollary(3-19):
Let f: (X,T) = (Y, 0) be a sb*-totally continuous function and g: (Y,0) — (Z, n) be
any function , then g f:(X,t) = (Z, ) is totally sb*- continuous function if
(1) g is a continuous function
(1) (i1) g is a sb*- continuous function .

Proposition (3-20):

Let f: (X, 1) = (Y,0) and g: (Y,0) = (Z, 1) be any two function, if g is a sb*- totally
continuous function and

(i) f is a totally — continuous function ,then g f:(X,7) = (Z,n) is sb*- totally

continuous function .

(ii) f'is a totally semi — continuous function ,then g f:(X,7) = (Z,p) is totally semi-

continuous function.

(iii) f is a totally b — continuous function ,¢then g f:(X,7) - (Z, ) is totally

b- continuous function .

(iv) f is a totally w - continuous function ,then g f:(X,7)—> (Z,un) is totally

sb*- continuous function.

(v) f is a totally sg— continuous function ,then g f:(X,7) = (Z,p) is totally sg-

continuous function .

Proof:

(1) Let A be a sb*-open subset in Z, since g is a sb*- totally continuous function . Thus
g~ 1(A) is clopen subset in Y, this implies that g~1(A) is an open subset in Y . By
hypotheses f'is a totally- continuous function ,then f~1(g~1(A)) is clopen subset in
X and by using Remark(2-4) we getf ~1(g~1(A)) is sb*- clopen subset in X . But
Y97 YA))=(g ) 1(A)andso (g f) 1(A) is sb*- clopen subset in X .Hence,
g f:(X,1) = (Z,p) is a sb* totally - continuous function .

(i) Let A is an open subset in (Z,u) . By Remark(2-4) we get A is a sb*- open subset in
(Z,n) . Since g is a sb*- totally continuous function, g~1(A) is clopen subset in Y ,
this implies that g~ (A) is an open subset in Y . By hypotheses fis a totally semi-
continuous function ,then f~! (g7 (A)) is semi- clopen subset in X
But f"Y(g71(A) ) =(9g f) YA) and so (g f)"(A) is semi- clopen subset in X
Hence, g f:(X,1) = (Z, 1) is a totally semi - continuous function .

(ii1) Let A is an open subset in (Z,n) . By Remark (2-4) we get A is a sb*- open subset in
(Z,n) . Since g is a sb*- totally continuous function, g~1(A4) is clopen subset in Y,
this implies that g71(A) is an open subset in Y. By hypotheses f is a totally b-
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continuous function, then f~1(g"1(A)) is b- clopen subset in X . f"1(g71(A) )
=(g f)"YA) and so (g f)"(A) is b-clopen subset in X Hence, g f:(X,T) -
(Z, ) is a totally b - continuous function .
The proof of step-iv- and —v- are similar to step-iii- .
Proposition (3-21):

Let f: (X, 1) = (Y,0) and g: (Y,0) = (Z, 1) be any two function, if g is a sb*- totally
continuous function and
(i) f'is a continuous function ,then g f:(X,7) = (Z, ) is continuous function .

(ii) fis a b — continuous function ,then g f:(X,7) = (Z, ) is b- continuous function.
(iii) f is a sb*- continuous function ,then g f:(X,t) — (Z, ) is sb*- continuous
function.

Proof: It is observe.

Proposition (3-22):

Let f:(X,7) = (Y,0) and g:(Y,0) = (Z, ) be two sb*- totally continuous function,
the g f:(X,7) = (Z, 1) is also sb*- totally continuous function.
Proof:

Let A be a sb*-open subset in Z , since g is a sb*- totally continuous function . Thus
g~ 1(A) is clopen subset in Y , this implies that g~1(4) is an open subset in Y . By
Remark (2-4) we get g~1(A) is sb*-open subset in Y , since f'is a sb*- totally continuous
function ,then f~1 (g 1(A)) is clopen . But f~1(g 1 (A) =(g9 f)'(A) and so
(g f)"t(A) is clopen subset in X .Hence, g f:(X,T) - (Zp) is a sb*-totally
continuous function .
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