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Abstract:

In this paper calculate the lower and upper Hausdorff measure for fractal sets while give these set
parameter , we will generalized the main theorem in (Dehua, Meifeng 2007) on other fractal sets with

different parameters.
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1 Introduction

Estimating and computing the dimension and measure of the fractal sets is one of
the important problems in fractal geometery. Generally speaking, it is computing the
Hausdorff dimension and the Hausdorff measure. For a self-similar set satisfying the
open set condition, we know that its Hausdorff dimension equals its self-similar
dimension, but there are very few results about the Hausdorff measure, except for a
few sets like the Cantor set on the line. Recently, some progress study have been
made to compute lower and upper Hausdorff measure for Sierpinski gasket in (Dehua,
Meifeng 2007) and other study about compute the exact value of Hausdorff measure
of a Sierpinski carpet was calculated (Zuoling,Min 1999).
In this paper , we shall continue the study on the Hausdorff measures of the iterated
function system with parameter .

2 Some Definitions and Lemmas

Definition(2.1):(Falconer 2003)
We define the diameter |A| of a(non-empty)subset of R™ as the greatest distance

apart of pairs of points in 4. .Thus |4|= sup{/x =¥l : x,y € 4}. In R a ball of radius

r has diameter 2r,and a cube of side length 8 has diameter 1. A set A is bounded if
it has finite diameter ,or equivalently , if A is contained in some(sufficiently
large)ball.
Definition(2.2): (Falconer 2003)

Let 4 be closed subset of R* . A map f:A — 4 s called a contraction on 4 if there

is a number r with @ < € < 1 gyuch that If(x) = f(¥)|l = ellx = ¥ll forall = v € 4.
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Definition
(2.3):(Gulick 1976)
Let fbe a map f:A — A4 has the property that for some constant 7 with 0 <r <1
If(x) — f(v)ll = r|lx — yll.for all x and y in A.
Then fis called a similarity of 4 , since fA4) has a shape similar to that of A.
The constant r is the similarity constant of /.
Definition(2.4):(Falconer 1997)

Let A be a subset of R™ and 20 | for all >0 we define the Hausdorff

=

inf IZIUiISl : {U;}is a & — cover of A

measure as Hﬁ (A= i=1

As 9 increases , the class of 8 _covers of A is reduced , S0 this infimum increases
and approaches a limit as 8 =0 _ Thus we define () = ll—r-% H3(4) .
Lemma (2.5):(Falconer 2003)
Let A= R" and f:A=R" pe amap such that
f(x) —f(y)| = elx —yl® (x¥€A) foraconstant €= 0 and @> 0 then for each
s Ha(f(A)) < ™/« H*(A)
Lemma (2.6):(Dehua, Meifeng 2007)

Let A< R* | we denote orthogonal projection onto ¥ -axis by proj , so that 4 is a
subset of R® the proj(4) is the projection of A onto ¥ -axis .Clearly,
lprojx — projyl < Ix =yl | in either way proj is Lipschitz map thus, we have
H*®(projA) < H*(A)

Lemma(2.7):(Falconer 2003)
If Ais a Borel subset of R™ | then H"(A) = e3" vol™(4) Where €n is the volume

ng g
w2/

= TR .
Cn /2™ 21 if n is even and

of an n-dimension ball of diameter 1 , so that

o (f - ﬂ/g)f

Cp =

if nis odd.

n

3 Estimate Hausdorff Measure With Variable Parameter (a)and )

In this section, we will prove the main results. First, we will try to use the length
(a) as a variable parameter in some fractal shape and estimate lower and upper
bounded Hausdorff measure.

Theorem (3.1)

For the Hausdorff dimension s =1 ,the Hausdorff measure of the (E ' a} Sierpinski
gasket S is as follows: H%(S)=a  yhere s (0.1).
i1

Proof : From the generation of the (? “ J Sierpinski gasket S, we can see that for each

. . . . k pk ok k
k = 0, St consists of 3 isosceles triangles , which were denoted by f1-12- T3 . T3

.Each If is called a k-th basic triangle.
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. " o k gk gk ko .
It is clear that the 3* k-th basic triangles of Si, I1:72.73. . T3 is a covering of S.
Let /¥ be the diameter of If ,and then through the structure of S and @ € (0,1) | we

[rF| = 37%a
3k
HS(S) = Z k| =3%.3% a=qa

have . then by definition of H¥(s) , we can get

Where s=1 . Letting k — o0  then HS) <a

i A2

Figure 1 Projection of the Sierpinski Gasket S on the Line-BC

To estimate the lower bound Hausdorff dimension , we will project the Sierpinski

gasket on the * -axis

Now ,we denote orthogonal projection onto * — axis by proj , so that projection of S
onto ¥ -aXis _clearly , proj is a Lipshitz mapping. Thus , by Lemma (2.5) and Lemma
(2.6) , we have H*(projS) = H%(S)  As a sequence , we need to compute the value of
H*(projS) . It is easy to see that projS is the line segment BC on the x -aXis
Therefore , Lemma (2.7) , we have
H¥(projS) = ¢;1 vol®S = |BC| = a
Where n=1. We have H*(8) = H(projS) =a \jth s=1 where q= (0.1).
Then H*(S) =a I:I
Theorem (3.2)

Ay

)

For the Hausdorff dimension s =1 ,the Hausdorff measure o f the 3% Sierpinski
carpet G is as follows:

—a i:HS':G::"_:C’: X
V2 where a= (0.1).
1

Proof : From the generation of the (3 ‘E.) Sierpinski carpet G, we can see that for each

k = 0, Gx consists of 8* squares , which were denoted by ! KI5 05. o Ih  Each I*

is called a k-th basic square.

It is clear that the 8% k-th basic triangles of G, I!1<~ 15, ’%- Y T covering of G.

Let [I¥| be the diameter of ¥ ,and then through the structure of G and @ € (0.1), we

have Irwk\ = 32a  ghen by definition of H*(6) , we can get
gk

H%(G) = Z |[}"| — gk 3-k /5, = 1%]k A 2a < o

Where s=1 . by Letting K — % | thepn H(G) < @
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Figure 2 Projection of the Sierpinski carpet S on the Line-DE

To estimate the lower bound Hausdorff dimension , we will project the Sierpinski
carpet on the straight line DE which parallel to the diameter of Sierpinski carpet.

Now ,we denote orthogonal projection onto Striatghtline DE by proj , so that
projection of S onto DE | clearly proj is a Lipshitz mapping. Thus , by Lemma (2.5)
and Lemma (2.6) , we have H*(projG) = H(6) Aga sequence , we need to compute
the value of H(ProjG) | It is easy to see that projG is the line segment DE.
Therefore, by Lemma (2.7), we have H*(projG) = ¢;* vol"G = |DE|

Where n=1. We have H*(G) =z H*(projG) = |DE|  yyith s=1 where q= (0.1).

Now we will try to compute the value of |DEI,

From the figure above , we will not be able to compute the DE length by Pythagoras

theory , because we have a triangle with two unknown side length , but we will try to
calculate the length by depending on slop equation .

Va—¥: = m(x; — %)

The slop equation for the first line DE is

V2 = 1(x2 —a) ,wherem; =1 ...(3.1.1)
The slop equation for the second line BE is

Vs —a=-1(x, —a) ,wherem; = -1 ...(3.1.2)

-1

my = —
Since the line BE is orthogonal projection on DE then =~ m1 |
Now by equalized the two equation 1 and 2 to compute *2 value.

(X; —a)=-X, + 2a
i, = 3a

3
X = id

By substitute the value of *2 in equation 1

3 1
i=387 a3,
DEI= a2+ (3at—a)= [farsla
= ;;3 'r'(liﬂ ﬂ)—'d-zﬂ -—Eﬂ
b |
1
IDE|l = —
V2
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H*(G) = H3(projG) = l,_a
Then V2
We realized in theorem above if we project sierpinski carpet into the * -3%is we will
have H*(G) = H®(projG) = a  that's mean the lower bounded Hausdorff measure is
effected by the slop of the straight line which we project the fractal shape on it.
Theorem (3.3)
5-9)

For the Hausdorff dimension s =1 ,the Hausdorff measure o fthe ‘3 ' Menger
sponge M is as follows:
a?=sH (M) =0 yypere q= (0.1).

i1 )
= .0
Proof : From the generation of the (,3 / Menger sponge M, we can see that for each

. . k ok k K &
k = 0, Mx consists of 20% cube , which were denoted by I1:-12-13. <. Ioe  Each It

is called a k-th basic cube.
It is clear that the 20% k-th basic cube of Gx, 1515, IE- S A covering of M. Let
It be the diameter of If ,and then through the structure of M and @ € (0,1) we
have |I H = f_k‘ﬁ" . then by definition of H¥(s) , we can get

20

K
HE (M) = Z 1| = 20%. 375 .y/3a = (?) A3a<w

Where s=1 . by Letting K— | thep HM) < 20
To estimate the lower bound Hausdorff dimension , we will project the Menger

T

sponge on the plane (xy)

Figure 3 Projection of the Menger sponge M on the ¥¥ -plain

Now ,we denote orthogonal projection onto X¥ — Plane by proj , so that projection of
M onto * y-Plane clearly , proj is a Lipshitz mapping. Thus , by Lemma (2.5) and
Lemma (2.6) , we have H*(projM) = H*(M) Ag a sequence , we need to compute the

value of H®(projM) 1t is easy to see that projS is the square ABCD on the X¥ -Plane
. Therefore , Lemma(2.7), we have

H¥(projM) = ¢;! vol®M = Area(ABCD)

Where n=I1. We have H®*(M) = H®(projM) = Area(ABCD) s s=] where
4 (0.1).
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Now we will try to compute the Area value of the square ABCD . It's clear that the
square ABCD is the base square of the Menger sponge that's mean the value of the
side length for ABCD square is a , then

Area(ABCD) = a° ‘

Then H®(M) = H®(projM) = a® |:|
Theorem (3.4)
('1

\3 u} Von Koch

For the Hausdorff dimension s =1 ,the Hausdorff measure o f the
set K is as follows:
a= Hskff] = where a& I.‘U 1).

1
=0
Proof : From the generation of the (‘3 ) Von Koch M, we can see that for each k =

. . . k &k sk k .
0, Ki consists of 4* piece , which were denoted by 11+72. 73, ... lie  Each If is
called a k-th piece of straight line.

. . . k &k (k k. .
It is clear that the 4* k-th basic pieces of Ki, I1:72:13. .. It is a covering of K. Let
If| be the diameter of ¥ ,and then through the structure of K and @ € (0.1) | we

k| = 3-i . ke
have 1| = 37%a . then by definition of H"(K) we can get

3,

Where s=1 . by Letting K — ® | then HEK) < @
To estimate the lower bound Hausdorff dimension , we will project the Von Koch on
the x -axis

4k sk
HSLK) = Z |[,}{| = 4k. 3'1{,“ = {i) .\‘_.:Ea < o0

A

/\ (2.0)

B c

Figure 4 Projection of the Von Koch K on the Line-BC

Now ,we denote orthogonal projection onto * — @xis by proj , so that projection of S
onto ¥ -a%is _clearly , proj is a Lipshitz mapping. Thus , by Lemma (2.5) and Lemma
(2.6), we have H*(projS) = H%(S) Ag a sequence , we need to compute the value of

H*(projK) . It is easy to see that projK is the line segment BC on the x -a%is
Therefore , by Lemma (2.7), we have

H%(projK) = ¢;2 vol*K = |BC| = a

Where n=1. We have H*(K) = H*(projK) = a  yjth =1 where g= (0.1).

Then H¥(K) =a I:I

Second , we will try to use the angle € as a variable parameter in some fractal shape
and estimate lower and upper bounded Hausdorff measure.
Theorem(3.5)
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o)

For the Hausdorff dimension s =1 ,the Hausdorff measure o fthe '3/ Sierpinski
carpet G is as follows:

;T

1
Proof : From the generation of the {5 E] Sierpinski carpet G, we can see that for each

14+ cosB < H¥*E) < w where

. . k gk 4k k
k = 0, G consists of 8 squares , which were denoted by £+12. 73 ... Jg _ Each I}
is called a k-th basic square.

. . . k & sk k. .
It is clear that the 8% k-th basic triangles of Gi, f1-72:73. . Tgt is a covering of G.

Let Ifl be the diameter of Tf ,and then through the structure of G and
BE( ; E) . Ill-"l = 37 K2¢0 sf
2/ ,and the fundamental property of triangles we have I 2 .

.- ki
then by definition of H"(6) | we can get
gk Kk

H*(G) :Z |[;‘:|=8". 3‘]’{.2&::-5;a =(§) .stg < o

Where s=1 . Letting K — % | thep H(S) < 0
To estimate the lower bound Hausdorff dimension , we will project the Sierpinski

carpet on the x -axis

0 " T

din g

cosfA

Figure 5 Projection of the Sierpinski Carpet S on the Line-CE

Now ,we denote orthogonal projection onto * — @xis by proj , so that projection of G
onto x* -a%is clearly , proj is a Lipshitz mapping. Thus , by Lemma (2.5) and Lemma
(2.6), we have H*(projS) = H*(S) Ag a sequence , we need to compute the value of
H*(projs) | It is easy to see and from the figure above that projG is the line segment

CD on the x -a%is plys €058  Therefore , by Lemma (2.7), we have

HS(projS) = ¢zl vol®S = |CD| + cos® =1 + cos B

Where n=1. We have H*(S) =z H*(projS) =1 +cos8 s s=] where a< (0.1).
Then

F T
1+cosB<H3 @GS pere Be {DE]
Theorem (3.6)
1
For the Hausdorff dimension s =1 ,the Hausdorff measure o f the [5 H-] Von Koch

K is as follows:

,
M1=H(K)=e  yhere 0= (OE}

Yoy
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022l w0 cm . oe(Cn)
()3 + 2sin5 < (K) = o where 3™
59)
Proof (1) : From the generation of the '3" 7/ Von Koch K, we can see that for each
- ‘ . . . k sk (k k .
k = 0, Ki consists of 4* piece , which were denoted by /51273« . I Each I is

called a k-th piece of straight line.
. . . k &k (k k. .
It is clear that the 4* k-th basic pieces of Ki, 117213, .. Iit is a covering of K. Let

0e (ﬂ 'T)

If| be the diameter of If and then through the structure of K and 3/, we

k| = 3-k Ko
have 1= 37 then by definition of H(K)  we can get

4k 4k

_ K| — ak 3-k — (¥ 3.
Hs(K)_Z 1] = 4. 3 —(5J V3 <w
Where s=1 . by Letting K — @ | thep HIM) < o0

o5+

HELE o

0.2+
1/3

/3sinf)

61

—

T T y T . 3
0.5 1/3cosf) ]

Figure 6 Projection of the Von Koch K on the Line-BC

To estimate the lower bound Hausdorff dimension , we will project the Von Koch on
the * -axis

Now ,we denote orthogonal projection onto * — axis by proj , so that projection of S

' 4
1 E L)

onto * -a%is _clearly , proj is a Lipshitz mapping. Thus , by Lemma (2.5) and Lemma
(2.6), we have H®(projS) = H¥(S) Aga sequence , we need to compute the value of

H*(projK) | It is easy to see that projK is the line segment AC on the x -axis
Therefore , by Lemma(2.7), we have
HS(projK) = ¢;! vol®K = |BC| = 1

rd T
- e 8el0—
Where n=1. We have H*(K) = H*(projK) =1  yyith 5= where = - \ 3 ]
5.9
Proof (ii): again From the generation of the '3°~/ Von Koch K , we can see that for
. . . } k

eachk = 0, Ki consists of 4* piece , which were denoted by 1505 Ii  Each
It is called a k-th piece of straight line.

. . gk gk gk ko :
It is clear that the 4* k-th basic pieces of Ki, I1:72.73. . Iit s a covering of K. Let

(T
¥ be the diameter of If ,and then through the structure of K and b ti' H.} and the

|r¥| = 3_k25ing

fundamental property of triangles, we have . then by definition of

H5(K) | we can get

Yrov



Journal of Babylon University/Pure and Applied Sciences/ No.(7)/ Vol.(21): 2013

4k "
. _ k _ Ak -k _ .4” = . B )
HI(K) = ) [IF| = 4% 3 —(EJ.\,E.ZHHE-—\U?
Where s=1 . by Letting K — @ | thep HM) < o0
To estimate the lower bound Hausdorff dimension , we will project the Von Koch on

the x -axis
R

a1

___

T T ¥ T
0. 1

Figure7,a: Projection of the Von Koch set K on the Line-BC before changevalue of @

L o

)4

0.2+

Figure7,b : Projection of the Von Koch set K on the Line-BC after change value of

Now ,we denote orthogonal projection onto * — axis by proj , so that projection of S
onto * -@Xis _clearly, proj is a Lipshitz mapping. Thus , by Lemma (2.5) and Lemma
(2.6), we have H¥(projs) = H'(S) Asa sequence , we need to compute the value of

H*(projK) . It is easy to see that projK is the line segment BC on the x -a%is
Therefore , by Lemma (2.7) , we have

i 2 2 2]
5 31 = =1 n = = o ke o B T
H3(projK) = ¢;* vol®K = |BC| 3 +3sins i .
] 5 i =5 i T —
Where n=1. We have H*(K) = H*(projK) 3 2““2 . with s=1 where
‘Tt
Bel—.
3™
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