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Modeling and Design of a Suboptimal Controller for a Hydraulic System®
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Abstract

Practical hydraulic control systems are nonlinear, high-order and parameters sensitive
systems. On the other hand, usually the customer demands are difficult to achieve without
some type of tradeoffs among these demands. Therefore, the burden of designing an
optimal controller will be so complicated, and a suboptimal controller seems to be
preferable. However, the validation of such design requires a detailed mathematical model
of the hydraulic system and actual values of parameters. In this paper, a mathematical
model of a hypothetical hydraulic system is derived first. Then, for the linearized model, a
suboptimal controller is designed based on the LQR techniques. A Simulink model of the
overall controlled system is utilized to simulate the closed-loop performance. The stable
very fast response indicates the validity of the proposed procedure of design.

Key word:LQR Linear quadratic regulator ,EHS Electro hydraulic system.

DAl
dulua & yiwl s high order 4dbadl da )l e 4pdad dadai) 480 5 juel) 3 k) dadail Llee
araaill daia (10 Gaaill 5 syboptimal Jiel 40 slasedl ) e salll Jiad¥) (e 13 Jid) lava
a3 ) 138 A, A slatall O jial ul Aiida aly Sl g pua alail ol ) Jadge dlae ] &5 o slladll
el AUl Simulink ) A5 Cianiial &5 Y 5l Gy AUl aa) 81 ol 5 i e LS
_eUA.'xl] dalaal) Adlad) ¢l 3lSLaa LIS anle

?“A‘A:\“CJM\ ¢\);Y\4Amér_ d.\gm\_\;@y}f,)ﬁmhmw u\ L;‘ )g;ﬁuaﬂ\ c_xtu

! This paper was presented in the Engineering Conference of Control, Computers and Mechatronics Jan. 30-31/2011,
University of Technology.
2 Isra University/Amman-jordan

® Electromechanical department/ University of Technology, Baghdad, Iraq.

74



IJCCCE, VOL.11, NO.1, 2011

1. Introduction

In solving problems of optimal control
systems, one may have the goal of finding a
rule for determining the present control
decision, subjected to certain constraints,
which will minimize some measures of
deviation from ideal behavior. Such a
measures is usually provided by a criterion of
optimization, or performance index. A
performance index is a number  which
indicates the “goodness” of system
performance. The performance index is
important because it, to a large degree,
determines the nature of the resulting optimal
control. In other words, the resulting control
may be linear, nonlinear, stationary, or time —
varying, depending on the form of the
performance index. [1]

Electrohydraulic systems (EHS) have been

used in industry in a large number of
applications due to their size-to-power ratio,
and the ability to apply very large force and
torque. However, the dynamics of hydraulic
systems are highly nonlinear. The system
may be subjected to non-smooth and
discontinuous, nonlinearities due to control
input  saturation. Moreover, directional
change of valve opening, friction, and valve
overlap are affecting the operation [2].
Therefore, it is necessary to simulate the
hydraulic actual-like system using its
representative mathematical model. This
should describe the dynamic of the hydraulic
directional proportional valve and the
cylinder unit of the hydraulic driver. A
conventional controller has been designed
using suboptimal control theory; as the
results were within the required accuracy.

2. Mathematical
Electrohydraulic System:

The position electrohydraulic
servomechanism consists of two parts [3];

Modeling of
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the electro hydraulic proportional valve
(proportional solenoid with stroke—to—current
relationship), and a hydraulic driven unit
cylinder. The output signal of this system is
the position of the hydraulic cylinder piston,
while the control signal is the output current
of an electrical amplifier unit. Figure (1)
shows the schematic of the proposed
hydraulic system. The directional
proportional valve converts the electrical
signal to a translation motion, which in turn
directs the position of the controlled sliding
lever of the valve to control the fluid flow in
a hydraulic cylinder. As a result, the
hydraulic piston moves to translate the
cylinders to the required position. With such
description, if this control chain is closed
through any type of position sensors, then a
servo hydraulic system is obtained. However,
the degree of complexity of the system is
deliberately chosen to be near enough to
practical systems.

2.1  Proportional _ Directional _ Valve
Modeling
A proportional directional valve with

electric feedback consists of the housing, two
proportional  solenoids, and inductive
positional transducer. An electrical amplifier
of a linear gain K, characteristic is used. It

is defined by the ratio of the electrical output
current (solenoid current) i(mA) to the input
voltage signal u, (volt) for given load.
Moreover, it is supposed that the current has
no ripples, and the amplifier output signal U
is the system control input. It is constrained
as U € (U 0 i+U 1k ) » Which actuates the

hydraulic system. The value Upmax is the
maximum permissible value of the signal
before saturation occurs. This means that the
amplifier model will be as a nonlinear
saturation element of gain K; and +Upax
(volt) cutoff values.
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The translation motion of the solenoid
together with the mechanical part in the
proportional valve can be represented by the
following transfer function.

d(s) K, @
i(s) (Ts+1)(T,s+1)

where Ky, is the proportional valve gain T
and T, are two time constants.

If the position of the sliding lever d(mm) is
proportional to the movement of the movable
solenoid then the total transfer function for
the proportional valve with mechanical
constraints on the sliding lever movement for
+ 6d(mm)becomes

Ko
S =
%0 s+ (hs+) (Ts+)(Ts+) .

However, due to the shelter of the sliding
lever and the passive resistivity of sealing an
overlap is expected as shown in figure 2.

Figure (1) schematic diagram of hydraulic
system | Lt QK°7= ~ Riglt
o

In the solenoid unit, the fixed solenoid
performs a magnetic field of constant —
boosting, while the movable solenoid Kﬂ
represents an electrical load of the electronic
amplifier. The position of the moveable 5 ] 4 , +d(mm)

solenoid d (mm) is a function of the "

current passing through it. A first order lag
transfer function for the solenoid circuit can L0
be used to model this electrical circuit, i.e.

-

i(s) 1

5) - TsiD) " Figure 2 Overlap model 2]

where T, is the solenoid time constant.
Such overlap can be simply modeled by a {0

&, ;

d<s

dead-zone with saturation nonlinearity of f@ q
>0

26 sensitivity bandwidth and of a gain K,
[2]. Therefore, the output of this hydraulic
proportional valve will be defined as

@
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2.2 Hydraulic Cylinder Modeling

It is known that the hydraulic cylinder
can be represented in general by a third order
differential equation [4, 5, and 6]. However,
the nature of this equation (linear or
nonlinear) and its coefficients depend on the

piston shape and dimensions, fluid
properties, the used pressure and sealing
performance.

In this paper, a hydraulic cylinder of non-
equal piston chambers will be considered;
see figure 1. As it can be seen the piston area
of the controlled pressure chamber, is greater
than the area of the uncontrolled pressure
chamber. For the considered piston chambers
(the subscript 1 is used for uncontrolled
pressure chamber, and the subscript 2 is used

for controlled pressure chamber) the
continuity relations are
QGECR=g 1 o
LRI ®
where:

- Q ,Q, are the volumetric flow rates.

( mysec)
- p,,p, are the pressure. (%3)

- V,,V, are the volumes. (m®)

- G, is the internal cross part leakage
coefficient of piston. (m*.sec™*.pa™)
-Cop is the external leakage coefficient of

1 ) pa—l )
is the effective bulk modulus.

piston. (m*.sec”

- ﬁe
(’y )

m3
If the initial volumes for the two chambers
are denoted by VOl andVOz, then the
instantaneous volumes as a function of the
piston movement Y are given by

Vl(Y) :V01 +A2y

Vz (Y) :Voz + Aly (7)
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where chambers effective area are given by

V4
AL

T2 2
=Z[ds —d,] ®)

where d,,d,, and d,are piston diameters as

shown in Figure 1. The rates of change for
the chambers volume are

av, . dy
a ©
dv, dy
dt tdt

By subtracting equation (6) from equation (5)
and substituting for the volumes of the
chambers, the following equation is obtained

Q1+Q2_2C' (P _P)_C (P _Pz)
_(A, +A)oly Vg dP; A, ydP
dt B, dt g,
Vo P A 0P 10)
p, dt B, 7 dt

Since we have,
P~0, P =P-P, P =P+P,

Then,

(Q1+Q2)_\/;[\/P P -
JP,+P 1 (d) 1y
where K is the coefficient including

i
orifice geometry and discharge coefficient,
p is the oil density and f(d)is the

hydraulic valve output given by equation (4).
Also,

af _1dR R __L1dR gy
dt 2 dt dt 2 dt
If a leakage constant C is defined by
1
C=C,+ ECep (13)

then a final equation can be written
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QL =CP1+AQ+MQ (14)
dt 4p, dt
where
Ao A +A,

A=A, -A Vo=V01+V02C2[CB+C7CS]%=ClCZf(d)
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movement (displacement ) will have the

form
3

d d?
?3/ +¢,[c,¢, + 56, ]sz +

(19)

For certain constant load force F_, the load The 4™ order transfer function of equation (3)

pressure can be calculated from the principle
equation

(15)

Applying Newton's law to the forces acting
on the piston yields

d?y  dy
m +b—==AP 16
dt? dt - (16)
where

- Y is the piston displacement (mm).

- M is the total mass of piston & the load
referred to piston (kg).

- b s the viscous damping coefficient of

piston to the load (N.sec.m ™).

Arranging both of equation (14) and
equation (16) in one relation by eliminating
the load pressure P, , yields

3 2
V°+aymﬂ+ Vo+ayb+Cm dy
4A  dt® | 4BA A | dt?
Cb|dy
A+—|—== 1
aZ¥-a @
Next, we define the following -eight

coefficients; only two of them C,,C; are
function of the piston displacement y .

012}&[ P-F + PS+PL]
2o

3 46A _i_\/o+ay
Tmyray S mg 4m

m b

=" =, = =C, :b 1
G=p G4 G A ¢ G 19

The specified 3"-order nonlinear differential
equation governs the piston translation
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and the 3"-order differential equation of
equation 19 represent the complete model of
the electrohydraulic system.
3. Linearized Model

In order to design the controller via the
optimal LQR theory, we have to determine
first a linear state space model. A state vector
X(t) representing the electrohydraulic system
will have seven states, and are selected as
follows:

The current of the movable solenoid,
X(t) =i(mA).

The velocity of the movable solenoid,
X, (t) = d (mm.sec ).
The position of the
solenoid, x,(t) = d,(mm).
The position of the sliding lever,
X, (t) =d(mm).

movable

- The dynamic load pressure,
Xs(t) = P_(Pa)

- The velocity of piston
X, (t) = y'(mm.sec™)

- The position of piston,

X7 (t) = y(mm)

As it is mentioned in section (2.1) the
proportional value has been linearized by a
transfer function of four lags constants
T,,T,,T,,&T, and total gainK,, while the
hydraulic cylinder has not yet been
linearized. For constant F_ and assumed

initial position of the piston Y, (the piston is

moved before any control but only due to
pressure balance), the two nonlinear

coefficient functions C, andcg can be
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calculated at y =y, to obtain constant values
C,and Cj. In this way, it is possible to

represent the differential equation (21) by a
transfer function of the form

G,(s) = ——

s(s®> +as+h) (20)

b :62(C6+C7C5)

With the above definition for state variable
and the two transfer functions given in
equation (3) and equation (22), the linearized
model can be represented by the state
equation

—i 0 0 0 0 0 0
TS
K_m _M _L 0 0 0
Tt T T
0 1 0 0 0 0
X=l 0 0 R 0
T3 T3
0 0 0 C4KC —620407 —620406 0
0 0 0 0 £ B T
Cyq Cyq
|0 0 0 0 0 k0
(/T |
0
0
0 |u 21
0
0
L O -

where k is equal to 10 (lcm = 10mm).
Finally, the nonlinear elements are modeled
in the linearized model only by their gain
K, and K, ; however it is expected that the

dead zone with saturation element may cause
unstable limit cycle or at least long regulating
time and unaccepted overshoot. Therefore, a
sort of compensation is necessary to be
included. A standard technique is to use a
dither signal.

Due to the expected sensitivity problem of
the considered hydraulic system, the system
simulation has to be carefully carried. This in
turn requires that the system parameters must
be correct to physical point of view. To
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overcome such circumstances, the numerical
model is readjusted several times based on
the suitable literatures [5, 6, and 7] to reach a
final physical meaningful model. The final
numerical values taken to construct the
hydraulic system model are listed in Table
(1) of the appendix. The hydraulic cylinder

parameters and coefficients C; are calculated

and listed in Table (2) of the appendix . For
the linearized model, the coefficient matrix,
A and the input matrix, B are calculated, see
the appendix.
The eigenvalues set of the A matrix contain
one zero. Theoretically, if there is zero
eigenvalue in the linearized model, then the
stability of the nonlinear system (according
to second Lyapunov theory) cannot be
deduced from the linearized model.
However, as expected the simulation of the
open loop nonlinear electrohydraulic system
shows unstable response for arbitrary step
input.
4. Suboptimal Controller Design

For the linearized model, the linear optimal
control theory is invoked; specifically, the
infinite horizon LQR. Therefore, for this
SISO constrained system, the problem is
stated as,

P T 2
min {Ju)= (X QX +ru“)dt}, r=1
lul<U 0
subjected to:
X'(t) = AX +Bu, X(0)=04,4

Accordingly, a state feedback gain can be
obtained to perform this task using the
Matlab function Igr. However, first the
weight matrix Q has to be determined. Since
in this system, only the piston position of
interest, the Q matrix should have only one
non zero element g, i.e. Q has the form

Q — |:06><6 06><1:|
Oe Q-

Using the known thumb of rules of selecting
g, it could be possible to set a range of values
[Omin,» QOmax] and based on the system
performance (the regulating time, settling

(22)
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time and the maximum overshot ) one
specified value could be obtained. To reduce
the effort of such ad hoc searching, a
SIMULINK model of the system as shown in
figure (3) is set (see the appendix for the
complete electrohydraulic model), in which a
direct measure of the regulating time and
settling time is recorded for different values
of input g in the stable operation range of
values. Moreover, a Matlab m. program is
running simultaneously as a function block in
the Simulink set up to solve the LQR
problem and supplies the model with the
state feedback gain vector K. For

2x10" <q<2x10® , the simulation reveals

that one can choose the value q=2.5x10" as
an optimal value, for which the step response
has a compatibly good response. Figure (4)
illustrates the idea of how to select specific q,
where the vertical lines represent the crossing
of 1£0.01 value. The regulating settling
time is read at the first and last vertical lines
respectively. The gain matrix k for

q=25x10"is
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Output response y(t)(mm)

14
1.2
oar.-
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02
a

.08 0.1

Time (sec)

Figure (4) Step response for values of
q=25x10’
For implementing the optimal state feedback
control law, the position and velocity of the
movable solenoid (x2(t), xs(t)) are not
measurable while the other states are all
measurable. Therefore, a certain type of
reduced-order state estimator should be
incorporated. The general theory of design
reduced —order Luenberger observer will be
utilized [8]. The estimator uses states x;(t),

K -[01029 0.1642 141.8653 26.3514 00007 02508 192.307ANd Xa(t) to estimate Xo(t), and xs(t). The

w

w
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Mt 1 M Crogsig  Mux 2 se
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Figure (3) The Simulink Model illustrates how to

reach the optimal value of g
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design of the estimator is performed so as to
have a fast response with minimal possible
estimation errors [9]. The result is shown by
the dynamic system in figure (5), where,

—525 84761
1 —-214.8]

5 586.3339 — 40071
1o 9212 |
10
C-= L1l D=0,,
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¥ = AxtBu
y = Cx+Du

State-Space

Figure (5) Block diagram of reduced order
Lunberger observer

Running the simulation of the complete
design electrohydraulic with state estimator
and state feedback control, we can determine
the system response. Figure (6) depicts the
output response for different input set with
the optimal value of q; the simulation time is
0.1 second. In all three cases, the output
reaches the required position within a settling
time less than approximately 0.02 second.
However, the dither signal is experimentally
decided to be with amplitude 17, and
frequency (2*pi*100); these values give the
smallest amplitude of the existing limit cycle.
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Output y(t)(mm)

: : H :
ooz 004 0.06 0.0s8

Time (sec)

0.0g

D.LIZ D.;J-l D.bﬁ 0.
Figure (6) the output response for different input set with
the optimal value of q=2.5* 10"

a)i/p=0.1 unit step b)i/p=0.5unit step c)i/p=1 unit step
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5. Conclusions

The following points summarize the main
conclusions drawn from this research:

1. The mathematical modeling of both
the proportional valve and the
hydraulic cylinder and hence transfer
functions are presented. However, the
degree of complexity of the system is
deliberately chosen to be near enough
to practical systems. A Hdraulic
cylinder of non -equal piston
chambers is considered.

A suboptimal controller can be
designed for nonlinear system by
applying linear quadratic regulator
( LQR) technique to a linearized
model and adjusting the controller
parameters based on nonlinear system
performance.

The dead zone element causes
unstable limit cycle, long regulating
time and unaccepted overshoot,
therefore a conventional technique
dither signal is used.
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Appendix:- Table (1&2) Numerical values

of parameters and coefficients
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Table (1) Numerical values of parameters for

an electrohydraulic system

Unit value symbol
mAV ! 26 K,
volt 300 U, o
sec. 25x10°° T
mmA™ 0.04 K.,
sec. 2.018x10° T
sec. 3.3806x107 T,
sec. 8.424x10™ T
mm 0.1 )
mm 4 lo¥
mmy ! 0.2 K,
cm® 500 V.
m®.sec'Pa™’ 10°® C
mm 100 d,
mm 25 d,
mm 136 d;
M Pa 12 P,
M Pa 2.73x10° B
m’.sec ' Pa® 257x10™" \17%
kg 297
N.secm™ 1.66x10° b
kN 70 F.
mm 55 Yo
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Table (2) the hydraulic cylinder parameters &coefficients

Parameters
2 Parameters
Values and units o Values and units &
coefficient o
coefficients
S
2
4.48x10° +6.64x107%y Cs 66 cm Aq
41x107" ecm® Nt Cs 140 cm? Ay
2.88 Kg.cm™ Cy 103 cm? A
161 N.sec.cm® Cs 74 cm? a
103 cm? Ce 6.8 MPa P
0.01cm3.sect Pat C; 8500 cm?.sec™? C
_ 22x10%(69.5+10.3y) ™
1.66x10* N.secem™| ¢ | >22x107(695+10.3y) c,
8207 cm~2.sec ™ C,
- The matrices A and B
[ —400 0 0 0 0 0 0] 400 ]
586.3339 —-525.1 -14658 0 0 0 0 0
0 1 0 0 0 0 0 0
A= 0 0 1187 -1187 0 0 0|, B=| 0
0 0 0 4x10" -236.4 -2.43x10° O 0
0 0 0 0 0.347 55.9 0 0
| 0 0 0 0 0 10 0] | 0
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