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Abstract

In 1965, (Zadeh) introduced the concept of fuzzy subset. Since that time many papers were
introduced in different mathematical scopes of theoretical and practical applications.

In 1982, (Liu W.J.) formulated the term of fuzzy ring and fuzzy ideal of a ring R.

In 2004 ,( Hadi and Abou-Draeb, 2004] introduce and study P-F fuzzy rings and normal fuzzy
rings and now we are complete it .

In this paper, the concepts P-F fuzzy rings and normal fuzzy rings have been investigated
.Several basic results related to these concepts have given and studied . The relationship between them
has also been given . Moreover, some properties of t-pure fuzzy ideal of a fuzzy ring have been given
which are need it later .
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Introduction
The present paper study P-F fuzzy rings and normal fuzzy rings .

In section one , some basic definitions and results are recalled which will be
needed later .

In section two , several results about t-pure fuzzy ideals of a fuzzy ring ,are given
which are necessary in proving some results in the following sections.

Section three is devoted for studying P-F fuzzy rings ,where a fuzzy ring X is
called P-F fuzzy ring if F-ann(a;) is a t-pure fuzzy ideal of X , forall a: < X .

Next ,in the fourth section ,normal fuzzy rings are introduced , where a fuzzy
ring X is called normal if every fuzzy ideal of X is t-pure .Many properties about this
concept ,are given .Its relationship with P-F fuzzy ring is also given .

Throughout this paper R is commutative ring with unity ,and every fuzzy ideal A
of a fuzzy ring X is a finite valued ,that is Im(A) is finite set . Finally , A(0) =X(0) ,for
any fuzzy ideal A of a fuzzy ring X .

S.1 Basic Concepts:

This section contains some definitions and properties of fuzzy subset, fuzzy ring,

fuzzy ideal which we will be used in the next section .
Preliminary Concepts

Let (R,+,+) be a commutative ring with identity. A fuzzy subset of R is a function
from R into [0,1], ( [Zadeh ,1965 ; Liu, 1982] ).

Let A and B be fuzzy subset of R. We write A ¢ B if A(x) < B(x), forall x € R.
If A < B and there exists x € R such that A(x) < B(x) , then we write A < B and we
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say that A is a proper fuzzy subset of B , [Liu, 1982 ]. Note that A = B if and only if
A(X) = B(x), forall x € R, [Zadeh, 1965].

Let R ,R' be any sets and f: R— R' be any function ,A and B be two fuzzy subsets
of R and R' respectively ,the fuzzy subset f(A) of R' defined by : f(A)(y) = sup A(y) if
f(y) #0, ye R"and f(A)(y) = 0, otherwise .It is called the image of A under f and
denoted by f(A) . The fuzzy subset f (B) of R defined by : f** (B)(y) = B(f(x)) , for
all x eR .Is called the inverse image of B and denoted by f* (B) , [Liu, 1982].

Let R ,R' be any sets and f: R— R' be any function .A fuzzy subset A of R is
called f-invariant if f(x) = f(y) implies A(X) =A(y), where x,y €R, [Dixit .,Kumar R.
and Ajmal, 1991] .

Foreacht e [0,1], the set At={x € R| A(X) >t }is called a level subset of R and
the set A~ = {x € R| A(xX) = A(0) }, and A=B if and only if At = Bt forall t € [0,1]
[Liu, 1982; AL- Khamees and Mordeson, 1998].

Let Ar denote the characteristic function of R defined by Ar (X) =1 if X € R and Ar
(x)=0ifx ¢ R , [Dixitetal., 1991; AL- Khamees and Mordeson, 1998] .

Letx € Rand t € [0,1], let x; denote the fuzzy subset of R defined by x:(y) =0 if x
#zyand xi(y) =tif x =y forall y € R. xt is called a fuzzy singleton, [AL- Khamees
and Mordeson, 1998] .

If X¢ and ys are fuzzy singletons, then x¢ + ys = (X + y)» and Xt o ys=(X. Yy,
where A = min {t ;s }, ([Zadeh, 1965; AL- Khamees and Mordeson, 1998).

Let IR = {Ai | i € A} be a collection of fuzzy subset of R . Define the fuzzy subset
of R (intersection) by (ﬂ A)X) =inf {A(X) |1 e A} forall x e R([ Liu W.J,,

ieA
1982] ,[ 41). Define the fuzzy subset of R (union) by (U,_ A) (x) =sup { Ai(x) | i €

A}, forall x € R,([ Liu, 1982; AL- Khamees and Mordeson , 1998].

Let ¢ denote ¢(x) = O for all x € R, the empty fuzzy subset of R,( [Zadeh, 1965;
Martines, 1995].

Note that throughout our work any fuzzy subset is a nonempty fuzzy subset.

Let A and B be a fuzzy subsets of R , the product AoB define by : AoB (X) =
sup {min{A(y), B(z) }Ix=y-z}y,z € R, forall x e R, [Mukherjee and Sen, 1987].

The addition A + B define by (A + B) (x) = sup{min {A(y), B(2) | x=y+ 2}V, z
e R, forall x € R, [Mukherjee and Sen, 1987] .

Let A be a fuzzy subset of R, A is called a fuzzy subgroup of R if for all x,y €
R, A(x +Yy) > min {A(x), A(y)} and A(x) = A(-X), [Mukherjee and Sen, 1987].

Let A be a fuzzy subset of R, Ais called a fuzzy ring of R if forall X,y € R, A(x
—vy) > min {AX), A(y)} and A(X - y) > min {A(X), A(y)},[Martines,1995; Mukherjee
and Sen, 1987].

A fuzzy subset A of R is called a fuzzy ideal of R if and only if for all x, ye R,

A(x - y) > min {A(x), A(Y)} and A(X - y) > max {A(x), A(y)}, [Martines, 1995;
Mukherjee and Sen, 1987] .

Let X be a fuzzy ring of R and A be a fuzzy ideal of R such that A < X. Then A is
a fuzzy ideal of the fuzzy ring X [AL- Khamees and Mordeson, 1998].

But let X be a fuzzy ring of R and A be a fuzzy subset . A is called a fuzzy ideal
of the fuzzy ring X if A < X (that is A(a) < X(a), for all ae R) , A(b-c) >min {A(b),
A(c)} and A(bc) >min {A(b),A(c)},for all b ,ce R, [Martines, 1995].

And A is a fuzzy ideal of the fuzzy ring X of R if A(b-c) >min {A(b),A(c)} and
A(bc) >min {max{A(b),A(c)},X(bc )} ,[Dixit et al., 1991;Martines, 1995].
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Let X be a fuzzy ring of R . A be a fuzzy subset of X is a fuzzy ideal of X if and
only if A isan ideal of X ,for all t € [0,A(0)], [Martines, 1995].
Let A be a fuzzy ideal of R. If for all t € [0, A(0)], then At is an ideal of R and
A~is anideal of R, [Dixit et al., 1991; AL- Khamees and Mordeson, 1998 ].
Let {Ai|i € A} be a family of fuzzy ideals of R. Then ﬂ A is afuzzy ideal of R
ieA
and (U;_, A)is a fuzzy ideal of R,[Martines, 1995; AL- Khamees and Mordeson,
1998].
Let A and B are fuzzy ideals of R ,then AoB is a fuzzy ideal of R, [Martines,
1995] . Let A and B are fuzzy ideals of R, then A N B, A + B are fuzzy ideals of R ,
[Martinez , 1999; Abou-Draeb, 2000].

Now , we give definition and some result about the fuzzy direct sum of X and Y as
a definition of the direct sum by [Kash, 1982] .

Definition 1.1 [Abou-Draeb, 2000 ] :

Let X be a fuzzy ringof aring R1 and Y be afuzzyringofaring R> . Letf: Ry
® Rz — [0,1] definite by T(a ,b) = min {X(a),Y(b)} for all (a ,b) € Ri® R2. T is
called a fuzzy external direct sum of denoted by X ®Y=T .

PROPOSITION 1.2 [Abou-Draeb, 2000] :

If X and Y are fuzzy rings of rings Ri and R respectively ,then T = X @Y is a
fuzzyringof R1® R:>.

Proposition 1. 3 [Abou-Draeb, 2000] :

If X and Y are fuzzy rings of R: and R2 respectively ,then T = X @Y is a fuzzy
ring of R1 @ R2. A be a fuzzy ideal of Ry such that A =X and B be a fuzzy ideal of
R2suchthatBc Y .Then :
1-A®B isafuzzyideal of R1 ® R; .
2-(A®B)i=A:® B¢ , forallte (0, (A ® B) (0,0)].

3- A® B isafuzzy ideal of T, such that (A @ B) < (X®Y)=T, where
(A @ B) (a,b) =min {A(a),B(b)} , forall (a,b) e Ri® R>.
Proposition 1.4 [Abou-Draeb, 2000] :

If X and Y are fuzzy rings of R1 and Rz respectively such that T = X @Y . If Alis a
fuzzy ideal of R1 ® Rz such that A — T, then there exist B1 and B, fuzzy ideals of
R1 and R> respectively such that B; =X and B> cY and A=B:1® B>.

Corollary 1.5 [Abou-Draeb, 2000] :

If X and Y are fuzzy rings of Ry and R> respectively. If A ,C are fuzzy ideals of X
and B, D are fuzzy idealsof Y .Then A® B=C® Difandonlyif A=C,B=D.
Proposition 1.6 :

Let A and B be two fuzzy subsets of aring R .Then :

1- AcBc ANB.

2- (A°B)t=ArBt,te [0,1].

3- (AﬂB) t= At N Bt , te [0,1]

Proof :
1-Toprove AcBc ANB, letx e R,

(A°B) (x) = sup{min {A(y),B(2)}| x=y .2}y, ze R

= sup{min {A(x),B(1)},min {B(x),A(1)},{ min {A(y),B(2)}| x=y .z }}.

< min {max {A(x),B(x)},max {A(1),B(1)}, min {A(y),B(2)}| x=y .z}} by [Abou-
Draeb, 2000] .

<min {min{A(x),B(x)},min {A(1),B(1)}, min {A(y),B(z)}| x=y .z}
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<min{A(x),B(x)}
=(ANB) (x) . Hence A° Bc ANB..

2- (A°B) = At B¢, te [0,1] ,[Hadi and Abou-Draeb, 2004] .

3- To prove (ANB)t= At N Bt, te [0,1] ,since At={X: X e R|AX)>t},Bt=

{x:xeR|BX) >t}

(ANBx={x:xeR|(ANB)x)>t}.

={x:x e R|min{A(x),B(x)} >t}.
={x:xeR|AX)>t,B(X)>t}.

=min{{X: xe R|AX) >t} {x:x e R|B(X)>t}}.
= At N Bt . Hence (AOB) t=AtNBt,te [0,1].
Proposition 1.7 [Martines, 1995]

Let X: R — [0,1], Y : R— [0,1] are fuzzy rings f : R > R" be  homomorphism
between them and A : R — [0,1] a fuzzy ideal of X , B : R'— [0,1] a fuzzy ideal of Y,
then :

1. f(A)isafuzzyidealof Y. 2. f}B)isafuzzy ideal of X.
Proposition 1.8:

Let A and B be two fuzzy subsets of a ring R and f : R — R’ is inverse image
function of B .Then :

1- f(ANFB)=f(ANB). 2- f(A) o f(B)=F(A°B).
3- F(A)=(f(A). 4- FHA) = (FHA)) .
Proof:

1-To prove f (A)N £ (B)=f (ANB) ,letx e R, f(ANB) (x) = f[(ANB) (x) ]
=f[min {A (xX), B (X)} ] =min {f (A (X)), f(B (X))} =f(A)N f(B).

2-Toprovef(A) o f(B)=f(A°B) ,letx e R, f(A°B) (X) =f[(A°B) (X) ]
=f[sup{min {A(y).B(2)}| x=y.z}]y zeR
= sup{min {f (A)(y), f{(B)(2)}| x=y .z } = [f (A) o f(B) ](x) by [Martines, 1995].

Hence, f (A) o f(B)=f (A°B).

Note that A( f1(x)) = f (A (x)) and A( f(x)) = f (A(x)) for each xe R since f is
inverse image function .

3- To prove f (A) = (F (A)): , letx e f (Ay) ifand onlyif f?(x) eAc if and only
if A(flx))>t ifandonlyif f(A (x))>t ifandonlyif x e (f(A)) .

4- To prove f1(A) = (F1(A)) ,letx e f1 (A) ifandonlyif f(x) eA: if and
only if A(f(x))>t ifandonly if f1(Ax))>tifandonlyif x e (f1(A)): .

We give definition and some properties of quatient fuzzy ring.

Definition 1.9 [Abou-Draeb, 2000]:
Let X be a fuzzy ring of R and A is a fuzzy ideal in X.
Define X/ A : R/ A~ —[0,1] such that :

X/A(@+A) = ! Taeh
| sup{X(@+b} ifaeA,beA

Foralla+ A~ e R/ A+, X/ A's called a quatient fuzzy ring of X by A.
Proposition 1.10 [Abou-Draeb, 2000]:
Let X be a fuzzy ring of R and A is a fuzzy ideal in X, then :
X/ Aisafuzzyring of R/ Ax.
Proposition 1.11 [Abou-Draeb, 2000]:
Let X be a fuzzy ring of R and A is a fuzzy ideal in X, then X / A (0 +A«)=1, [0 +
A~ = A+].
Proposition 1.12 [Abou-Draeb, 2000]:
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Let X is a fuzzy ring of R . A and B are fuzzy ideals in X such that Ac B .Then B
/| A:R/A«—[0,1] such that :

B/A(a+A) = 1 tach
| sup{B(a+b)} ifagA,beA

Foralla+ A~ e R/ A« B/Aisafuzzyideal in X/A.
Proposition 1.13:
Let X be a fuzzy ring of R and A be a fuzzy ideal of X .Then :
- X+ As= (X + A, X X.
2-at+ A~ b+ A-~ifandonly ifa: < bk ,a, bk < X.
Proof:
1- Since At={x:x e R|AX)>t}and A~=={x:x € R|A(x) = A(0) }, implies that
(A)t={x:x e RIAX) =A0) >t} ={x:x € R|AX) =A(0)} =A-.
Then xt + A« = Xt +(A#) ¢ .
2- It is easy .
Proposition 1.14:
Let X be a fuzzy ring of R and A, B, C be fuzzy ideals of X . Then :
1- (ANB)/C=(A/C)N(B/C).
2- (A°B)/C=(A/C)°(B/C).
Proof:
1- Let a+C«eR/C+,

[(ANB)/C](a+C.) ={ : "aet
sup{A(B(a+b)} ifa ¢C.,beC.
1 if a eC,
:{ sup{minAa+b).Ba+b)} ifagC.bec D
[(A/C)N(B/C)](a+C.) =min{A/C(a+C.),B/C(a+C.)}
1 if a eC,
:{ min{ sup{A(a + b),B(a+b)} ifa ¢C.,beC.
1 if a eC.
:{ sup{minAa+b).B(a+b)} ifa gC.bec, O

From (1) and (2) ,(ANB) / C =(A/ C)N (B/C) .
2-Leta+ C+ e R/ C+,

[(A-B)/C](a+C.) = 1 if a eC.
° T sup{A-B(a+b)} ifa eC,,beC, --(1)

[(A/C) °(B/ C)] (a+ Cx) =sup {inf {min { A/ C(di+Cx),BIC(ei+C)}|dieie

R}a+C= ) (di+Cei+Co},

[(A/C) o(BI/:C)] @+ Cs)=sup{inf {min { A/C(di+C«),B/C(ei+Cx}|dieie
R} a+ Cs= Zn: (diei+C+)}.

i=1
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_ 1 |f di EC*
But (A/C)(di+C+) = sup{minA(d, +b)} ifd. ¢C.,beC,
1 if € eC.

(B/C)(ei+Cx) :{ sup{minB(e, +h)} if e ¢C.,beC.
Thus [(A/C)° (B/C)](a+Cx) =

1 if d. eC.ore, eC.
sup{inf{min{sup{A(d, +b)},sup{B(e, +b)}}}} if d,ande ¢ C.,beC.

1 if d, eC.ore, €C.

sup{inf{min{sup{A(d; +b)},sup{B(e, +b)}}}} if d,ande ¢ C.,b € C,,a =zn:di e

i=1

1 if d. eC.ore €C.
") sup{Ao B (d; +b)e, +b)}}}} if d;ande ¢ C.,.beC.a= ) de
i=1 i=1
1 ifa eC.

n n n 2
sup{A-B[> d.e, +b> d;+b> e +b]} if ag C.,.beC.
i=1 i=1 i=1

1 if a eC.
- b1 =b Tict di+b Sicy e +h2--(2)

sup{AocB(a+h)} ifa ¢C.,b eC.

From (1) and (2), (A °B)/C=(A/B) > (B/C).
Proposition 1.15 [Abou-Draeb, 2010] :

Let X be a fuzzy ring of R and A, B, C be fuzzy ideals of X . Then
B/A=C/AifandonlyifB=C.

S.2_T-Pure Fuzzy Ideals:

Recall that an ideal | of a ring R is called a t-pure ideal if for each ideal J of R ,INJ
=1J,[ Kash F., 1982] .

A fuzzy ideal A of R is called t-pure fuzzy ideal of R if for each fuzzy ideal B of
R, AN B= A o B ,[Hadi and Abou-Draeb, 2004] .

We shall give the definition and some properties for t-pure fuzzy ideals which will
be needed later .
Lemma 2.1 [Hadi and Abou-Draeb, 2004]:

Let X be a fuzzy ring of R and A ,B are fuzzy ideals of X . Then : for all t
[0,A0)]

1-(AOB)t:At'Bt. 2-(AﬂB)t=AtﬂBt.
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definition 2.2 [Hadi and Abou-Draeb, 2004]:
If X is a fuzzy ring of a ring R ,a fuzzy ideal A of X is called a t-pure fuzzy
ideal of X if for each fuzzy ideal Bof X ,ANB=Ao0B.
Proposition 2.3 [Hadi and Abou-Draeb, 2004]:
Let X be a fuzzy ring of R .Then Ox(o) is a t-pure fuzzy ideal of X .
Proposition 2.4:

Let A be a fuzzy ideal of R .Then A is a t-pure fuzzy ideal if and only if A¢is a t-

pure ideal of R ,for all t € (0,A(0)] .
Proof:

Suppose A is a t-pure fuzzy ideal of R .To prove At is a t-pure ideal of R ,for all
t € (0,A(0)] .

We must show that A N 1= A¢ I ,for any ideal I of R .

Let B :R — [0,1] defined by B(x)=1 if x € | ,B(x)=0 otherwise .

It can be easily shown that B is a fuzzy ideal of R and | = (B), forall t
(0,A(0)] . However AN B=A o B, since Ais at-pure fuzzy ideal of R .

Hence (AN B)t= (AOB)t ,forall t e (O,A(O)] But(ANB)=AtNBt=AtNI
and (AoB)=A¢Bt=A¢-1,bylemma(2.1). ThenAtNI=A¢-1.

Thus AtNI=A¢-1 and so Atis a t-pure ideal of R ,forall t € (0,A(0)] .

Conversely ,if At is a t-pure ideal of R ,for all t € (0,A(0)] .To prove A is a t-pure
fuzzy ideal of R .

Let B be any fuzzy ideal of R , then Bt is a ideal of R , for all t € (0,A(0)] and so
AitNBt =At-Bt. Hence (AN B)t=AtNB¢ and At -Bt= (AoB)t, forallt e
(0,A(0)] ,by lemma (2.1) .

Thus (A N B)t=(A o B)¢, for all t € (0,A(0)] , which implies AN B=A0B.
Therefore A is a t-pure fuzzy ideal of R .

Corollary 2.5:

Let I be an ideal of R .Then I is a t-pure ideal if and only if B is a t-pure fuzzy

ideal of R where B(x)=1 if x e | and B(x)=0 otherwise .
Proof :

It follows directly by proposition (2.4) and in fact Bt=1, for all t € [0,B(0)] .
Proposition 2.6 :

Let X be a fuzzy ring of R ,A be a fuzzy ideal of X .Then A is a t-pure fuzzy ideal

of X if and only if Atis a t-pure ideal of X ,for all t € (0,X(0)] .
Proof :
The proof is similarly .
Proposition 2.7 [Hadi and Abou-Draeb, 2004]:
Let X be a fuzzy ring of R such that X(0) = 1,for all a € R and let I be ideal of R .1

if xel
otherwise

1
is t-pure ideal of R if and only if A(x) :{ c is a t-pure fuzzy ideal

of X ,whenc € (0,1] .
Proposition 2. 8 [Hadi and Abou-Draeb, 2004]:
Let X and Y be fuzzy rings of R1 and Rz respectively and A and C be fuzzy ideals
of X and B and D be fuzzy ideals of Y respectively .Then:
1-(A® B)N(C® D)=(ANC)D (BND).
2-(A® B)o(C® D)= (AoC)® (Bo D).
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Proposition 2. 9:

Let X and Y be fuzzy rings of R1 and R respectively and A and B be fuzzy
ideals of X and Y respectively. Then A and B are t-pure fuzzy ideals if and only if A
@ B is t-pure fuzzy ideal of X ® Y .

Proof:

(—) Let C @D be any fuzzy ideal of X @ Y . We must prove (A © B)N(C ®
D)=(A®B)o(C D D).

It is enough to prove (A @ B)N(C ® D) c (A @ B)o (C ® D).

But C is a fuzzy ideal of X and D is a fuzzy ideal of Y impliesthat AN C=Ao0C
and BN D =B oD since A and B are t-pure fuzzy ideals .

(AD@B)N(C @ D)=(ANC) D (BND) by proposition (2.8) .
=(AoC)® BoD=(A®B)o(CO®D) by proposition (2.8)

Hence A @ B is t-pure fuzzy ideal of X © Y .

Conversely ,to prove A and B are t-pure fuzzy ideals of X and Y respectively.

Let C be any fuzzy ideal of X and D be any fuzzy ideal of Y .

To prove AoC=ANCandBoD=BND.Bu(A®B)NC DD)=(AD
B)o(C @ D).

Since (A®@B), (C © D) are fuzzy ideals of X @ Y and (A © B) is t-pure fuzzy
ideal of X @ .

Note (A @ B)N(C ® D)=(ANC) D (BN D) by proposition (2.8) and ( A
®@B)NCD®D)=(AoC) D@ (BoD) bydefined (2.5).

Thus (AoC)® (BoD)=(ANC)® (BND)impliesthat AoC=ANC
and B o D=B N D by corollary (1.5) .

Hence A and B are t-pure fuzzy ideals of X and Y respectively .

Proposition 2.10:

Let X : Rt = [0,1], Y : Ro— [0,1] are fuzzy rings f : Ri— Robe epimorphism
function and A : R1 — [0,1] is a fuzzy ideal of Ry and B : Ro— [0,1] is a fuzzy ideal
of Y, then :

1. If Ais t-pure fuzzy ideal of Ry, then f(A) is t-pure fuzzy ideal of Rz,
2. If B is t-pure fuzzy ideal of Ry, then f 1 (B) is t-pure fuzzy ideal of R;.
Proof:

To prove the first ,see [ Hadi and Abou-Draeb, 2004] .

To prove the second ,let D be fuzzy ideal of Ry .To prove f * (B) is t-pure fuzzy
ideal of Ry ,thatmeanf 1 (B)ND=f1(B)oD.

It is enough prove f 1 (B) N Dc f1(B) o D

Consider f(f 1 (B)YND)=f(f1(B) Nf(D)

=BNf(D)
=B o f (D) since B is t-pure fuzzy ideal .

Hence f1[f(f1(B)ND)]=f1[Bof(D)]

f1B)ND=Ff1B)ofl(f(D))
f1B)NC=f1B)oD

Then 1 (B) is t-pure fuzzy ideal of R; .

Corollary 2.11

Let X : Rt — [0,1], Y : Ro— [0,1] are fuzzy rings f : Ri— R2be homomorphism
function between them and onto and A : Ry — [0,1] is a fuzzy ideal of X and B :
Ro— [0,1] is a fuzzy ideal of Y, then :

1. If Alis t-pure fuzzy ideal of X, then f(A) is t-pure fuzzy ideal of Y.
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2. If B is t-pure fuzzy ideal of Y, then f " (B) is t-pure fuzzy ideal of X.
Proposition 2. 12 :

Let X be a fuzzy ring of R .A, B are fuzzy ideals of X such that AcB . X/Aisa
fuzzy ring of R/ A~and B / A'is a fuzzy ideal in X/ A . B/ A is a t-pure fuzzy ideal
in X/ A ifand only if B is t-pure fuzzy ideal of X .

Proof:

Suppose B / A is a t-pure fuzzy ideal in X / A ,to prove B is t-pure fuzzy ideal of

X.
Let C be fuzzy ideal of X, C/ A'is fuzzy ideal in X/ A .
B/AN(C/A)=B/A)o(C/A)ifandonlyif BN C)/A=BoC)/Aby
proposition (1.14) if and only if (BN C) = (B o C) by proposition (1.15) .Then B is t-
pure fuzzy ideal of X .
Conversely , if B is t-pure fuzzy ideal of X ,to prove B/ A is a t-pure fuzzy
ideal in X/ A.
Let C/ Ais fuzzy ideal in X/ A, C be fuzzy ideal of X .
(B/A)N(C/A)=(BN C)/ A by proposition (1.14)
= (B o C) / A by definition (2.2) .
=(B/A)o (C/A) by proposition (1.14) .
Then B/ Ais a t-pure fuzzy ideal in X/ A..
S.3_P-F Fuzzy Rings:

In this section ,we will fuzzify the concept of P-F ring into P-F fuzzy ring .Then

we will investigate some basic results about P-F fuzzy rings .
Recall that any ring R is called a P-F ring if annr (a) is a t-pure ideal of R , for
all ae R ,[Kash, 1982] .
Before giving the definition of P-F fuzzy ring , we have :
Definition 3.1 [Abou-Draeb, 2000] :

Let A be a nonempty fuzzy ideal of R. The Annihilator of A denoted by (F-Ann
A) is defined by { x: x e R, xto A < 01 },t €[0,A(0)] .

Note that (F-Ann A) (a) =sup { t: t €[0,A(0)] ,at0 Ac 0:},ae R.
= (013 A) .
Proposition 3.2 [Abou-Draeb, 2000 ]:

Let X be fuzzy ring of R and ae R, [F-Ann (ar)] « = ann (a) for all t, k (0,X(0)] .
Proposition 3. 3 [Abou-Draeb, 2000] :

The Annihilator of a fuzzy ideal A of R ( F-Ann A) is a fuzzy ideal of R.
Proposition 3.4:
Let X be a fuzzy ring of Randa €R ,t € [0,X(0) ],then :
F-Ann (a) is a fuzzy ideal of a fuzzy ring X of aring R , when F-Ann (a;) < X.
Proof

Let b, ¢ €R, to prove the following :
1- F-Ann (a) ( b-c) > min { F-Ann (a) ( b), F-Ann (a) (c)}.
2- F-Ann (a) ('b.c) >min {max { F-Ann (a;) ( b), F-Ann (a;) (c)},X(b.c)}.
Now, let F-Ann (a;)(b) = h and F-Ann (a;)(c)= k, where h ,k € (0,X(0)] .
Let F-Ann (af)(b-c)=r ,to prove r > min {h,k} =X .
Sincebho aac Oxpyandckoa= Oxgyandbhc bi,cks crthenbiro aac b
ho a, Cr,oa < Cko at,[Hameed, 2000] ,impliesthatbj o a: = Ox@),CrLo0a =
Ox(0) , [Abou-Draeb, 2000].

Hence (b o a) - (C» 0 a) < Ox(o0) - Ox(0) = Ox(0) ,[Abou-Draeb, 2000] ,implies that
(bs-c) aac Oxand (b-c)ra= Ox@) .Then (b-c)» < F-Ann (a) .

But F-Ann (at)(b-c)=sup { B: B €(0,X(0)], (b -c)s 0 a: < Ox)} =r>A7.
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The first condition is true .

Now , to prove the second condition . Let F-Ann (a;)( bc)=r and X(bc) =q.

To prove r> min{max{h ,k},q} .Suppose that max {h ,k} =h, (bc)r o aic Ox()
But (bc)n 0 at < ((bc) a)c (¢ (ba))ic (cho (bho a) < ch o Oxo) < Ox@E where A=
min {h ,t} . Since F-Ann (a;)(bc)=sup { B: p €(0,X(0)], (bc)s 0 a: < Ox@)} =r=>h.

Similarly ,if max{h ,k} =k ,thenr>Kk.

Hence r > max{h ,k} ,then F-Ann (a) is a fuzzy ideal of R .

Since F-Ann (a;)(bc) < X(bc) ,then F-Ann (a;)( bc) > min{max{F-Ann(as)( b), F-

Ann (a) (c)},X(bc)}.
Thus F-Ann (a) is a fuzzy ideal of a fuzzy ring X ofaring R .
We shall the definition as follows :
Definition 3.5 [Hadi and Abou-Draeb, 2004]:

Let X be a fuzzy ring of R. X is called P-F fuzzy ring if F-Ann (a:) is a t-pure
fuzzy ideal of X, for each a;— X and t € (0,X(0)] .

That mean : if A is a fuzzy ideal of X , then F-Ann (a:) o Ac F-Ann (a; )N A.

Now ,we give some properties and Theorems about this concept .

Theorem 3.6:

Let X be a fuzzy ring of Rand x; < X ,forall te (0,X(0)]. X isaP-F fuzzy ring
if and only if X:isaP-Fring ,forallt € (0,X(0)] .

Proof :

If X is a P- F fuzzy ring ,to prove X is a P-F ring , for all t € (0,X(0)] .

Leta € Xi,thenar < X .Since X is P- F fuzzy ring , then F-ann (a; )is a t-pure
fuzzy ideal of X by definition (3.5). That mean F-ann (a; ) o B= F-ann (a; )N B for
each B fuzzy ideal of X .

To prove ann (a) is t-pure ideal in Xt , for all t € (0,X(0)]. Let I be any ideal of X;
forall t € (0,X(0)] ,we must prove ann(a)N I =ann(a) o L.

It is enough to show that ann(a) Ic ann(a) o L.

Define B:R — [0,1] such that B(y)= X(y) if ye | and B(y)= 0 otherwise . B is a
fuzzy ideal of X by [Swamy and Swamy, 1988 ].

Let xe ann(a) N I ,then x € ann(a) and x € | ,let X(x) =r, r € (0,X(0)] implies
that x a=0 and B(x) = X(x) =r implies that xr a: = Ox() and xr < B, then x; < F-
ann (at ) and xr < B .Hence xr < F-ann (a;) N B=F-ann (a;) o B.

Since (F-ann (a; ) N B)(x) = min { F-ann (a:) (X) ,B(x) } >r, then xe F-ann (a) o
B.

Let F-ann (a: )= ¢ ,c B(x) >r and sup {inf {min{c(bi),B(di)}x=> bi di}}>r.

Note that min{c(bi),B( di)} >r for all i= 1,2,--,n.,then c(bi) > r and B( d;) > r. Hence
(bi)r < F-ann (at) = ¢, then (bi)rat < Ox(o) for all i= 1,2,--,n. bj a =0 for all i= 1,2,--,n .
.then bicann(a) foralli=1,2,--n.

Also , B(di) r = X(x), di € | forall i=1,2,--,n. Hence x=) bidi € ann (a) o I ,thus
ann(a)N I < ann(a) o I and XtisaP- Fring, forallt < (0,X(0)] .

Conversely ,since Xtisa P- Fring, forallt € (0,X(0)] , then to prove X is aP-F
fuzzy ring .

Leta: < X, thena e X, since XtisaP-Fring, forallt € (0,X(0)], then ann (a)
is t-pure ideal of X:, that mean ann(a) o I =ann(a)N I, for all I ideal of X .

To prove F-ann (at )is a t-pure fuzzy ideal of X, let B is a fuzzy ideal of X. We
must prove F-ann (a: ) N B=F-ann (a) o B. It is enough to show that F-ann (a;) N
B cF-ann(at)oB.
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Letx eR,t € (0,X(0)] ,note that Bt is ideal of X;and xt = (F-ann (a:) N B) , xt <
F-ann (ar) and xt < B, then xto ac Oxp)and B(x) >t xa=0and xe Bt ,then x €
ann (a) and x € Bx.

Hence x € ann (a) N Bt = ann (a) o Bt .There exists bi € ann (a) and di € Bt such
that x=>_ bi di , bi eann (a) = (F-ann (a: ))+ by proposition (3.2)(bi )t < F-ann (ay)
and di €B: then (di)t = B, for all i= 1,2,--,n . Such that B(di)> t and(F-ann (a:) (b)) >
t. Then min{ F-ann (a) (bi), B(di)} >t, for all i=1,2,--n .

And inf { min{ F-ann (a) (bi), B(di)} | x=) bi di}}> t.

Also, sup{ inf { min{ F-ann (a) (bi), B(di)} | x=) bi di}}}> t. Hence (F-ann
(at) o B)(x) =sup{ inf { min{ F-ann (a;) (bi), B(di)} | x=Y. bi di}}} >t, thenxt < F-
ann(a&)oB.F-ann(aa) "B < F-ann(a:) o B.

Thus X is a P-F fuzzy ring .

Remark 3.7 [Hadi and Abou-Draeb, 2004]:

Let X be a fuzzy ring of R . If X is a P- F fuzzy ring of R, then R is not necessary
P-Fring .

Example:

Let X : Z12 — [0,1] defined by X(a) =1 ifa {0,4,8 } and X(a) = 0 otherwise .

Then for all t >0, x¢ ={0,4,8} which is a P-F ring . Hence X is a P-F ring of Z 12
by theorem (3.6 ) . However Z 1 is not a P-F ring .

Proposition 3.8:

Let X be a fuzzy ring over field F, then Xis a P-F fuzzy ring of F.
Proof :

Letar Xanda#0, let r« € F-ann (&) rc o a <Oxq) ,then a. r=0and r =
0.Then F-ann (a: ) =0x(o) Is t-pure fuzzy ideal of X by proposition (2.3).

Hence X is a P-F fuzzy ring of F.

Note that ,if X is a fuzzy ring over an integral domain R, then X is a P-F fuzzy
ring of R.

Proposition 3.9:

Let X be a fuzzy ring of R and A be a fuzzy ideal of X .If X is a P-F fuzzy ring

of R, then (F-Ann A) is a t-pure fuzzy ideal of X .
Proof :

Since If XisaP-F fuzzyring of R and A be a fuzzy ideal of X, then ( F-Ann
A) is a fuzzy ideal of X by proposition (3.3) .

To prove ( F-Ann A) is a t-pure .That mean (F-Ann A) N B = (F-Ann A) o B, for
any B fuzzy ideal of X .

If X(0) =1and a: < A ,then F-ann (a)) = F-Ann A by [Swamy and Swamy, 1988;
Abou-Draeb, 2010].

[F-ann (a;) o B = F-ann (a;) NB] = [F-Ann A o B =F-Ann A N B] by [Abou-Draeb,
2000] . Then ( F-Ann A) is a t-pure fuzzy ideal of X .
Lemma 3.10:
Let R be a P-F ring , then every subring of R is P-F ring .
Theorem 3.11 [Hadi and Abou-Draeb, 2004]

Let X and Y be fuzzy rings of Ry and R> respectively .Then X and Y are P-F fuzzy
rings if and only if X ®Y isaP-F fuzzyringof R1® R».

Theorem 3.12:

Let X be a fuzzy ring of R and A be a fuzzy ideal in X .X is a P- F fuzzy ring if
X/A is a P-F fuzzy ring of R/ A~
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Proof:

If X/A'is a P-F fuzzy ring of R/ Ax,we must prove X is a P- F fuzzy ring ,that
mean F-ann (a; ) is t-pure fuzzy ideal of X, forall a:< X ,t € (0,X(0)].

We must prove F-ann (a: ) N B= F- ann (a) o B for every fuzzy ideal of X .1t is
enough to show that F-ann (a:) N B < F-ann (a:) o B.

Since X/A is P-F fuzzy ring of R/ A«, then F-ann (a;) / A and B/ A are fuzzy
ideals of X/A .
And (F-ann (at )A ) N( B/ A) =( F-ann (at )/ A) o (B/ A) «( F-ann (aa) N B )/
A=(F-ann (a: ) o B) / A by proposition (1.14). «<» ( F-ann (a;:) N B =F-ann (a: ) o B by
proposition (1.15) .

Hence F-ann (a: ) is t-pure fuzzy ideal of X < X is a P-F fuzzy ring of R.
Remark 3.13:

The converse of theorem (3.12 ) is not true as the following example shows.

Example:

1 ifae2z

0 otherwise
X is a fuzzy ring of Z and a fuzzy ideals A, B in X such that :

Let X: Z—[0,1] such that: X(a) ={

A(d) = ! Tacaz N hat A~=4Z. And

@ 12 ifaczraz Nowthat A-=4zAn
1 if ac4Z ; _ herwi

B(@) = 1/2  ifac27/47 and B(a) =0 otherwise .

1 if acdz

Then X/A :Z/AZ —[0,1] such that: X(a + A+) :{ sup(a+b) ifbedz,ag4z

1 if a+ Ax= Ax
= X(a + A«) =0 otherwise .

1/2 ifa+A*=2+ Ax*

X is a P-F fuzzy ring and F- ann (2+ A)=B, B is not t-pure fuzzy ideal of X/A ,
since BNB =B and B o B = 0x/a .

S.4Normal Fuzzy Rings:

In this section , we introduce the concept of a Normal fuzzy ring and we state
some properties and Theorems about it .Also we shall give its relationship with P-F
fuzzy ring .

As a generalization of definition in [Kash, 1982] , a ring R is called a normal if
every ideal of R is t-pure ideal .

Definition 4.1 [Abou-Draeb, 2010]:

Let X be a fuzzy ring of R .X is called a Normal fuzzy ring if every fuzzy ideal
of X is t-pure fuzzy ideal .

Now ,we give the following properties :
Proposition 4.2 [Hadi and Abou-Draeb, 2004]:

Let X be a fuzzy ring of R .X is a Normal fuzzy ring of R if and only if X; isa
normal ring , for all t € (0,X(0)] .
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Remark 4.3 [Hadi and Abou-Draeb, 2004]:
Let X be a fuzzy ring of a ring R . If R is a normal ring ,then X is not necessarily
that Normal fuzzy ring.

Example:

1 ifaeZ

0 otherwise

X is a fuzzy ring of Q. But X =Z for all t =0 and Z is not normal ring .
Hence X is not Normal fuzzy ring by proposition (4.2).
Remark 4.4 :
The converse of proposition (4.3 ) is not true as the following example shows.

Example:

Let R =Q is a normal ring and X (a) Z{

1 if aef{0,48

Let R =Z12 is not normal ringand X (&) = .
0  otherwise

But Xisa Normal fuzzy ring .

Proposition 4.5:

Let X : Ri— [0,1], Y : R2 — [0,1] are fuzzy rings . f : Rt — R2 be epimorphism
function .Then :
1. If X is Normal fuzzy ring ,then Y is Normal fuzzy ring.
2. If Y is Normal fuzzy ring ,then X is Normal fuzzy ring , where every fuzzy ideal
of X is f-invariant .
Proof:

The proof follows directly by proposition (2.11 ) and definition (4.1) .
Proposition 4.6 :

Let X and Y be fuzzy rings of R1 and R respectively. X and Y are Normal if and

only if X® Y is Normal fuzzy ringof R1 @ R;.
Proof:

Let X and Y are Normal fuzzy rings ,to prove X @ Y is Normal fuzzy ring .

Since X and Y be fuzzy rings of R1 and Rz respectively ,then (X @ Y) is fuzzy ring ,
by [Abou-Draeb, 2000] .

Let (C @ D) be a fuzzy ideal of (X @ Y) ,then C is fuzzy ideal of X and D is a
fuzzy ideal of Y .

Since X and Y are Normal ,then C and D are t-pure fuzzy ideals of X and Y
respectively = (C @ D) is a t-pure fuzzy ideal of X @ Y by proposition (2.9).

Hence X @ Y is Normal fuzzy ringof R1 @ R>.

Conversely , X © Y is Normal fuzzy ring ,we must prove X and Y are Normal
fuzzy rings of Ry and R2 respectively.

Let A and B be fuzzy ideals of X and Y respectively ,then (A @ B) is a fuzzy ideal
of (X @ Y).

Since X © Y is Normal, then (A @ B) is a t-pure fuzzy ideal = A and B are t-
pure fuzzy ideals of X and Y respectively by proposition (2.9)

Hence X and Y are Normal fuzzy rings of R1 and R respectively.
Proposition 4.7:

Let X be a fuzzy ring of a ring R and A be a fuzzy ideal in X. Then X is a Normal
fuzzy ring if and only if X/A is a Normal fuzzy ring of R/ A~ .
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Proof:

Let X be a Normal fuzzy ring ,to prove X/A is a Normal fuzzy ring of R/ A~ . By
[Abou-Draeb, 2000], X/A is a fuzzy ring of R/ A~ .

We must prove X/A is a Normal fuzzy ring of R/ A~ .Let B is a fuzzy ideal of X
,then B is t-pure by definition (4.1) implies that B/A is t-pure fuzzy ideal by
proposition (2.12) that mean ( B/A) N (C/A) =( B/A) o ( C/A ) for all C/A fuzzy
ideal of X/A .

Hence X/A is Normal fuzzy ring

Conversely , we must prove X is Normal fuzzy ring .Let B be any fuzzy ideal of X,
to prove B is t-pure fuzzy ideal that mean BN C= B o C for all C fuzzy ideal of X.

But B/A , C/A are fuzzy ideals of X/A and X/A is Normal fuzzy ring, then (B/A)
N (C/A)=(B/A)o (C/A).

By proposition(1.14) , ( B/A) N (C/A)=(BN C) /A and

(BIA)o(C/IA)=(Bo C)/A ,then (BNC)/A=(Bo C)/A .
Thus B N C=B o C by proposition(1.15) ,then B is t-pure fuzzy ideal .
Hence X is Normal fuzzy ring of R .

We give the relation about Normal fuzzy ring and P-F fuzzy ring.
Proposition 4.8:

Let X be a fuzzy ring of a ring R .If X is a Normal fuzzy ring ,then X is P-F
fuzzy ring of R.

Proof:

Since X is a fuzzy ring of a ring R ,that mean any fuzzy ideal of X is t-pure ,then
F-ann (av) is t-pure fuzzy ideal of X ,for each atc X = X is a P-F fuzzy ring of R.
Remark 4.9 :

The converse of proposition(4.8) is not true as the following example shows.

Example:
Let R =Q is a normal ring and X (@) Z{

1 ifaeZ

0 otherwise

X is afuzzy ring of Q. But X=Z forall t € (0,1] and Z is not normal ring .
Hence X is not Normal fuzzy ring by proposition (4.2).

[F-ann (at)]k = ann(a) for all k € (0,1] .
= {0} ispureideal of Z= Xforall k € (0,1] .
Then F-ann (at) is t-pure fuzzy ideal of X .
Hence X is a P-F fuzzy ring of R.

References

Abou-Draeb A.T., 2010 , Fuzzy Quotient Rings and Fuzzy Isomorphism Theorem ,
Ascientific and Refreed Journal Issued University of Thi-Qar , (5) 121-130.

Abou-Draeb A.T.,2000, On Almost Quasi—Frobenius Fuzzy Rings, M.Sc.Thesis,
University of Baghdad, College of Education Ibn-AL-Haitham.

AL- Khamees Y. and Mordeson J.N., 1998 , Fuzzy Principal Ideals and Simple Field
Extensions, Fuzzy Sets and Systems, (96) 247 — 253.

Dixit V.N.,Kumar R. and Ajmal N., 1991, Fuzzy ldeals and Fuzzy Prime Ideals of a
Ring , Fuzzy Sets and Systems, (44) 127 — 138.

Hadi I.M.A. and Abou-Draeb A.T., 2004 , P-F Fuzzy Rings and Normal Fuzzy Rings,
Ibn-AL-Haitham J, .For Pure &Appl. Sci. ,(17) 111 —120.

Kash F., 1982 , Modules and Rings , Academic Press, New York .

ALY



Yord s (14) dladl / (1) aaud)/ gl y 3 sl gall / Sy Al Lna

Liu W.J., 1982, Fuzzy Invariant Subgroups and Fuzzy ldeal, Fuzzy Sets and
Systems,(8) 133 — 139.

Martines L., 1995, Fuzzy Subgroup of Fuzzy Groups and Fuzzy lIdeals of Fuzzy
Rings, the journal of fuzzy mathematics, (3) 833 — 849.

Martinez L., 1999, Prime and Primary L— Fuzzy ldeals of L— Fuzzy Rings, Fuzzy Sets
and Systems, ( 101) 489 —494.

Mukherjee T.K. and Sen M.K., 1987, On Fuzzy Ideals of a Ring I, Fuzzy Sets and
Systems, (21) 99 — 104.

Swamy U.M. and Swamy K.L. N., 1988, Fuzzy Prime Ideals of Rings , the journal of
fuzzy mathematics, (134) 94 — 103.

Zadeh L.A., 1965, Fuzzy Sets, , Information and Control, (8) 338 — 353.

AEY



