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Abstract

The Orlicz spaces generated by dilatory functions are only quasi-Banach spaces contrast to
those generated by Orlicz functions which are Banach spaces, and their duals are Banach space also.
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1-Introduction

We shall introduce a background of the Orlicz space the word Orlicz came from
the name of the mathematician Wiadyslaw Roman Orlicz.

Orlicz spaces are generalization of L, space their definition are very well known

Aif (Q,F,u) is a measure space ,and 1 < P < oo then for any measurable function f:
Q—C the Lp-norm is defined to be

1
=
Il f”p: ( f|l:':w}|pdu('.v'_:-'_:- for P =<
a

And ||fll. = ess sup,,.q [f(w)] h forp =

Then we define the Banach space L,(Q,F ,u) to be the vector space of all measurable

function f: Q2 — € for which Ill , is finite.

Now. If E:[ 0,00)—[0,0) is an Orlicz function where F is non-decreasing convex with
F(0)=0 then we define the Luxemburg norm by ||fll; = inf{c: J’_QF[”':""}'}dp = 1} for

c

all measurable function fand define Orlicz space Lg (Q2,F,u) to be those measurable
function f for which [Ifllz is finite the Orlicz space Lg is a true generalization of L, at
least for p < = . if F(t) = t¥ then Lz = L with quality norms.

we shall not work with this definition of the Orlicz space , however , but with
different equivalent definition . this definition we give in the following section .

2- Definitions : We first define ®- function . these replace the notion of Orlisz —
function in our discussions .

Definition (2-1) [S.]. Montgomery ,4Dec 1999] : A ® — function is a function
F:[0,x) — [0,2) such that

i) F(0)=20

i) iZFy= o

iii) Fis strictly increasing

iv) F is continuous

However we will often desire that the function F has some control on its growth both

from above and below for this reason we will often require that F be dilatory .
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We will say that a @ — function F is dilatory if for some K, ,K, > 1 we have
F(K;t)= K, F(t) forall 0=t < ®
We will say that F satisfies the A,-conditon if F~* is dilatory

The definition of ®-function is slightly more restrictive than that of an Orlicz function
in that we insist that F be strictly increasing the notion of dilatory replaces the notion

of convexity
Definition( 2-2) [S.]. Montgomery] : if (Q,F,u) is a measure space and F is
@ — function then we define Luxemburg functional of a measurable function f by

||f||F=inf{cf |f(w) | - }

for every measurable function f ,we define the Orlicz space L to be the vector space

of measurable function f ,for which [|f]l s <co modulo functions that are zero almost

everywhere .
Definition(2-3) [W.Cong ,And ,L.Yongjin , 2008] : quasi — norm on a(real or

complex) vector space X is anon-negative real —valued function on X satisfying :

(i) l=ll = 0 if and onlyifx= 0

(i) I*=|l = |A| lz|| forallxkEX and X € R

(iii) || x+ yll < K [llx]| + |lyll]for some fixedK = 1 and allx,y € X

3- Results

Theorem (3-1) : If F(t) is ®— function satisfy dilatory condition then Lz is a
quasi — Banach space

Proof : -
(i) Let llxllz = 0,since c = 0 and||x||lf =0
then c is very small and greater than zero ,so x must equal to zero
If x =0 and ¢ = 0 so ||xllz must be zero
(ii) since F is dilatory ,then F(K,w) = K, F(w) and since F is increasing so K;=K,

hencef F(|}{Fw}|]d [:Wj =K Jr F[|F|w}|jd [:W:]
K, |f

inf{c J F[M]dp[w]}ﬂfilinf{c |( w)| }

since [, (22 ydp < 1

SoK, [, F('F'““}'jdpg 1

Hence K, fllz = inf {c: [, F['K ) yduw) < 1)

= K, | inf {c: [ F('F"“j"jdp(wjg 1}
= Ky [l fllg

i) Since F is dilatory we have K, JiQF[llil’r:}l’llyllj = [y (|E|||:T|Zl||jd“

Sincex+y=x thenK,(x+vy) = K (x)
and F (K;(x+y)) = F(K,(x))

Since lI=ll + liyll = llxll
_r -t
i+ sl il
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Then Jin(||xl|T++j|P|Lnj KL CJoF (lilllﬁlj”jd“]
<2, JF( 5 )du +1QF(%]du]

Since |, F(” ”jd <1 and [, F(l:ylll <1

So inf { (llxll+ lyll) = [P ydu <1

laell+
Hence ||x + vl < i— [ =+ vl ]

Let K= i— So llx+vll < K[ llxll+ ll¥ll ]

Theorem (3-2): The set B[Lg R] =L;" of all bounded linear operators
onanormed space Lz into R is Banach space.

Proof:
1. We introduce in B[L,R] the operations of addition (+) and scalar multiplication

(-} in the following manner: for T,S € B[Lg, R]
(a) (T+S)(f)=Tf+sf
(b) (xxT)f=ccT 1t where o is areal number .

It can be easily verified that the following relations are satisfied by the above two
operations:
(i) If T,S € B[L,R] ,then T + S € B[Lg,R]

(ii) (T+S)+ U=T+(S+ U),forall T,S,U € B[L,,R].

(iii) There is an element 0 € B(Lg, R) suchthat0 4+ T =T forall T B[L;,R]
(iv) For every T € B[Lg,R] ,thereisa Ty € B[Lg,R] such that T4+ T, =0

(V) T+S=5+T

(vi) o T € B[L,R] forallreal o« and T € B[Lg,R] .

(vii) o< (T+8S) =oc T+ S.

(viit) (o< +B)T =oc T + BT

(i) (ecB)T =oc (BT).

(x) IT=T.

These relations mean that B[L;, R] is a vector space.

IHTHT IEE" ﬂ} is a norm on B[Lg,R]and so B[Lg,R] is

anormed space with respect to this norm .1t is clear that || T exist

. IT
Since {Ilﬂl

or sup must exist .
(a) ITll = 0as lITIl is the sup of nonnegative numbers. Let [Tl =0

Then |T f|=0 or Ti=0 for all f € L or T=0 ,which is the zero element of B[L:,R]
Conversely ,assume that T=0. Then | Tf|=|0f|=|0|=0.

2. Now we prove that || T|| = sup {

[ f+ D} is a bounded subset of real numbers, its least upper bound

This means that || T|| = sup {'“THT e n} 0.
Thus, IITll =0 if and only if T=0
_ lee(T)fl
_ [ {TH)
- { sl /= ']}
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_ el | Tl
‘S”p{ FIRARs D}
By applying property (2) of the norm on R
lloc Tl =locl sup {75/ £ 0f=lecllITII.

Il
IT + 8|l = sup {'“Tﬁ;:l“ﬂ' Jf= n} - sup{"”lfl;fﬂ' Jf= n}

By the property (3) of the norm on R, we have
|(Tf+ sf)| < |Tf| + |Sf]

This implies that
ITf] + |Sf]|

1T+ 5| Esup{W,ﬁfi u}

(i Isl
‘S”p{um T/t D}

(By the Note: if A and B are two subsets of real numbers
Then sup(A+ B) = supA + supB) [S.Abul Hasan,2004]

IIT + sl Esup{%ff-p—tﬂ}—ksup{%;’f;’:ﬂ}

=ITI+lSl or  NIT+ sl = [ITI+ISI
This proves that B[Lg, R] is a normed space.
3. Now , we prove that , B[Lz, R] is a Banach space provided R is a Banach space.
Let {T,}be a Cauchy sequence in B[Lg,R] . This means that for € =0, there exists a
natural number N such that || T, — T, |l < & for all n, m = N. This implies that , for
any fixed function f € Ly ,we have
(T f—T, ) < IT,— Tl < =lifll, forn, m = N;
That is , {T,f} is a Cauchy sequence in R. Since R is a Banach space , lim,_, T, f=Ti.
Now ,we verify that (a) T is a linear operator on L into R,
(b) T is bounded on Lg into R , and (c) IT, =TIl = efor m=N.
(@) Since T is defined for arbitrary f € L .it is an operator on Lg into R.
T(f, + f,) =lim___T_(f, +f,)
=lim, _.[T,f; + T.f:]. asall T,'sare linear
=lim T f,+limT_f, =Tf, + Tf,

T(oc ) =limT, (x ) = lim o« T,

A=+

since T,'s are linear , so that
T(x f)= !lji_)n:‘l:Tnf =0 Tf,
(b) Since T, 's are bounded , there exists M =0 such that |T,, f| = M for all n .This
implies that for all nand any f € Lg,
IT, I = IT,llIfll = MIIf]l. Taking the limit , we have
lim [T, f| < M|,
Or
IT fl = MIIfll . This proves that T is bounded .
(c) Since {T,] is a Cauchy sequence , for each ¢ =0 there exists a positive integer N
such that IT, —T_Il < =foralln, m= N .Thus, we have
IT, f—T,fl = IIT,— T,IlIfll <€ lIfll forn, m=>N .
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Or
lim__ IT-T_ll = sup{%;’ f+ D} =eforalln,m=N

Thatis, T,,— T asm— =,

Conclusions
1. Lg is quasi-Banach Space .

2 . B[Lg R] is Banach Space .
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