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This article relies on the Caputo fractional derivative for the
objective of is to examine an interconnected system of fractional
differential equations. The problem under consideration involves
four fractional-Caputo-derivatives underneath initial conditions. We
state and prove the existence and uniqueness theorem of solution by
application of Banach fixed point theorem. Then, another result that
deals with the existence of at least one solution is delivered and some
sufficient conditions for this result are established by means of the
fixed-point theorem of Schaefer. We end the paper by presenting to
the reader by illustrative example.
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1. Introduction

The study of fractional calculus and differential
equations of fractional order is highly significant due
to their applicability in the analysis and simulation
of real-world phenomena. Significant advancements
have been made in the research of fractional-order
differential equations [1]. To find other research
works with practical applications, readers can refer
to the provided sources [2]. Research on the presence
of unique solutions for fractional differential
equations is crucial as [3] it enhances physicians'
comprehension of the dynamics of real phenomena.
Refer to the papers [4,5], for additional information.
Furthermore, they have great significance in
different science topics [6]. The Lane-Emden
equation is an equation in astrophysics that holds
great significance [7,8]. For further information,
please refer to the sources. [9-12], and the
corresponding references. The reader can also
consult, [13-16], for more details about fractional
equations, we study existence and uniqueness of the
solution of the following system [17]:

Du(t) = F (t,us (t),D%(t))
Dhu(t) = F (t,u’(®), Dou(®))  ..(1)

\ 1<ap<2 telo1]

Where 0 < a —1,§ < —1, D is the Caputo
fractional derivative. We denote by J = [0, 1], [18].
The structure of this document is as follows:

In Section two, we use some definitions and
definitions. To support our main findings, In the
third section, we prove the main theorems of this
paper, discussing examples. To our knowledge, there
are no papers that address this problem with Caputo
fractional.

2. Preliminaries
For the convenience of the reader, we present some
concepts of fractional calculus.

Definition 2.1 (Riemann-Liouville (R-L) type

fractional order integral), [19]. The R-L fractional
integral of order a > 0 is define as follows:

1 t
1 f(t) = mj(t D If(D)dr ...(2)
0

I' represents the Gamma function
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Definition 2.2, [20]. If f € C€™([0,1],R) and
n — 1 < a < n, then, the Caputo fractional
derivative is:

DUf(E) = 1" " f®) -
fJ(t — )" f M (s) ds

= r(n-a)
Lemma 2.3. [19] Takingn € N and

n-1<a<n y®O=Y4 " ..(4
Then Eq. (4) is general solution of D*y(t) = 0.
such that¢; € R,i = 0,1,2,..,n — 1.

Lemma 2.4 [10] Takingn € N*andn—1 < a < n,
and from eq. (4) then, we have

1°D%y(t) = y(t) + Z Gt .. (5)
j=0

such that ¢; € R,i = 0,1,2,..,n — 1.
Lemma 2.5. Let h € C([0,1]). The problem is then
stated:
D*u(t) =h(), 1<a<?2, te0,1]
k

w(0) = 0, u(1) = Z a,IPu(b,)

i=1

. (6)

that the following representation is an integral
solution:

u(t) = a )f(t - 1) h(t)dr
t Z¢ 1% a+p-1
F(a+p)f(b — )P h(r) dr
- f(l - 1) h(r) dt (7
0
where A= Zi;:(;lizl
Proof.

Using the result of Lemma 2.4 and applying it to
equation (6), we find that

u(@®)=I*h@)+ ¢co— ..(8)
By applying the initial conditions, we are able to
express:
u(O)—O:c0=Oand

f(l ) h(t)dr — ¢y = T*_, a, IP(I%h(b;) + c;1 by)

F(a)

k

= Z aP(I1%h(b,) + ¢, by)

i=1

k t
c(1— %Z a; f(bi — )P 1h(r)dr
Yiia; f (b —1)**P 1 h(r)dr

I"(p+a)

F(a)f (t—-1)*th(r)dr
Replacing ¢4, ¢q. in (8), we end the proof.

3. Existence and Uniqueness Results
Let's transform the above equation (8) into a fixed-
point problem. First, let us start by examining the
Banach space.
(E,F) = {u,v € C(,R),D%u,D%v € C(J,R)}
endowed with the norm
IE,Fllg=llu+D%ullo+llv+D%v o
such that
lulle = sup|u®)|,ll D%u ll, = sup [D3u(t)].

te] te]

Now considered:

(A1). The functions

f,g: ] X R?> > R are continuous.

(A2) There exists a nonnegative continuous
functions

A, vi € J,i = 1,2 such thatforallt € J

and (uy, 1), (uy, v,) € R?, we have

[f(t, uy, vq) — (6 uz, vo) | S A (O |uy — uz| + vi(©lvy — vy,
lg(t,ug, vi) — f(t,up, vo) | < A (0O[ug — up| + v (D)|vy — vy

(A3) There exists a nonnegative functions
m4(t) and m,(t) such that

|f(t, u, 'U)l < ml(t) ’ |g(t; u, 'l])l < mZ(t)7

vVt € J,u,v € R, with

Lg, Ly = sup(mym;)(t), We take
te]

D. = 2 Zi'(:l a; bia+p
Y ra+1) |AF(a+p+1)
D, = 2 n Zi'(:l a; bia+p
FMa—o+1  AFTQ-o)(a+p+1)
b= 2, Zcd
rg+1) |AIr(B+q +a13)
D, = 2 . i‘c=1 C; dz
r@-6+1) |Ar—-o)(a+p+1)
f: a; blp+1 _ f: ¢ d?“
A= - SR A= - EROt

3.1 Theorem: If (A1) and (A2) are satisfied and
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Then (1) there is a unique solution for the interval J.

a;
Z¢ 1% f(bi_f)a+p_1(91”v'_v*”

|A| r'(a+p)
Proof. Let us consider the operator: +v,||D%v — D¥v*||) dr
T: E X F—— E X F defined by: .
T(w,v)(t) = (Tyw), Tu(®)),t € J, ..(9) 1 =)* O llv—v|l + vy ||D°v — D®v*||) dr
where F( )
t
1
Tv(t) = mf(f —1)*f (T, U(T),D‘SU(T)) dt Consequently, we have,
2
_ * < (—-
1 ( ) |T117(t) Tlv (t)l —= (I-v(a +p)
i1 (b; — T)**P~1f (1,v(z), D%v(7) Yk _ a; P
F(a + )f _ai=1%i P o P S
p |A|F(a+p+1)(91”v v||+v1||Dv D°v*||)
i f (=% (1,00, Dv(@)) which implies that
0
and , ITw(t) - Tyv* (8)] <
k a+p
Tu(t) = Lf(t - 1)f1g(r,v(x), D°v(x)) dr ( i=1 % by 6, +v)llv — v
r'(g) AN Fa+1)  Al@+p+1) + "
de 1€ +||D%v — D%v*||) And then we have

r(ﬁ + )f (d _T)ﬁ+p 1f(T 17(‘[) DUU(‘[)) dt

|Tyv(t) — Tyv ()| < D.(0, + v)(lv—v*|| + ||D5v —D%v*

)

F(ﬂ) (1 - )F1f(r,v(r), D’v(r)) dr

Now, to show that T is a contraction mapping. - S
Let (u,v),(u*,v*) € E X F. Then for all t € J, we D Tlv(t)t_D nv @l <

We have also

have: 1 a-o-1 o
7,00 ~ T 0] < s | A= (@, 07v)
1 a-1 ° - g d
mof(t—r) If (z.v(@), D%v(D)) . Z g(t,v (@, D7 “(0)|de

144

—f(‘r v(71) D‘Sv*(r))| dt + — = f(b —7)*+t

’ ’ r'2—o)|A| F(a+p)

By (A2), we have
21 1 Q4 at
1 e +p)f b =07 |f (20, D°v() DT = DT ()] <
—f (T v(1), D‘Sv*(T))| dr + ﬁj(l =)L (O4llv — v*|| + vy ||D%v — D®v*|)dr
0
ra )f(l —r)e1t |g (‘r v(1), D‘sv(r)) 10 v¢  a,

(by — D PL (6, ]lv — vl
—Q(T.U(T).D‘Sv*(r))|dr Te- ol F(a+p)J

Using the hypothesis (A2) we get 1
+v,||D%v — D%v*|)dt + ——

1 =D O:llv =7l

|T1v(t) - T ()] < F( )

+v, ||D%v — D%v*

)d)

f(l—r)"‘ 10, llv — v*|l + vy ||D%v — DOv*||)dr

r(a)

D7 Tv(0) = DT D1 < =577y
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k

iz 0 b (6; + v1) x (Ilv = v°|
|A|F(2 —o)f(a+p+1)
)

+ ||D517 —Dovp*

This implies that

[|ID°Tyv — DT v*||
< D (61 + vy)(llv —v7|l
+||D%v — D%v*|))

Then we get
IT,v — Tyv*|lg < (D1 + D2) (61 + vy)(llv —v7||

+||D5v — DSp* (10)

With the same arguments as before, we have

ITyu — Tyv*|[g < (D3 + Da)(0; + vo)(llu —u’l|
+||D%u = D%wr|) ..(11)

Applying the Banach contraction mapping principle,
we conclude that T possesses a solitary fixed point
that serves as the solution to equation (1). And From
equations (10) and (11) then T is a contractive
function. The Lemma yields the following result.

Lemma 3.1. Let X is Banach spaceand S: X ——» X It
operate continuouly and without interruption. then
the set

={u€eX:u=uSud <u<1}Sis
bounded, and it has a fixed point within X.

Theorem 3.2. suppose that f,g:[u,v] X RXR are
continuous function. In addition, we assume that:
(A1) asserts that the application of T is continuous
when f and g are also continuous.

Proof.
Our approach will consist of four sequential steps:
Let's consider a set.

B, = {(w,v) € E X F:ll (W) lgxr <
0,then fort € ], we have
t

rhr >

|Tyv()| < %I(t - f(r,v(), D7v(x))|dr

Z’LI’L

|A| I'(a +p) f (b, = D)™ |f (r,v(0), Dv(D))dr

F( )f(l - 1)1 g(r,v(x), Dv(1))|d7)

Thanks to (A3), we can write

T, v(t)| < Lf(t — )% lsupm,(t) dr
I'(a) ] tej

t [ Yia fm
+— | =——<| (b; —D)*P tsupm,(t) dt
|A| r(a+p) ( 1 ) ptel()
+ i o =D supmy (0 dr < supm (0 [ +
24,—1‘11 ba+p
|A|1"(0z+p+1):|
Therefore

ITwll < LDy .. (12)

On other hand we have,
ID°T,w(b)| <

1 t
Ta=0) f (t =D |f(z,v(x), D7v(D))|dr

tl—a

24, 1a
1"(2—0)|A| F(a+p)

f (b = D1 |f (2, v(2), D°v(D))|de

+ﬁf(1 - 0% f(r,v(x), Dv(x))]|dr)

0
And by (A3) we get

K a+p

2 ~1a; b;
Fa—otD AICZ-o(atpt D)

DO T v ()] < Ly(

Consequently, we obtain,

ITyvl| < LD, ,t€]
Then we have
ID°Ty|l < LD,  ..(13)
Thank to (12) and (13) we obtain
ITyv]g < Lf(D1 +D,) ..(14)
The same method gives
1Ty ullp < Ly(D3 + D,) ..(15)

Thus using (14) and (15) we get

1T (w, V)l gxr < L¢(Dy + Dy) + Lg(Ds + Dy) ..(16)
Hence, for any (u, v) € B,; we obtain ||T(w, V) ||lgxr <
+00; which implies that the operator T is uniformly
bounded on B, then given sets into equal sets. .E X F.
Let t;,t, €] with t; < t, and let Br be the above-
bounded set E x F; V(u v) EB,

Tyv(ty) — Tyv(ty) = I'(a )j [(t, —D)* !

—(t; - T)“ Y£(r,v(x),Dv(1))dr
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ITyv(t;) — Tyv(t)llg .
1

+( _t1) i a f(b

L
5 Ta+p <+ f [(t; — D% — (& — )% V]de
)““’ Lf(r,v(x), Dv(7))dr Otz
1 L Le(t, —tq)
1 +=L f(t — gyl 4 L2
- _ a-1 o T 2 A 1
i | A= @, Do v)de @|) Iy
0 tq
From hypothesis (A3), we obtain: Ly a1
tr——|| [tz =D
|T1v(t2) — T (t)| < I'a—o) !
[‘(a) f[(tz - 1_ (t, —D)* 1]dr + — (¢t — T)a—a—l]d.[
r( ) f(tz —pe-ldr|  ..(19)
(tz — t) Zi 1% f (b; = P71 f(r,v(x), Dv(1) )dr Using the same methods as before, of
A F(a +p) ’
ITyv(t) — Tyv(t) e ... (20)
f(l - 1)1 f(r,v(z), D°v(x))d
T (@) Then right-hand sides of equations (19) and (20)
Thus tend to zero apart from each other. The pair (u, v)
IT v(ty) = Tyw(t)] < —L| [, — D% = (¢, — D)« de| + transitions from time t; - t,. We can infer that T is
' f T r (“) L}{(t tlz) ! | completely continuous based on the Ascoli-Arzela
@ |f “(t — T)“_ldT| |ZA| D,  ..(A7) theorem.
And We will show that the set S= {(w,v) € E X F:
(u,v) = uT(w,v);0 < u < 1}
|D°Tyv(t,) — DT v(ty)| is bounded.
ty Let (u,v) € S,then (uw,v) = uT(u,v) for0 < u
< Ly f [(t, — 1)*o1 < 1.Forallt € J we have
I'a—o) Then we have
t
1 1 a-1 o
—(t; — D)% dr .. (18) .l_l lu(®)| < @I(t -T) |f(T'V(T)'D U(T))|dT
k b,
t [ Y p—1 -
Now using (17) and (18) we have +m I(a+ p) (b, =) |f (7, v(x), D7v () |de
1
T )f (
— )t |f(‘r, v(1),D°v(1))|dT
Using (A3) we have i lu(t)| < L;D, that is
lu(O)| < uLgD,
On the other hand, with a simple calculation we get
|D7u(t)| < uLgD,
Consequently, we get
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lu@®llg < uls(Dy +D;)  ...(21)
The same computation gives
lu@®llr < uLs (D3 +Dy) ... (22)

It follows from (21) and (22) that from (23), we see
that

I T(uv) lpxr < +00.  ...(23)

According to Schaefer's fixed-point theory, we
observe that T possesses a fixed point, which serves
as a solution to the dual system of the initial system.

4. Applications

In this section, we provide an example that shows our
results.

D3u(e) = f (t, v(r),D%v(r)> te)=[01]

Div(t) = f (t,v(r),D%u(T)> te)=[01]

A

u(0) =0,u(1) = 305u (6) + lu (5) + glgu (g)

5 2

(v(0) = 0,v(1) = %I%u (2) + (2) + %I%u (g)

f:[0,1 xR? > R

(tuv) = + tsint

e*>(1 + ful + |v])

g:[0,1] xR? > R

+ tsint

tu,v) -
(CWY) =87 @ + ul + D)

2 2
et5(1 + |ul + |[v]) et*5(1 + |u| + |17|)|

Sﬁ(lu—ﬁl +lv—-v])

and

2 2
et7(1 + Jul+ [v]) e (1 + |l + |17|)|

<
et+7

(lu=af+|v-7])

So, we can take

2
MO =vi(D= ot+s

and

22(t) vo(t) = ot+7

It follows that

9121/1 =;and92 = VZ

e 7
that give

lf(t,u,v,w) — f(t,u,v,w)| <cilu—1ul+clv—7v +
c3|lw — w|wherec; = ¢, = ¢ = 10e°.

Hence, hypotheses (H1) and (H2) are satisfied.

We can get that D < 1 with a simple calculation. we
get. D, = 0,0807 and D, = 0,24 and .

That implies... D < 1 Thus, all the assumptions from
(A1)—(A3) are satisfied. From theorem 3, we conclude
that equation (1) has a unique solution.

on (1) has a unique solution.

5. Conclusions

This research focuses on investigating the presence
and singularity of solutions to the fractional Caputo
differential equation system, considering initial
boundary conditions. Banach's fixed point theorem
can demonstrate the existence of solutions to
Caputo's system. There is no text provided. The
theorem was utilized to establish the existence, while
the singularity conclusion was derived using
Schaefer's fixed-point theorem. Lastly, we present an
example to demonstrate our findings.
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