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Abstract

The reaction between designer, and design needs modified methods to controll the design. This
paper presents modified mathematical technique for controlling the generation of the 3D designs of third
degree, by using modified Gallier of Bezier surfaces. The paper discuses a bipolynomial surface in terms,
of polar forms, first with respect to the parameter, and second with respect to the second parameters, The
modified method has resulted in good starting point, to generate which 3D design, algorithm which
allows the designer to produce a design in combinational way allows him to get the shape that he has in
his mind keeping the 16 control points for 3D design.

The method shows a great flexibility in 3D design controlling, by using the values of the coefficient
of parametric representation that uses Three-dimensional cubic Bezier surfaces.

.There is no need to change the control points of the design, moreover efficiency in designs is
obtained in comparison with that needed for conventional methods.
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Introduction

The 3D design is an important method in modern technology because there are
many in daily life applications would be needed in everyday life.

This paper takes up the study of a bipolynomial surface. Bipolynomial surface is
defined in terms, of polar forms. Because the bipolynomial surface involved contains
two variables, natural way to polarize polynomial surface. The approach vyields
bipolynomial surface {also called tensor product surfaces}. It is shown versions of the
de-Casteljau algorithm can be turned into subdivisions, by giving an efficient method
of performing subdivision. It is also shown that it is easy to compute a new control net
from given net. Intuitively this depends on the parameters; this is one of indications
that deals with surface. This is far more complex than dealing with curves. The affine

frame, for simplicity of notation is denoted as F (u, v). Intuitively, a polynomial
surface is obtained by bending and twisting the real affine plane using a polynomial
map. This present method a differen method, for controlling and generating the 3D
design. The arithmetical technique is used to generate Gallier cubic Bezier surfaces by
using de-Casteljau algorithm (Bezier curves are named after Bezier for his work at
Renault in the 1960s.Slightly earlier de-Casteljau had already developed
mathematically equivalent method of defining Bezier curve). This new work is
modified for controlling and generatn surface, by using the values of the coefficient of
parametric surfaces representation that uses Three-dimensional cubic Bezier surfaces,
with no need to change the control points of Bezier surface.
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Note I  [Gallier 00], [Hill 2001], [Jaber 05].
(1)-A linear combination of m vectors V1, V2... Vi is a vector, say W, of the form
W=a;Vi+a;Vo+,+amVm, ..... (¥)
where ai, az,..., am are scalar.
A linear combination of vectors is called an affine combination if the coefficients ai, a,
am are added up to unity. Thus the linear combination in Eq (*) is affine if
aitax+...+am=1.
The coefficients of an affine combination of two vectors Vi and V: are often forced to
have scalar t for one of them and (1-t) for the other in the form:

W= (1-t)V1+tV>

The linear combination of Eq (*) is convex if it is satisfying the following two
conditions: -
(1)-artaz+.. +am=1, (2)-a;i > 0 for i=1... m, as a consequence all a; must lie between 0
and 1.
(ii)- Affine space A" is called the real affine space of dimension n. In most case, we will
consider, (n= 1, 2, 3).Typically, the D affine line A, or the 2D affine plane A and 3D
affine space A%, A is defined over the field R (where R is real numbers).
Polynomial Curve in Polar Form (2D). [Gallier 00] [Jaber 05]

A method of specifying polynomial curves (2D) that yields very nice geometric
construction of the curves is based on polar polynomial form. To define the polar from
of a polynomial of degree three, let
X (u) =F1 (u)=a1uP+bau?+ciu+d; 1)

Y (U)=F2 (u)=azu*+bau?+cou-+ds, (2)

where ai, b1, ¢1, d1, a2, b2, c2 and d2 are constants. The polar form of F is a symmetric
affine function

f- A3 — A that takes the same value for all permutations of u, Uy, us. That is

f(ug, uz, uz)=f(uz, u1, uz)=f(us, us, u2)=f(uz, us, ur)=f(us, u1, uz)=f(us, uz, uz).

Which is affine in each argument and such that F(u)=f(u, u, u), for all u belong to R. It
is easily verified that F must be given by

f(uz, Uz, Us)=a up Uzuz+b[uiuz+usus+uzuz]/3+cfur+ux+us]/3+d  (3)

This is called the polar form (@) of cubic polynomial in (1) or (2) [Jaber 05] [Gallier
00]

Examplel:

Consider the plane cubic defined as follows
F1(u)=15u (4)
F2(u)= 9u- u® (5)
The polar forms
f1(U1, U, U3):3[U1+U2+U3] (6)
fa(us, Uz, uz)= 3[ ur+uz+us]- U1 Uzu3. (7

It is easy to notice that fi(us, uz, uz) in (6) is polar form of F1 in (4), and f2(u1, Uz, U3) in
(7) is polar form of F2 in (5).

@ Polar from new definition has no relation to polar coordinate.

Bipolynomial Surface in Polar Form . (3D). [Gallier 00].

The treatment of parametric cubic curve segments given in foregoing section is easily
generalized to bi-parametric in a bipolynomial surface, (3D). A point on the surface is
given by bi-parametric function and a set of blending or basis function is used for each
parameter.

Now the study investigates the possibility to define bipolynomial surface in terms, of
polar forms. Given a bipolynomial surface, (3D) of degree (3,3), each polynomial F;
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(u, v) defined F, first with respect to u, and then with respect to v to get polar forms.
Note that they are intentionally denoting
Ax Ax Ax Ax Ax A, instead of A®x A3 to avoid the confusion between the affine
3 3
space A% and the Cartesian product Ax Ax A.
e e
The advantage of this method is that it allows the use of many algorithms applied in the
case of curves. Note that they in this case
F(u,v) =f(luxuxuxvxvxv),
e
The present method investigates appropriate generalizations of de-Casteljau algorithm,
consider the following example to illusterate the way to polarize separately u and v.
Using linearity, it is enough to explain how to polarize a monomial F (u, v) of the forme
u® v3 with respect to the bidegree(3,3) .
In order to find the polar form f1 (u, u, u; v, v, v) of F viewed as a bi polynomial surface
of degree(3, 3 ), polarize each of the F; (u, v) separately in u and v.
It is quite obvious that the same result is obtained if you first polarize with respect to u,
and then with respect to v, or conversely. It is easily seen that, as in example 2
Example2:
Consider the following surface viewed as a bipolynomial surface of degree(3, 3 ) :
3

X(u,v) = Fi(u, V)= u- u?+uv2 (8)
Y (u,v)= F2(u,v) = v- §+vu2 9)
Z(u,v)= Fz(u,v)=u?-v? (10)

Let us now polarize surface of total degree (3, 3) in A%, After polarizing with respect to
u you have:

u, +u, +u u,u,u u, +u, +uU
FiU (U1 U2 ,Us V) = 1 2 3 _ hthMs My 2 32

3 3 3
3
v U,u, +U,U; +U,U,
FoU (Ug,Uu2,u3,v) = = v- —+V
3 3
U,U, +U,Uy +U,U,
FsU (U1 ,uz2,u3,v) = -v?,

3
And polarizing with respect to v yield

Up+U, +Us UUpUg  Up+U, +U ViVy +ViV3 +V,V;

F1(uz,U2,U3;V1,V2,V3)= (11)
3 3 3 3
V, +V, +V, . V,V,V
Fa(U1,U2,U3;V1,V2,v3) = [ F—F—2] - 22
3 3
V. +V. £V, U, +uuU, +u,u u,u, +U,U, + u,u
+ptYe Vs 12 THHs THoHs o Fite T T HoYs (12)
3 3 3
U U, +UUg +UUs VoV, +V Vg +V,V,
F3 (u1,uz2,U3; Vvi,v2,v3) = 3 - 3 . (13)

It is easy to notice that Eqs (11, 12 and 13) are polar forms of Eqgs (8, 9 and 10),
respectively.
Background

De-Casteljau algorithm is an algorithm which uses a sequence of control points, P,
P2, P3, P4 to construct a well defined curve F(u) at each value of u from 0 to 1.This
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provides a way to generate a curve from a set of points. Changing the points will change
the curve. F (u) defined as: [Faux 83], [Buss03], [Lengyel 04]. [Jaber 10] [Jaber 05]
P(u)=(1-u)*P1+3(1-u)?uP2+3(1-u)u’Pz+u 3P4. (14)

Eq (14) called original cubic Bezier curve ( 2D) is dependent on interval [0, 1], and uses
a sequence of control points Pi... P16 to define 3D surfaces (Mathematically are said to
be generated from the Cartesian product of two curves). A cubic Bezier surfaces is
defined as: [Hill 01] [Gerald 99]. . [Faux 83], [Watt 00], [Lengyel 04], [Klawonn 08].

3 3

Fun=3 37| e o, (19
i=0  j=0

Eq (15) is called original cubic Bezier surfaces.

Gallier Modified De- Casteljau _Algorithmic.[Gallier 00], [Jaber 05].

The powerful method of subdivision is also discussed extensively. It is written in
mathematical from to illustrate concretely the de Casteljau algorithm at cubic curve.
The modified method uses a sequence of control points pi= f(r*' s'), {(for i=0, 1, 2, 3)
f(r3)=1(r, r, 1), f(r?s)=1(r,r,s), f(rs?) = f(r, s, s)and f(s*)= f(s, s, s) } to construct
a well defined curve F(u)=f(u, u, u). Let us begin with straight lines. Given affine frame
[r, s] which is r<s, u € [r, s], u € R. Let us begin with straight lines (degree one),
which can be written uniquely as
u=[1- A/ r+ As =r+ A [s-r]. And you can find that:
p=4r ,and 1-1 =37Y  Since F is affine then

S—r S—r
FUW=F[Q-Yr+is]=(1-1)F ) +AF(s). (16)

De Castejalu algorithm uses two control points say F(r) and F(s) as in Eq (16). Eq (16)
called Gallier modified Bezier curve is dependent on interval [r, s].
De Castejalu algorithm at cubic curve (Degree three) is

f(u, u, u)=f(u, u, (1-Ar+ 1s) = (1-2) f (u, u, r) + if (u, u, s), a7
in terms of f(u, u, r) and fu, u, s). From f (u, u, r), f(u, u, s) are given by:

f(u, u, N=f(u, (L-A)r+ 4s, r) =1-Df(u, r, ,n)+Af(u, s, r) (18)
f(u, u, s)="f(u, (1-)r+ 7s, s) = (1-1) f (u, r, s) +if(u, s ,5) (29)
From f(u, r, r), f(r, u, s), f(u, s, s) are given by:

f(r, r, u)=f[r, r,(L-A)r+ As] = (L-A)f(r, r, ,n)+A(r, 1, 9) (20)
f(r, u, s)=f(r, (1-)r+ 1s, s) = (L-A)f(r, r, s)+ Af(r, s ,5) (21)
f(u, s, s)=f( (1-A)r+ 1s, s, s) = (L-A)f(r, s, s) + Af(s, s ,9). (22)

From symmetry, f(r, r, u) =f(u, r ,r) and f(r, u, s)=f(u, s ,r)=f(u, r, s), and substitution
of Egs (18, 19, 20, 21) and (22) in (17) gives

f(u, u, u)= (L-A)3f(r, r, )+3 1 (1-2)? f(r, r, s)+3 (1-1) 221(r, s, 5) + A°31(s, S, 8). (23)
Using de Casteljau algorithm in cubic cases, defines the curve F (u) at each value of u
from r to s, suppose f(r, r, r) =F (u), and f(r, r, s), f(r, s, s), (S, S, S) = Po, P1, P2, P3 are
control points Eq (23) becomes

F(u)=(1-1)%po+3 A(1-1)? p1+ 3(1-1)A%p2+23ps.. (24)

Eq (24) called original Gallier modified Bezier curve is dependent on interval [r, s]
(2D). [Gallier 00], [Jaber 05].

These control points play a major role in the de-Casteljau algorithm and its extensions.
The polynomial curve defining F passes through the two points po and ps, but not
through the other control points. For r=0 and s=1, Eq (24) becomes: -
F(u)=(1-u)*P1+3(1-u)?uP2+3(1-u)u’P3+u 3Ps. . (25)

Eq (25) called original Bezier curve is dependent on frame [0, 1].It is identical to Eq
(14). Now the de-Casteljau algorithm can be disussed in some detail in bipolynomial
surfaces. De-Casteljau algorithm can be generalized very easily to bipolynomial
surfaces. Using linearity, it is enough to deal with 3D, let [r1, s1i] and [r2, s2] be two
affine frames for the affine line A. Every point u €R can be written as
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u=[1- 4/ ri+ As1=ri+ 4 [s1-ri]. Andyou can find that:

2=270% and 1-2=2"" Similarly any pointv €A can be written as
S;—h Si;—h

v=[1- B] r2+ [ s2 = ra+ ff [s2 - r2]. And you can find that:

B=""" and 1-p=22""V
S, = S, —h

The treatment of parametric cubic curve segments given in foregoing parajraphs is
easily generalized to bi-parametric cubic surface. A point on the surface is given by bi-
parametric function and a set of blending or basis function is used for each parameter.
Now de-Casteljau algorithm at bi-cubic (3D) is defined as:
fi(ug ,u2 ,us ;v ,v2 ,v3) =[(1-41) (1- B1)] f(re,uz2,us;r2,v2,v3)
+ [ (2-A1)p1] T (r1,u2 U3 ; S2 V2 v3 )+ [A1 (1- p1)] f(S1,U2,U3; 2 V2 ,V3)
+ [(A1 B1] f(s1,U2,U3; S1,V2,V3). (26)
Let a=[(1-41) (1- )] f(r1,u2,us3;r2,v2,va), b=[(1-11)p1] f(r1,u2,us; S2 ,v2 ,v3),
c=[A1 (1- )] f(s1,u2,u3; r2 V2 v3) d=[(A1 B1] f(S1,U2 ,U3; S1,V2,V3).
..Eq (26) becomes
fi(ug ,u2 ,us;vi,v2,v3)=a +b+c+d. (27)
From a:
f(ry, u2,uz;r2,va ,va) = (1-A2) (1- p2) f(ry,ri,us;rz2,r2,v3)
+ (1-A2)B2 f (r1,r1,U3; 2,52 ,v3 )+A2 (1- B2) f(re,S1,U3 5 r2 ,r2,v3)
+A2f02 f(r1,S1,U3; r2,S2,v3) (28)
f(ri,re,us;ra,r2,v3)=(1-43) (1- Ba) f(ra,ro,ra;ra,r2,r2)
+ (1-A3)p3 f(ry,ro,ra;ro,r2,82)+ A3 (1- B3) f(ra,re,S1; r2,r2,r2)
+A3 B3 f(re,re,S1;r2,r2,82) (29)
f(ry,ri,us;r2,s2,va) = (1-43) (1- Ba) f(ru,ri,re;r2,52,r2)
+ (1-23)p3 f(r1,ro,ri;r2,82,82 )+ A3 (1-43) f(ro,ri,s1;r2,52,r)
+ A3f3 f(re,re,S1;r2,52,5) (30)
f(ri,s1,us;ra2,r2,v3)=(1-43) (1- B3) f(rov,Se,ri;r2,r2,r2)
+ (1-A3)p3 f(ry,S1,ri;ra2,r2,82)+As (1- B3) f(re,s1,81; rz2,r2,r2)
+ A3 fi3 f(re,S1,81;r2,r2,5) (31)
f(ry,S1,u3;r2,52,va) = (1-43) (1-p3) f(ry,S1,ri;r2,s2,rn)
+ (1-A3) paf(re,s1,r;r2,82,82 )+A3 (1- B3) f(ro1,s1,51;r2,5,rn)
+A3 B3 f(r1,51,51;r2,52,52) (32)
From symmetry, f (ro ,r1,S1; r2,r2 ,r2 )=f(r1,S1,r1; r2,r2,r2)and f (ry,re ,S1; r2,r2 ,$2
)=f(r1,r1,S1;r2,5,r2)="F(r1,s1,r; r2,r2,52),and substitution of equations (29,
30, 31, ) and (32) in (28) gives:
f(ry, u2,uz; r2,vo va) = (1-42) (1- f2) (1-23) (1- B3) f(ro,ro,ra;r2,r2,r2)
+ (1-42) (1- 2) (L-A3)Baf(ro,ro,ri;ra,r2,82) + (1-42) (1- f2) A3 (1- ) f(ra,re,S1; 12
2, r2 )+ (1-A2)(1- p2) As fs f(ro,ri,su;r2,r2,s2)+ (1-42)52 (1-43) (1- B3) f(re,ro,ra;r2
S2 .12 )+(1-22)p2 (1-A3)p3 T (re,re,ri; r2,82,82 )+(1-42)B2 A3 (1- p3) f(ry,ri,S1;r2,s2
2) +(1-A2)f2 A3fis T (ri,re,S1;r2,82,82) +42 (1- f2) (1-43) (1- Bz) f(re,Su,re; r2,r2,r2
)+ A2 (1- f2) (1-A3)fB3 f(re,S1,ri;r2,r2,82)+ A2 (1- f2) Az (1- fB3) f(r1,s1,81;r2,r2,r2)
+ A2 (1- p2) A3 B3 T(r1,S1,S1; r2,r2,82 )+A262 (1-43) (1- p3) f(r,su,ri;
r2,52,r2) + A2f2 (1-23) B3 f (re,S1,r1; 2,82 ,82 )+ Aofodz (1- f3) f(r1,s1,81;r2,82,r2) +
A2f3243 S3 f (r. ,S1 ,S1 ; r, ,S2 ,S2 ).
(33)
Now substituting Eq (33) in (a) gives:-
a=[(1-22) (1-p1)] f(ro,uz2,uz;rz2,v2,v3)=(1-41) (1-B1) (1-42) (1- B2) (1-3) (1- Ba) f
(roro,ra;r2r2,r2 )+ (1-41) (1- p1) (1-42) (1- B2) (A-23)p3f(ro,ro,ri; ra,r2,52) +(1-
A1) (1- B1) (1-42) (1- f2) A3 (1- Bs) f (ra .1y 815 12,12 12 )+(1-41) (1- B1) (1-42)
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(1- f2) Az s f(ri,ri,s1;r2,r2,82)+(1-21) (1- 1) (1-22)B2 (1-43) (1- p3) f(ro,ri,ri; 2
S22 )+(1-1) (1- p1) (1-A2)B2 (1-A3)p3 f(re,ri,r; r2,S2,52 )+(1-41) (1- S1)

(1-A2)p2 A3 (1- p3) f(roi,ri,su;r2,52,r2) +(1-11) (1- 1) (L-A2)B2 233 f(ri,re,S1;r
S2,82) +(1-21) (1- p1) 42 (1- B2) (1-43) (1- fBs) f(ru,su,ra;r2,r2,ra) +(1-41)

(1- p1) 22 (1- B2) (1-A3)Bs f(ru,su,ro;rz,rz,82)+(1-41) (1-B1) A2 (1- B2) Az (1-fs) f
(r1,81,81; r2,r2,r2) +(1-41) (1- B1) A2 (1- B2) A3 s f(r1,s1,81; r2,r2,52 )+(1-41) (1-
1) A2fp2 (1-23) (1- p3) f(ri,s1,ri;r2,S2,r2) +(1-41) (1- f1) Z2B2 (L-A43) paf(re ,S1,r1; r2
52,52 )+(1-41) (1- B1) A2B243 (1- B3) f(r1,s1,51; r2,52,r2) +(1-21) (1- B1) A2B2Az Bsf (1
,S1,51; 12,52,2)

In same way b, ¢ and d, can be found by using symmetry of the following points
[Gallier 00], and out them as

{ f(ri,ra,ri;r2,82,r2)=F(ra,ra,r;s2,r2,r2) =f(ra,ra,ra;ra,r2,8), f(ra,ro,r;s2
Jr2,82)="F(re,ro,ri;s2,82,r2)="~1(re,ro,ru;r2,82,82), f(re,Sa,ra;rz2,r2,r2)=1(s1,r,n
sr2r2 r2)=f(ro,ro S ra,r2,r2), f(rara,se;r2,s2,r2)="F1(re,se,r;rz2,r2,82)=1(n
St r2,S2,r2)="F(re,su,ru;s2,r2,r2)="F(st,ru,ra;r2,r2,82)="F(s1,r,r;r2,5,rn
)="F(s1,rL,ri;s2,r2,r2)=f(r1,re,S1;82,r2,r2)= f(re,ru,se;r2,r2,82), f(re,s1,ri;nr
S2,82)=f(r1,r,s1;82,r2,82)=1f(ro ,ru,81;82,82,r2)="f(r1,81,r;s2,r2,82)="f(r1,s1
182,82 ,r2)=F(S1, ru,ri;r2,82,82)="1(s¢, ri,r;s2,r2,82)="1(st, re,r;s2,8,r)="f
(r1,re,81;r2,8,82), f(re,sa,r;s2,52,5)=F(S1, r,ri;s2,5,52)=fF(r1,r,s1;s2
52,52 ), T(S1,r1,S1; r2,r2 ,r2)=1(s1,81,r1; r2,r2,r2)=1(ry,s1,81; rz2,r2,r2), f(re,se, st
yr2r2,82)="f(r1,s1,51;r2,5,r2)="Ff(st,r,S1;r2,r2,82)="7(s1,r,sa;r2,82,rn)=f
(S1,S1,r1;r2,r2,82)="%(s1,S1,r;r2,52,r2)="~1(S1,r1,81;82, r2,r2)="7(s1,51,r ;s2,r
2 )=f(re,s1,81;82,r2,r2), f(r1,s1,81;52,r2,52)="f(r1,81,81;52,52,r2)=f(s1,r,81
2,5, )="1(S1,51,r;r2,5,5)="f(S1,r,s1;82,r2,82)="7(S1,r,51;52,52,r2)=f
(S1,81,r1;82,r2,52)="f(s1,81,r;s2,52,r2)]="f(re,s1,51; r2,52,8), f(S1,51,r ; s2,%
,$2)="f(S1,r1,81;52,52,82)="f(r1,81,51;52,52,52),f(S1,51,S1; r2 ,r2,r2), f (S1,S1,51; S2
Jr2,r2)=1(s1,51,51;r2, S2,r2)]=f (S1,S1,81 ;r 2,2 ,82 ), f (St ,S1,S1; S2 ,S2,r2 )= f (51,51
S13S2,r2,82)="f(s1,51,81;r2,52,52)}

From symmetry, the above points when substituted in Eq (27 ) give

“ fi(ui,u2 Uz ;;vi V2 v3) =a +b +c +d={ (1-11) (1-12) (1-43) (1- 1) (1- B2) (1- Ba) f
(ro,ry,ra;rz rz ,r2 )+4[(1-42)(1-42) (1-43) (1- B1)(1- B2) B3 + (1-A1)(1-A2) (1-43) (1- Br)Be
(1- B3) + (L-A1)(1-42) (1-43) Ba(1- B2) (1- B3)] f(ri,ro ra;rz,rz,s2) + [(1-41)(1-42) (1-43)
(1- BuB2ps + (1-22)(1-42) (1-43) p1(1- B2) B3 + (1-A1)(1-A2) (1- Z3) Bifa(1- B3)] f(ri.n
112,82 ,82 ) H[ (1-21)(1-22) (1-43) ffopz ] f(reriri; 2,52 ,82) + [(1-41) (1-42) A3
(1- B1) (1- B2) (1- f3) + (1-72)A2(1-23) (1- Bo)(1- B2) (1- fBa) + A1(1-22) (1-43) (1- Bu)(1- f2)
(1- g3)] f(rorisu;r2,r2,r2) + [ (1-A1)(1-42) 43 (1- Bo)(1- B2) Bz +(1-A2)d2 (1-3) (1-
P1(A- B2) B3 + A1(1-42) (1-43) (1- Br)(1- B2) B3 +(1-A1)(1-42) Aa(1- Bo)f2 (1- Bs) +(1-A1)h2
(1-23) (1- Bup2 (1- Bs) +1a(1-42) (1-73) (1- Bo) B2 (1- Bs) +(1-22)(1-42) 43 Ba(1- B2) (1- fa)
+(1-A1)d2 (1-43) Pa(1-B2) (1- Ba) + A1(1-42) (1-43) B1(1- B2) (1- B3)] f(re,ri,S1; 12,12 ,S2)
+ [ (1-42)(1-42) 43 (1- Bo) B2 Bz +(1-A1)d2 (1-43) (1- Bo) B2 B3 + Ja(1-A2) (1-43) (1- B1)Baps
+(1-41)(1-42) 43 fa(Ll- B2) Ba +(1-A1)d2 (1-23) Bi(1- B2) B3 +ia(1-42) (1-43) Ba(Ll- B2) Ps
+(1-41)(1-42) 43) B1 B2 (1- Ba) +(1-A)d2 (1-43) B1 B2 (1- B3) +A1(1-A2) (1-23) fr Ba(1- fa) ]
f(re,ri,se;rz2,52,8) + [(1-41) (1-42) A3 S fat+ (1-A1) 22 (1-23) fufz fatir (1-12) (1-43)
pifz B3] £(r1 ri,s1;582,82,52) +[(1-11) 4243 (1- B1) (1- B2) (1- BBs) +A1 (1-2) A3 (1- fa)
(1- B2) (1- Bs) + Ard2 (1-43) (1- B1) (1- B2) (1- Ba3)] f(r1 81,81 ; ra ,r2,r2 )+[(1-41) 2243 (1-
p1) (1- B2) Ba +21 (1-22) 23 (1- 1) (1- B2) PBs + Aida (1-43) (1- B1) (1- B2) P +(1-41) A2/a
(1- By B2 (1- p3) +ia (1-42) 43 (1- By) B2 (1- fs) + Aada (1-43) (1- Bo) B2 (1- Ba)+[(1-41)
A2d3 1 (1- B2) (1- ) +41 (1-42) A3 B1 (1- B2) (1- fi3) + Aad2 (1-23) fr (1- f2) (1- Ba)]f (11,
S1,81 ;S 2, r2,12) +[(1-41) A2d3 (1- 1) f2 B3 +A1 (1-42) A3 (1- Bup2 f3 + Aid2 (1-43) (1-
pUB2 B3 + (L-41) J2dz B1 (1- B2) B3 +a1 (1-22) A3 p1 (1- B2) fs + Jad2 (1-43) B1 (- f2)
Pa+(1-21) A2ds P1 P2 (1- fB3) +a1 (1-42) 43 pif2 (1- f3) + Ak (1-43) fr B2 (1- B3)1f (r1 81
S1; 12,52 ,92)+[(1-A1) A2As 1 f2 i3 +A1 (1-42) A3 fufi2 3 + Ak (L-A3)f1f2 Pa]f (r1 ,S1 ,S1
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;S 2,582,852 )+[Adods (- f1) (- B2) (- B3)] f (S ,S1,S1; r2 12 ,r2)+[A1d243 (1- S1) (1- f52) B3
+21 22 23 (1- f1) P2 (1- B3)+ Ade A3 fi(l- B2(1- B3) ] f(S1,51,81 ;F 2,F2 ,S2 )+[A1da43 B1 (1-
[2) 3 +1 A2 A3 (1-P1) B2 P+ Adz A3 fufz (1- Bz) ] F(S1,S1,51;F 2,82 ,S2 )+ [A1d2 A3 f1f52f3
1f (S1,51,51 ;52,52 ,52 )} (34)
The de-Casteljau algorithm is used to define the bi-cubic bipolynomial surface
F1(u, v ) at each value of u from rito s; , and v from rato s, where r1, Si, r2 and sz
belong to A.
Supposefi(us ,uz2 ,uz ; vi,v2,v3) =Fi(u,v) and [ f(ry,re,ri;r2,r2,r2), f(ra,rora;n
r2.,82), f(ri,ro,ri;r2,82,82),f(ri,r,ri;s2,s2,5), f(ri,r,si;ra,ra,r2), f(ra,r,s;
r2,r2,82), f(re,ri,s1;r2,52,82), f(ra ,ri,81;52,52,52),f(r1,s1,81;r2,r2,r2),f(r1,s1
S1:;S2,r2,r2), f(r1,s1,81;r2,52,5), f(re,S1,5;52,5,52), f(S1,51,51; r2,r2,r2), (st
,S1,81;r2,r2,82), f(s1,51,81;r2,52,82), f(s1,51,51;52,52,52) 1 =[ P1, P2, P3, P4, Ps, Pe,
P7, P8, Po , P1o, P11, P12, P13, P14, P1s, Pie ], are control points and equation (34)
becomes :
Fi(u, v) =1 (1-41) (2-42) (1-23) (1- p1) (1- 2) (1- B3) 1p2+[(1-A1)(1-42) (1-43) (21- So)(1-
B2) B3 + (1-22)(1-72) (1-43) (1- Br)B2 (1- Ba) + (1-21)(1-42) (1-43) Ba(1- B2) (1- Bs)]p2 + [(1-
21)(1-22) (1-43) (1- B1)Bafs + (1-A1)(1-A2) (1-43) Bu(1- f2) B3 + (1-71)(1-72) (1~ A3) Bafa(l-
Ba3)Ipst[ (1-41)(1-42) (1-4s) BB 1pa + [(1-12) (1-12) 23 (1- B1) (1- B2) (1- Bs) + (1-
24)72(1-23) (1- p1)(1- B2) (1- Ba) + 7a(1-72) (1-23) (1- Bu)(1- B2) (1- B3)]ps+ [ (1-41)(1-42)
23 (1- B1)(1- B2) Bs +(1-72)A2 (1-43) (1- B1)(1- f2) B3 + 7a(1-72) (1-43) (1- B1)(1- B2) B +(1-
21)(1-22) A3(1- Br)B2 (1- B3) +(1-A1)d2 (1-43) (1- B1)B2 (1- fs) +A1(1-A2) (1-43) (1- B1) B2 (1-
B3) +(1-A1)(1-42) 43 fu(1l- B2) (1- Ba3) +(1-A)de (1-43) pi(1-B2) (1- Bs) + Ja(1-72) (1-2s)
P1(1- B2) (1- B3)] pe+ [ (1-21)(1-12) A3 (1- B1) B2 B3 +(1-71)A2 (1-43) (1- B1) B2 B3 + Za(1-12)
(1-43) (1- B1)Bafs +(1-A1)(1-42) A3 Bi(1- B2) Bs +(L1-A1)d2 (1-43) Bu(1- B2) B3 +1a(1-12) (1-
23) P1(1- B2) B3 +(1-A1)(1-A2) A3) p1 B2 (1- B3) +(1-71)A2 (1-43) pa B2 (1- B3) +7a(1-72) (1-
23) P Ba(1- B3) 1 prt [(1-41) (1-22) A3 fufz Pat (1-21) A2 (1-43) Bz Bstis (1-42) (1-2s)
BBz B3] ps +[(1-41) A243 (1- B1) (1- B2) (1- fBs) +41 (1-42) A3 (1- 1) (1- B2) (1- fB3) + Aale
(1-43) (1- B1) (1- B2) (1- B3)1ps +[(1-41) A23 (1- B1) (1- f2) B3 +41 (1-42) 43 (1- B1) (1- B2)
B3+ Aadz (1-43) (1- B1) (1- f2) B3 +(1-41) A2ds (1- B1) B2 (1- fs) +a (1-42) A3 (1- 1) B2 (1-
p3) + 2z (1-23) (1- p1) B2 (1- Ba)*+[(1-41) A2d3 B1 (1- f2) (1- fs) +41 (1-42) 23 f1 (1- B2)
(1- B3) + A1z (1-43) p1 (1- B2) (1- B3)]pro+[(1-41) A2ds (1- B1) B2 B3 +7a (1-22) 43 (1- B1)pe
B3+ Az (1-43) (1- Br)B2 B3 + (1-A1) Aeds a1 (1- B2) Bs +A1 (1-42) A3 B (1- B2) B3 + Jade
(1-43) pr (1- B2) Pa+(1-41) A2As fu B2 (1- B3) +4a (1-42) A3 P12 (1- B3) + Aada (1-43) fu B
(1- B3)1p1
+[(1-41) 2243 S1 B2 B3 +A1 (1-42) A3 S1fs2 i3 + A1d2 (1-A3)f1f2 f3]p1z2 +[A14243 (1- S1) (1- B2)
(1- B3)]p1s+[Aadads (1- 1) (1- B2) B3 +A1 22 43 (1- Ba) B2 (1- B3) + Aide Az fu(1- f2) (1- )
1p1s +[A14243 B1 (1- B2) f3 +A1 A2 A3 (1- 1) P2 i3 + Aid2 A3 1Bz (1- B3) |p1s
+[A142 A3 B1f2f53 1p1s - (35)
Eq (35) is called Gallier modified bi-cubic Bezier surfaces (3D), it is easily seen the
above equation that the same properties if substitution of
Ui —n S, — U, V-, S, —V
,1- 4 ==2—tand g = — 1- =

Si—h Ss—h PRl P 2 12
wherer; <si,and rp<s; forujandvj € R), (where R is real number), ry s ,r2 and
s2 €A), n<ui<siand r<v;<s2,(fori, j=1,23).
Note 11

The coefficients of the control points in the be-cubic Bezier surface (35) are
called Bernstein Polynomials given as:

{ [ (1-22) (A-22) (1-23) (- Br) (A- B2) (1- fa) 1+[(A-2a)(A-22) (L-4s) (1- Bu)(1- B2) fis + (1-
A1) (1-42) (1-43) (1- S1)B2 (1- f3) + (1-A1)(1-12) (1-43) f1(1- B2) (1- B3)]+ [(1-A1)(1-4A2) (1-
43) (1- BYpaps + (1-42)(1-42) (1-23) fa(1- B2) Bs + (1-41)(1-42) (1- A3) Bufa(1- pa)]+[ (1-
M)(1-22) (1-43) pifafis 1 + [(1-42) (1-22) 43 (1- B1) (1- B2) (1- Bs) + (1-A1)Aa(1-43) (1-

_ j

,in equations ( 35)
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(- B2) (1- p3) + Au(1-22) (1-43) (1- B1)(1- B2) (1- Ba)]+ [ (1-A2)(1-42) A3 (1- Bu)(1- B2)
p3 +(L-21)A2 (1-23) (1- B1)(1- B2) B3 + A1(1-A2) (1-43) (1- Bu)(1- B2) Bz +(1-A1)(1-A2) A3(1-
BBz (1- p3) +(1-22)42 (1-43) (1- B)f2 (1- B3) +1(1-72) (1-43) (1- Bo) B2 (1- B3) +(1-22)(1-
A2) 23 P1(1- B2) (1- B3) +(1-21)d2 (1-43) B1(1-B2) (1- Ba) + A1(1-42) (1-43) B1(1- f2) (1- f3)]
+ [ (1-41)(1-22) 43 (1- By B2 B3 +(1-21)A2 (1-43) (1- Bo) B2 B3 + Ja(1-42) (1-43) (1- Bu)p2ps
+(1-41)(1-42) A3 Ba(1- B2) B3 +(L-A) 2 (1-43) Ba(1- B2) Bs +Aa(1-42) (1-43) pi(1l- B2) B3
+(1-A1)(1-42) 43) B B2 (1- B3) +(1-A1)A2 (1-43) 1 B2 (1- Bs) +A1(1-A2) (1-A3) 1 Ba(1- f3) ]
+ [(1-22) (1-42) 43 12 Ba+ (1-41) A2 (1-43) 1z Ba+is (1-22) (1-43) faf2 ] +[(1-21) A2A3
(1- 1) (1- B2) (1- Ba3) +41 (1-42) 23 (1- B1) (1- B2) (1- B3) + Arda (1-73) (1- Ba) (1- B2) (1-
B3)1+[(1-12) 2243 (1- B1) (1- B2) B3 41 (1-42) A3 (1- 1) (1- B2) Bs + Ardz (1-43) (1- p1) (1-
B2) B3 +(1-41) A2ds (1- By B2 (1- B3) +41 (1-42) A3 (1- By) B2 (1- B3) + Az (1-73) (1- fa)
P2 (1- Ba)+[(1-11) 2243 B1 (1- fB2) (1- B3) +i1 (1-42) Az B1 (1- f2) (1- B3) + Jada (1-43) Bu
(1- B2) (1- 3)]+[(1-41) A243 (- Bo) P2 B3 +A1 (1-42) A3 (1- Bu)f2 B3 + Jada (1-43) (1- Bu)p2
B3+ (1-72) oAz p1 (1- B2) B3 +A1 (1-42) 23 P (1- B2) B3+ Jadz (1-23) B1 (1- f2) Pa+(1-71)
A2hs P1 P2 (1- B3) +A1 (1-22) 23 Paf2 (1- Ba) + Jada (1-43) f1 B2 (1- Ba)]+[(1-12) A2ds f1 f2
B3 21 (1-42) 23 P12 B3 + Aide (1-A3)Brf2 Bl +[Ardads (1- Ba) (1- B2) (1- B3)]+[Aadads (1-
p1) (1- B2) B3 +71 22 A3 (1- p1) fo (1- B3) + Ak A3 Pa(l- B2) (1- Bs) ] +[Aadads p1 (1- f2)

B3+ )2 4s (1- B1) B2 B+ 2o Js frfe (1- B2) ] +[ada Zs Bupopa] =1 AL (1-40)+ Aa][(1-

A2yt ol (L) +23IHL (1- Bo)+ Bl (1- Bo)+ Bl (1- o) + paly }= { AL ( j__r“ )+
u—n S, —U, u,—-n S; —Us U, - n S, —V; Vi— I
1I( + Il ( )+ ML ( )+ Il
S, —h S, —h $—h S, —h S—h S, —h S, -
S, =V, vV, -1, S, =V V; - I,
+ 10 ( )+ 1}}=1, (36)
S, —h S, —h S, — S, —h

which is called Bernstein bipolynomial bi-cubic (3D)) [Gallier 00]. The terms are
obtained by expanding the expression and then collecting terms in the various product.
This equation immediately yields an important property of these polynomials. They are
added to unity at every u and v.

What's good about the algorithm is that it does not assume any prior knowledge of the
curve. All that is given is the sequence of control points Ps... P1s , of m+1 to define 3D
surfaces (Mathematically they are said to be generated from the Cartesian product of
two curves). A bi-cubic Bezier surfaces. The essence of the de-Casteljau algorithm is to
compute f (us, U2, U3 ; V1, V2,v3 ), by repeated linear interpolations using the fact that f is
symmetric and affine.

These control points play a major role in the de-Casteljau algorithm and its extensions.
The bipolynomial design defining F passes through the two points po and pis, but not
through the other control points. If uyz=u;=usz =u, and vi= vo= V3=V gives A=11=12 =13,
and p=p1=p>= 3 Eq (35) becomes: -

Fi(u,v) =[(1-2)° (- §)° Ips +3[(L- 2)* (- ) Alp2+ 3[(1-2)° (- ) B1ps + [(1- 2)°
BIpa +3[(1- 2> 2 (1- f)° 1ps+ O[(1- 4 A (1- ) B1 pe+ O[(1- 2 A (1-B) Bl pr+
3[(1- 22 4 f°1 pe+3[(1-2) A2 (1- B 1po+9[(1- 4) A2 (1- B)? Blpaot9[(1- 1) A2 (1- )
Fpu+ 3[(1-2) 2 % 1p1z +[ 2° (1- A)*1pas+3[ B 2° (1- B)* 1pas +3 [2° (1- ) 7 1pus

+[22 8° 1p1s
Or
3, 2.(3)3 - -
P =2, 2 ij[j][l‘““[ﬂl'tl—ﬂlg'[ﬂ]'Pﬂ
3 2 (3Y3)S U Ul S V.. VT
ors 3R e
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Where

3)_ 3 (3)_ 3
(ij‘ il3-i)’ (k]‘ 13- )

.Forr1=0,s1=1,andr.=0,52,=1 - A=u,and g =v in Eq (37 ) become: -

Fi(u, v) = [?jGJ[l—u]ﬁ [u]'[L-v]* ' [v]’ P, (38)

3 3
i=0 j=0

Eq (38) called original cubic Bezier surfaces is dependent on frame [0, 1]2. It is
identical to Eq (15).[where ( poo, Po1, Poz, Po3, P10, P11, P12, P13, P20, P21, P22, P23, P3o ,
P31 , P32, P33) =(P1, P2, P3, P4, Ps, Pe, P7, Ps, P9, P10, P11, P12, P13, P14, P15, P1s).
To explain the above a bipolynomial new surface, (3D) of degree(3, 3 ), the following
example is given in a set of control points
pi=(Xi, i, zi) fori=1, 2,.,16.

Treat the coordinates of each point as a three-component vector. That is

X.

Pi=| Y
7.

The set of points, in parametric form is
F, (u,v) x(u,v)

F@uv)=|F(uV)|=|y,v) rr<u<s, andr, <v<s,
F;(u,v) z(u,v)

First-Technique

In this mathematical model suppose A1=A2=A3= A and fz = f> = p1= p, then Eq
(35) reduces to the original Bezier surface in Eq (15) see figl. Eq (35) is built by
mathematically developing de-Casteljau algorithm.This can seen be by simply
mathematically changing Eq (35) which reduces to modified Eq (37), which easily
reduces to original Eq (38) by taking special case for r1 =0, s; =1, and r> =0 ,s2 =1. Thus
shown the base classical populates of Bezier surface are interpolations at first point P1
and last point Pis .The design changes only when change at least one or more of
control points of Bezier surface.
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. Fig.1. Bezier surface which gives the base classical populates of Bezier surface is interpolations at first
point P1 and last point P1s The design changes only when change at least one or more of control points of
Bezier surface.
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Second-Technique

In this mathematical model suppose ux or uz or us, is taken to increase, gives Ax
or A2 or Az be increase in Eq (35). It is found in this case that the design can be moved

to above (left), with respect to value of uz or uz or uz, with no need to change any of
the control points, see figs 2,and3.

CLLE

L

. Figs.2,3. Suppose A1 or Az or As, in Bezier surface when ui or uz or us,) increases the design can be
moved to above (left),with no need to change any of the control points.

Third -Technique

In this mathematical model suppose v 1 or v2 or vs is taken to increase, gives /1
or B2 o0r B3, be increase, it is found in this case that the design can be moved to
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(below )dowe (right) with respecte to the value of vi or v2 or vs with no need to
change any of the control points, see figs 4,and5.

RN EENN

P,-

A
A,
”‘qi&

. : - i _-- _.-.' > X "I'“ .* “
i iy T

. Figs.4,5. . Suppose 51 or 52 or 3, in Bezier surface when v1 or v» or vz increases the design can be
moved (below )down (right) with no need to change any of the control points.
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Fourth -Technique

In this mathematical model suppose u 1 and v 1 is taken to increase, A1, and
f1, gives the design can be moved to above (left), and (below )down (right)  with
no need to change any of the control points. See fig 4. Another property, which is
obtained from the new mathematical equation of Bezier, surface (35) at change it to the
new condition as this case. Note that the building of Bezier bicubic in Eq (26) is given
by Gallier modified de Casteljau algorithm by successive mathematical steps until the
modified formula (35), is given which is the difference from initial Eq (15) and Gallier
modified Eq (37). Fig 6.

RNy

[ CheckBox

Fig.6. suppose 11, and p1, in Bezier surface when u 1 and v 1 increase the design can be moved
above (left), and (below )down (right with no need to change any of the control points.

Discussion
In this work the study of a bipolynomial surface, (3D) of degree(3, 3 ), is based on:-

°In computer graphics one can generally use degree three. Quadratic curves are not
flexible enough and going above degree 3 gives rise to complications and so the
choice of cubic is the best compromise for most computer graphics applications.

*Defining a bipolynomial surface in terms, of polar forms. A bipolynomial surface
involved contains two variables, the natural way to polarize polynomial surface. The
approach yields bipolynomial surface {also called tensor product surfaces}. It is
shown how versions of the de-Casteljau algorithm can be turned into subdivisions.

* Showing how to compute a new control net from given net, depending on the
parameters. This is one of indications that dealing with surface is far more complex
than dealing with curves.

*The linear form of a modified Bezier formula of a bipolynomial surface, (3D). In Eq
(35), which leads the designer to approach the equation, contains 64 net, form 16
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control points. The algorithm which allows the designer to produce a design in
combinational way allows him to get the shape that he has in his mind keeping the 16
control point for 3D design.

® The notion of Bezier curves to define Bezier surface. Typically, a Bezier surface
parameterized by variables u and v, using the range over [r1, s1], and [rz, s2], is see
Eq (35), instead of both ranges over the interval [0,1]. See Egs (15 and38), which are
a special case of our modified Eq (35).

* The modification for Controlling, and generating the design, in this paper gives b
chainging of uj and v; ( for i, j = 1,2,3), in the values of the coefficient of parameters
of any point. See figs 2,3, 4,5 and 6.

* The first and last control points are the end points of curve segment.

*The bipolynomial design defined F passes through the two points po and pis, but not
through the other control points

*The modified linear mathematical construction of the equation gives the designer more
room to control and construct his design. This is done through controlling certain
parts of the equation which give eventually great effect on certain parts of the design
or the design at large.

Conclusions

There are several advantages, of modified Bezier surfaces. These include the following:

a-This work concludes a bipolynomial surface is based on a mathematical procedure
depending on the linear construction of a bipolynomial surface and following de-
Casteljau algorithm. The method shows a great flexibility in 3D design controlling
area with no need to change the control points of the design.

b-An important property from the point of view of the algorithm that deals with surfaces
is that a curve is always enclosed in the convex hull formed by the control polygon
of a 3D space curve and can be considered to be the polygon formed by placing an
elastic band around the control points. This follows from the fact that the basic
comes froms the sum to unity for all u and v. See Eq (36).

c- The designer has the advantage of controlling and modifying the design without
changing any of the control points. This method can be seen more efficient in designs
in comparison with that needed in conventional methods.
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