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THE USE OF VIRTUAL REALITY TO DEMONSTRATE
TRAJECTORY PLANNING AND CONTROL OF
A 3-DOF UNDERACTUATED ROBOT IN A
HORIZONTAL PLANE IN REAL-TIME*

Prof. Dr. Waladin K. Sa’id> and Mohammed Y. Algailany®

Abstract

Real-Time 3D animation and Real-Time Simulation results are reported for a 3R
underactuated robot moving in a horizontal plane using Virtual Reality Toolbox™, Real-
Time Windows Target™ Real-Time Workshop®, and interfaced to Simulink® under the
MATLAB® environment. The reason behind Real-time 3D animation and Real-Time
simulation is to provide animated real-time tools in a realistic fashion to demonstrate the
effectiveness of the controllers in tracking the desired trajectory and to provide a tool for
researchers to test their proposed controllers and observe their behavior using 3-DOF
underactuated manipulator in real-time.

Keywords: Virtual-Reality, Underactuated Robot, Nonholonomic Constraint, Real-Time.
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1- Introduction

Virtual Reality (VR) is a field of study
that aims to create a system that provides a
synthetic experience for its user(s). The
experience is dubbed
““synthetic,””“*illusory,”’ or ““virtual’’
because the sensory stimulation to the user is
simulated and generated by the system. The
term Virtual Reality is used to describe a
computer-generated, highly-realistic artificial
world or environment (called a Virtual
environment), allowing the user to interact
with it in real-time by interfacing some of his
actions in the real world back into the virtual
environment and providing visual, acoustical
and, sometimes, haptic feedback [1]. VR
allows people to get the experience of things
that would otherwise be very difficult or
even impossible to attain in real life. VR may
provide invaluable toolsto engineers seeking
rapid and inexpensive development for their
prototypes.

The aim of this work is to demonstrate
trajectory planning and control of a 3-degrees
of freedom (3DOF)underactuatedplanar
robot with a passive rotational last joint using
the Dynamic Feedback Linearization (DFL)
method, utilizing the VR toolbox under the
MATLAB and Simulink in real time.

Underactuated mechanical systems are
mechanical systems with fewer actuators
than DOFs [2]. For a conventional robot
manipulator, the number of joints is equal to
the number of actuators, or actuated
joints.Such a fully driven serial mechanism is
called a full-actuated system. If the total
number of joints is greater than the number
of actuators in the mechanism, the system is
referred to as an underactuated system.
Underactuated mechanical systems may arise
from intentional design as in the pendubot

[3], and the Acrobot [4].Mobile robot
systems are considered to be
Underactuated;for ~ example, when a

manipulator arm is attached to a mobile
platform or an undersea  vehicle
[5].Alsounderactuation arises due to the
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mathematical model used for control design
as, for example, when joint flexibility is
included in the model [6].1t is also interesting
to note that certain control problems for fully
actuated redundant robots are similar to those
for underactuated robots [2].

The class of underactuated systems is
composed of a variety of mechanical as well
as biological systems. A biological system
which can be considered underactuated is the
human body [7]. When for example;
gymnasts perform acrobatic maneuvers on a
high bar; they are able to rotate about their
wrist by actuating the muscles on their hip
and knees. The wrist is therefore a joint kept
unactuated, whose displacement can be
controlled by the actuation of other joints.

There are a number of advantages to the
use of underactuated systems. First, reducing

the number of actuators for a robot
manipulator  will minimize  energy
consumption, and will be potentially

attractive to the applications where energy
efficiency is a major concern, such as for
space robots [8]. Second, eliminating some
actuators will allow more compact design
leading to both overall size and total weight
reductions. This will ultimately reduce the
manufacturing cost and running power. Not
only the underactuated system is useful in
practice but also the concept is important in
analysis of a class of systems that can be
considered as virtual underactuated systems.
For example, a free-flying space robot
system [8] is useful in maintenance tasks in
space stations and/or satellites. The concept
of underactuated systems provides an
approach to modeling dynamic systems with
either free bases, or free joints. Some of these
mechanisms can be potentially utilized in
space and underwater applications.

In this paper, section Ildescribes the
mathematical model of the passive link
dynamics, section [Ill presents motion
planning and trajectory control using DFL.
Section IV utilizes Simulink software under
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MATLAB  environment to  simulate
numerical results of an example where the
trajectory motion of the passive link is
controlled. Also in section IV a 3D animation
is provided for the 3R robot using Virtual
Reality Tool box,Real-Time Windows
Target,Real-Time Workshop, and interfaced
to Simulink all under the MATLAB
environment. Finally, the conclusions are
provided in section V.

2- Modeling of an Underactuated 3-Link
Planar Robot in a horizontal plane

A manipulator with three degrees of
freedom in horizontal plane is considered in
Fig. 1. The first and second joints are
activelycontrolledand are used to control the
position of the passive joint in 2D plane. The
passive joint is a revolute joint around a
vertical axis.

Joint 3(Passive)

Joint 2(Active)
Joint 1(Active)

Fig. 1. Three-DOF planar underactuated
manipulator.

To simplify the model, the dynamics of
the first and second joint are neglected,
except that the translational acceleration of
the passive joint is assumed to be finite. The
work space limit and singularity of the first
and second joint are ignored too. The
dynamics can be modeled with regard to only
the free link as shown in Fig.2, where the
generalized coordinates which represent the
configuration of the manipulator are(x,y,6).

The equations of motion with respect to the
link is written as [9]
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f, =mx—mlédsin 6 —mlo? cosd

f, =my+mlfcosd—mlo?sin6 (1)
t, = -ml%sin @ +mlycosd + (I, +ml®)d
Where

m mass of link;

le moment of inertia of the link around
G;

| distance |OG|, between the joint and
the center of mass;

(f,, f,)translational force at the joint O;

T, torque around the joint O.

As the joint O is passive, 7, = 0.
Where!l = 0and k& = I./ml, isequivalent to

the distance of the mechanical property,
center of percussion (CP) [10], [11]. Center
of percussion play an important role in the
dynamics of rigid pendulums. In fact, the
motion of an oscillating pendulum of a mass
m can be described by the equation of
motion of a point mass all concentrated in
the center of percussion [12]

p l 16*sin@
X

Fig. 2.Acceleration components of

the free link.
The constraint on the system is
represented in the form ofa 2" order

nonholonomic differential equation as [9]
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—Xsin® + yicosf +kd =0(2)

from  equation (1),the translational
acceleration (X, ¥), of the passive joint can be

treated as inputs to the system. The state
equations of the system is written as [9]

x| [x] o ] [ o ]
yl |V 0 0
d 0 0 0
di1o_ y 0(3
dt offf 1 ] o PO
yl |0 0 1
16| |0] |sin@/k| |-cos6/k|
It should be noted that the linear
approximation of this system is not

controllable since no gravity is applied on the
passive joint [9].

We may write the dynamic equations in
the Euler-Lagrange form for a mechanical
system with ndegrees of freedom and

m=n-1 control inputs, denoted by qe®R"

the generalized coordinates and by e ®R"the
control input.The dynamics is written as [13]

B(a)4 + h(q.d) + 9(a) = F(a)z (4)

where B>0 is the nxnsymmetric inertia
matrix, his the centrifugal and Coriolis

vector, g=(aU/aq)" is the vector of potential

terms, and Fis the nxm input matrix
assumed of full rank.

Substituting the link parameters into
equation (4), with g(q)=0 (zero gravity),
equation (4) is written as

m 0 —mlsin@ || X

0 m mlcosd | y [+
| —mlsin@ micos® 1 +ml* | 6
[—ml6%coso| [f,
-ml’sing | =| f, | (5)

0 0
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3-Motion Planning and Trajectory
Control via Dynamic Feedback
Linearization

One effective technique to solve the
motion planning and control for 2" order
nonholonomic  mechanical  system s
Dynamic Feedback Linearization (DFL). In
this  methodology, the exact state
linearization is based on changing the
coordinates of the states and finding a control
law so that, in the new coordinates, the
closed-loop system is linear and controllable
[13],[14]. In robotics, a dynamic feedback
has been used for the exact linearization of
manipulators with elastic joints and of
nonholonomic wheeled mobile robots [15]
(and the references therein).

The trajectory motion of the 3"passive
link considered here ware controlled using
DFL. Under an appropriate regularity
assumption; the robot can be transformed
into a fully linear, input-output decoupled
system by using a second-order dynamic
feedback compensator. As a result of
dynamic feedback linearization, each
coordinate of theCPis driven independently
by an auxiliary input through a chain of
integrators. Therefore, it is sufficient to solve
an interpolation problem for the CP point to
generate a feasible point-to-point trajectory
and the associated nominal inputs. As a
byproduct of this approach, global
exponential tracking of the generated
trajectory is guaranteed by adding a linear
feedback (in the linearizing coordinates) to
the feedforward command. To make the
analysis independent from the nature of the
firstn — 1 joints, we preliminarily perform a
partial linearization of equation (5) via static
feedback. The idea is to reduce the dynamics
of the active joints to n — 1 chains of double

integrators, so that they can be controlled via
acceleration inputs. The partially linearizing
static feedback is obtained in the form
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mlsin®6 mlsin@cos@
f m-— a
x| _ k k X
f, ml sin @ cos 6 mlcos?0 | a
m-— y
k k

{mlé2 cos@} ©6)

mlg?sing

Putting together equations (5) and (6), the
complete closed-loop system becomes

X=a,
y=a, (7
é:smeax_cose

k k 7

where, k = (1, +mJ?)/m,is  precisely the
distance of the CP of the last link from its
base. If a uniform mass distribution is
assumed, then k =21,/3 (I, is the length of

the third link).Define the Cartesian position
of the CP of the last link as output (see Fig
3),

b Benele

Y, y sin @

1% and2™ differentiation of equation (8) and
substitution of equation (7) yields

Y| | cos®6@  sinfcoso | a, .
y,| |sin6cos6  sin?6 | a,
..| —cos@
kg* 9

{—sin@}( )

Since the matrix multiplying the acceleration
vector (a,a,) is singular, the invertible
feedback transformation defined as

{ax} _ |:C959 —sin Q}F + kéz} (10)
a, sing

cos o o,

whereé and 5, are two auxiliary input

variables. As a result of equation (10),
equation (9) is written as
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¥, cosd
- 11
{Yj (SLM’}( :
proceeding with differentiation and defining

new auxiliary input variables as necessary,
3" and 4" derivatives become as

VA n

=RO)| . |(12
HECHIE
cos@ —sind
sin@  cosé

differentiating the input&, by adding two
integrators on the first channel as

where, R(e){ } and avoiding

‘?f” (13)

1

withs, the new auxiliary input in place of

.

[4]

y]_ — Vl:| (14)
{yé‘”} {vz
with (v,,v,) as the new input vector, and the
inversion based control is expressed by

T Sl
o,] |0 —k/¢& v,

X 151

Fig. 3.Cartesian position of the CP of the
last link.
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under the regularity assumption, the matrix
multiplying the inputs is nonsingular or,
equivalently, that & #0. The initialization of
the compensator state at time t = 0, i.e.,
(£(0),n(0)),is arbitrary.As a byproduct of the
linearization, a new set of state coordinates
can be defined consisting of the output
function and its derivatives up to the 3" order

(i€ v,y ¥0 Y, 909299, ). The inverse
transformation  from  these linearizing
coordinates are written

asg = ATAN 2{sign (&) ,,sign (£)¥, }(16)

& =7y,cos 0 +¥,sino (17)

n|_| cos@ sind |V, (18)
6] |-sin0/& cosI& ]V,

_ yl}l{céw} (19)
LY LY: sin@
|- Yl}-ke‘{‘smg} (20)
Y] Y. cos o

The problem of trajectory planning can be
formulated as an interpolation problem using
smooth parametric functions y,(r) andy,(r),

with a timing law r =r(t) . For simplicity, one
can directly generate trajectories vy, (t)
andy,(t). In particular, assume that at time t
= 0 the robot starts from a generic state
(0.,6.) = (X.,Y..6,,%,Y.,6,)to reach a goal
state (q,,d,)=(X,,Y,.0,.%,.Y,.6,)at time t =
T.The appropriate boundary conditions for
the new state variables, i.e.,y,y, and their
derivatives up to the third order are,

at time t=0
YoO) | [ Y| | Y00 ] |V,
Vi) | | Vi | | Y2000 | _| Vo
V,00)| | Vi || 00| | Ve
V.0) | [Vie] [V200)] |V
at time t=T
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a straightforward solution to the interpolation
problem is to generate trajectories as
polynomials of seventh degree:

v, (t) =Z7:a1.jti, i=12,(21)

An expression for the coefficients a, where

j=0,...,3,is straight forwardand for j=4,...,7
may be written in matrix form as

-1

a, T4 TS TS T’
as| | 41® 5T* 6T  7T®
a,| [12T? 20T 30T* 42T°
3, 24T 60T* 120T% 210T*
2 3
A R 2
T [(22)
yg—ys—Tys—7ys
Vo=V, -TY,
| VA

the open-loop commands that realize this
trajectory are

v, (t) =840a,,t° + 360a,,t> +120a,.t

(23)

+24q,,, =12
The selection of initial and final
compensator  states (¢,,»,) and (&;.7,)

affects the boundary conditions, and thus the
generated motion inside the chosen class of
interpolating functions. In particular, the
compensator states should be chosen so as to
avoid the singularity &=0 during the

motion. The problem of tracking the
generated trajectories will now be discussed.
The feedforward commands resulting from a
trajectory planning algorithm vyield the
desired robot reconfiguration only in nominal
conditions, i.e., initial state matched with the
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desired reference trajectory and absence of
disturbances during motion. Feedback
control must be used to alleviate the effects
of an initial state error and of different kinds
of perturbations. The linearizing controller
and the feedback control is shown in Fig. 10.

Link Length Mass (kg) K (CP) in (m)
(m)
1 1.5 | Notspecified | not required
2 1.5 | Not not required
specified
3 1 1 2/3*

* Uniform mass distribution is assumed

Table 1.3R robot parameters.

4-Simulation and 3D Animation Results

The robot parameters that will be
considered are presented in table 1.Initial
states of the passive link are assumed to be as

Xgart = 0.5m Xstan =0m/s
Ystart = Im Vetart = om/s (24)
¢start =90 ¢.slan =0rad/s

The goal states are planned to be as

Xgom = 0.5M Xy =0 M/
ygoal :1m ! ygoal = 0 m/S (25)
¢goal =0 ¢.goal =0 rad/S

The controller states are assumed to be as
_ 2

éstart =-0.1m/s (26)

& o =—0.1m/s?

See Fig. 4.Trajectory time is T=10 seconds.
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Joint 2 (Active) san
cenfigurstioe

Jomr 2 {Activz) end
eofimuration

Fig. 4. Sta\rt (a) and End (IJ} l:UIIIIyU-I‘:QI.I(G)I 1Vl uiIc
3F§ablanar underactuated robot.

A series of experimental tests were carried
out and Figs. 5 to 9 summarize the results.
Figure 5 shows the reset-to-reset path of the
CP of the 3" link. The figure also presents
the path of the passive joint necessary to
achieve this target.Figure 6 displays the
evolution of the CP in terms of y; and y, and
Fig.7 indicates the high-quality performance
of the controller. The required torque to
achieve this endis shown in Fig. 8. Figure 9
displays thestroboscopic motion of the 3R
robot.Figures 11 and 12 are snap shots of the
animated results with their real time stamps
[16].The builder environment of the robot
model that was developedfor this purpose
isshown in Fig. 13.

Open loop
25 T

| (Statposition)

/ Center of percﬁssion

Torquepeaking |
;’:: occur at these
£ “ . points
| o G | (Goal position)
e o 5
Passive joint
Center of percussion
05F
———Joint position
—— Center of Percussion position
o} 05 1 16 2 25

meter

Fig. 5.Rest-to-rest planning for the third
link.
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) Output rajectory Active joints Torqued and Torque2
; - 4 . . .
-Trajectory of y1 : S : —
C Teai : t=2.67:sec. : —— Torque of joint 1
' : 3 s ' 1
16 .\.“.‘\.\.. 4 H
\\ i
N
~ &
14 . .\\. S 1
N !
_ e d i .
€12 Ty : — £
E \\__\\-‘ : : //.f
1 e e s
/// i
”
06 - I
04 H H H H H ; i \/\
] 2 4 6 8 10 : =7.45sec —>
Hste, 0 2 4 6 8 10
Fig. 6.Time evolution of CP. time sec.
Fig. 8.Torques of the active joints, 1 and 2.
Error of CP position y1 and y2
02 T T T 3R arm motion
——error of y1 2r : i
B ~—-error of y2
\ =
Gt i 1 5
3 i 15+
1k
$ o5l
£
(1] 3
. i‘.,;b;_.:—q:‘ S g =
-0.5
0% 2 4 6 8 10 A i i i ; ;
time sec. -1 05 0 05 1 1.5

Fig. 7.Trajectory tracking error.
Fig. 9.Stroboscopic motion of the 3R

robot.
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5-Conclusion

An interactive tool for analysis was
presented and exemplified on the trajectory
planning and control in VR environment for
a 3-DOF underactuated robot. VR was
chosen to create a simulation because it was
faster, cheaper, and safer than actually
programming the real robot in real time.
Results of wusing this methodology for
training before interaction with a physical
robot shows that the use of the virtual
environment for learning to control a robotic
device provides sufficient training to allow a
user to become more effective in
implementing a new task in a novel situation.
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Fig. 10. Linearizing dynamic controller and tracking controller acting on the robot dynamics.
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