
 

 396 

On r- Compact Spaces 
 

Hiyam H. Kadhem 

Dept. of Math. , College of Mathematics and Computer Sciences , Al-Kufa University 

 

 

Abstract 
    The main purpose of this paper is to introduce and study a new type of 

compact spaces which is r-compact space where  a topological space (X,) is said to 

be an r-compact space if every  regular open cover of X has a finite subfamily whose 

closures cover X . Several properties of an r-compact space are proved. 

 ةصالخلا
 ارمر لهر  قدرم و راسا رو  ر ي  منرم  ر  ال ارمراو الوضو ورو رهر  اهراا الحثر  الغرض  الضيسيرم  ر   
ر   تر   ام تارم  كمن لكر  طارم إذاr - يوى فامر  ضو ص (X,)ال امر التب ل  م  أنحي    r-الوضو ص

 -r  ارمر الوضور صخصرمي  لللا العمنرم  ر  . بضهنرم X غام  ا غلاقهمرالتم  ك ن   نتهسوله عميلو  زيسه X للر
. 
 

1.Introduction       

Compactness occupies a very important place in topology and so do some of its 

weaker and stronger forms, one of these forms is H-closednes where the theory of 

such spaces was introduced by Alexandroff and Urysohn in 1929.In 1969, nearly -

compact spaces was introduced by M. K. Singal and Asha Aathur  . Another type of 

compact space which is       S-compact space was introduced in 1976 by  Travis 

Thompson. From time to time several other forms of compactness have been studied 

.In this work, we shall study a new weaker form of compact spaces , namely r-

compact space. 

Now,let (X ,) be a topological space ,and let A X, we say that : 

i) A is a regular open set in X if and only if,

o   

AA  ,(Dugundji , 1966). 
 

ii) A is a regular closed set in X if and only if, oAA  ,(Dugundji , 1966). 

iii) A is a semi open set in X if and only if , there is an open set U such that 

UAU ,(Levine,1963). 

     Some time we use X  to denote the topological space (X ,) and we will the symbol 

 to indicate the end of the proof  .  

1.1 Remark: 

i) The complement of every regular open(closed) set is a regular closed (open) 

set,(Dugundji , 1966). 

ii) Every regular open set is an open set ,(Dugundji , 1966). 

iii) Every open set is a semi open set,(Levine,1963). 

iv) From (ii) and (iii), we can get that  every regular open set is a semi open set . 

2.Preliminaries 
    In this section , we  introduce and recall the basic definitions needed in this work.  

     First, we state the following definition: 

2.1 Definition(Willard ,1970): A space X is said to be compact if and only if, every 

open cover of X has a finite sub cover of X. 
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    Now, we introduce the concept of r-compact in the following definition: 

2.2 Definition: A space X is said to be r-compact if and only if, every regular open 

cover of X has a finite subfamily whose closures cover X . 

     Next , we recall the following definition which we needed in the following 

sections. 

2.3 Definition(Willard ,1970): A space X is said to be extremely disconnected if and 

only if , the closure of every open set in X is also open in X. 

3.Relationship between r-compact and some types of compact spaces 
     At once, we recall the definition of some types of compact spaces, as follows: 

3.1 Definition(Willard ,1970): A space X is said to be: 

i) quasi H- closed if and only if , every open cover of X has a finite subfamily whose 

closures cover X,(Cameron ,1978). 

ii) nearly-compact if and only if, every open cover of X has a finite subfamily , the 

interiors of the closures of which cover X,(Herrington,1974). 

iii) S-closed if and only if, every semi open cover of X has a finite subfamily whose 

closures cover X,(Thompson,1976). 

 

 The above notations are related in the following diagram: 

 

 

nearly -compact 

                             3                         1                          6    

                                 

compact           4             quasi H-closed        7            r-compact 
                                                             

                                 2                          8 

S-closed 

5 

 

      It is clear that the implications 1,2,3 and 4 hold . Next, we prove 5,6,7and 8, 

respectively. 

3.2 Theorem: Every compact space is an r-compact space . 

Proof: Let X be a compact space and let { V} be a regular open cover of X 

.Since X is a compact space .So, there exist 
1 

αV ,…, 
n
αV such that 

n

1i
α

i 
VX


 .Since 

i
αV is a regular open set in X, for each i and for each i=1,2,…,n .So, 

i
α

o    

i
α VV  , 

for each i and for each i=1,2,…,n . Hence , 


n

1i

n

1i

n

1i i

     

i

o     

 
VVVX
αα i 

α


 …(*), since 
i 

αV X for each i and for each 

i=1,2,…,n. Then , X
 

V

n

1i i

     

α



  …(**). From(*) and(**), we obtain that     


n

1i i

     

 
V X
α



 .Therefore, X is an r-compact space. 

3.3 Theorem: Every nearly-compact space is an r-compact space . 
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Proof: Let X be a nearly-compact space  and let { V} be a regular open cover 

of        X .From (1.1)part(ii), we obtain that { V} is an open cover of X. Since 

X is a     nearly- compact space . So, there exist 
1 

αV ,…,
n 

Vα  such that 
n

1i i

o     

α VX


 . 

Since 
n

1i

n

1i i

     

i

o     

 
VV αα 



  .So, 
n

1i i

     

 
VX
α



 …(*), since 
i 

αV X for each i and for 

each i=1,2,…,n. Then , X
 

V

n

1i i

     

α



  …(**). From(*) and(**), we obtain that     


n

1i i

     

 
VX
α



 .Thus, X is an  r-compact space.  

3.4Theorem: Every quasi H-closed space is an r-compact space . 

Proof: Let X be a quasi H-closed space and let { V} be a regular open cover 

of X . From (1.1)part(ii), we conclude that { V} is an open cover of X. Since 

X is quasi     H-closed. So, there exist 
1 

αV ,…, 
n
αV such that 

n

1i i

     

 
VX
α



  .Thus, X is 

an r-compact   space.  

 

3.5 Theorem: Every S-closed space is an r-compact space . 

Proof: Let X be an S-closed space and let { V } be a regular open cover of X . 

From (1.1)part(iv), we can get  that   { V} is a semi open cover of X. Since X 

is S-closed. So, there exist
1 

αV ,…, 
n 

αV  such that 
n

1i i

     

 
VX
α



  .Hence, X is an r-

compact space.   

      Directly from the definition of an extremely disconnected space , we can prove the 

following theorem: 

3.6 Theorem: In an extremely disconnected space X , the following are equivalent: 

i) X is r-compact. 

ii) X is nearly-compact. 

iii) X is quasi H-closed. 

4.Main Results 
    In this section , we prove several properties of r-compact spaces. First , we prove 

the finite intersection property in the following theorem: 

4.1 Theorem: If a space X is an r-compact and extremely disconnected space , then 

for every family    { V}of regular closed sets in X satisfying 






φV  there 

is a finite subfamily 
1 

αV ,…,
n 

αV  with 
n

1i

φ
i

V





. 

Proof: Let { V} be a family of regular closed sets in X satisfying  








φV .Then ,                {X- V} is a   regular open cover of X. Since X is 

r-compact .Then, there exist a finite subfamily 
1 

αV ,…,
n 

αV  such that : 
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
n

1i i 

n

1i i 

n

1i

c

α

c

αα VVX
 

VXX

          

i

     



 . Since c

α
i 

V is a regular open set in X, for each 

i=1,2,…,n and for each i. So, c

α
i 

V is an open set , for each i=1,2,…,n and for 

each i.And, since X is an extremely disconnected space . So, 
c

α

o

c

α

c

α
i i i 

VVV

   

 , 

for each i=1,2,…,n and for each i.That is, c

α

c

α
i i 

VV  , for each i=1,2,…,n and 

for each i. Hence, 
n

1i i 

c

α
VX



  . Therefore, 
n

1i

φ
i

V





. 

       Next, we study the heridatily property of r-compact . 

4.2Theorem: Every regular closed subset of an r-compact is   r-compact. 

Proof: Let X be an r-compact space , F be a regular closed subset of X and let  { V 

} be a regular open cover of X ,since F is a regular closed subset of X .Then, Fc 

is a regular open subset of X . Thus, { V Fc }  is a regular open cover of X . 

Since X is an         r-compact space .So, there exist 
1 

αV ,…,
n 

αV such that 

 
n

1i

c
α F
 

VX
i

     



   =  c
α

F
 

V
n

1i i

     

















. Then, F=FX = F





























 c

α
F

 
V

n

1i i

     

= 

  c
α

FF
 

VF
n

1i i

     

































.So, F=F
















n

1i i

     

 
Vα . Hence, F

















n

1i i

     

 
Vα .That is 

,F=
















n

1i i

     

 
Vα .So, F is an r-compact space.  

       Now, to study the continuous property we need for the following lemma: 

4.3Lemma: If f :XY is a continuous function of a space X into an extremely 

disconnected space Y , and if V is a regular open set in Y , then f -1(V)is a regular 

open set in X. 

Proof: Since V is a regular open set in Y .Then, from (1.1) part(ii), we obtain that V 

is an open set in Y, since f is continuous. So, f -1(V)is an open set in X.  That is ,                             

[f -1(V)]o= f -1(V) ...(*).  Now, since Y is an extremely disconnected space and                  

since V is a regular open set in Y  .Thus, VVV
o   

  .That is , VV  ...(**). 

)]V(f[

                

)]V([f

        
11-  because of f is continuous. So, )]V(f[

                

)]V([f

        
11-

oo

 . From 

(**) , we can get that oo1 V)](f[)]V(f[

        
1 . From (*) we conclude that, 

V)](f[V)](f[ 11 o 
 . Thus, )(Vf

                

)]V([f

        
11-

o

 …….(1). In another hand, we have 
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)]V([f

       

)(Vf

                
1-1  . Then, )]V([f

        

](V)f

                

[ 1-1

o

o  .Thus, 

)]V([f

        

](V)f

                

[ 1-1

o

 …..(2). Therefore, from (1) and (2) we obtain that  

)]V([f

        

](V)f

                

[ 1-1

o

  . So, f -1(V) is a regular open set in X.   

4.4Theorem: If f :XY is a continuous function of an r-compact space X onto an 

extremely disconnected space Y , then Y is r-compact . 

Proof: Let { V} be a regular open cover of Y . Since f  is a continuous 

function and Y is an extremely disconnected space , then from  the above lemma we 

obtain that                  { f -1(V)} is a regular open cover of X. Since X is r-

compact . So,                           there exists a finite subfamily f -1(
1 

αV ),…, f -1 (
n
αV ) 

such that 
n

1i

1- )(
i

     

 
V

 
fX

α


 .Thus, ))((
n

1i

1-

i

     

 
V

 
ffY

α


 
n

1i i

     

 
Vα



.Hence, 

Y=
n

1i i

     

 
Vα



. 

      Directly , from (3.6) we can prove the following corollaries: 

4.5 Corollary(1): If f :XY is a continuous function of an r-compact space  X onto 

an extremely disconnected space Y, then Y is a quasi H-closed (nearly compact) 

space. 

4.6 Corollary(2): If f :XY is a continuous function of a compact ( or, nearly-

compact, quasi H-closed, S-closed ) space X onto an extremely disconnected space Y, 

then Y is         an r-compact (quasi H-closed, nearly compact) space. 

4.7 Corollary(3): If f :XY is a continuous function of an extremely disconnected 

and quasi H-closed (or, nearly compact) space X onto an extremely disconnected 

space Y  , then Y is an r-compact (quasi H-closed , nearly compact) space. 

     Next, we study the converse continuous image of an r-compact space . So, we need 

the following lemma: 

4.8Lemma: Let f :XY be an open continuous bijective function of an extremely 

disconnected space X into a space Y . If V is a regular open set in X , then f (V)is a 

regular open set in Y. 

Proof: Since V is a regular open set in Y and since X is an extremely disconnected 

space. Then, VVV
o   

 . That is, VV  . Since f is a continuous function .So,   

)]V([f

       
)Vf(f(V)  . Since V is an open function .Thus, )]V([f

        
[f(V)]   f(V)

o
o  . 

That is, )]V([f

        
f(V)

o

 …(1). Now, we have )]V([f)]V([f

        o
 .Since f is an open 

bijective function .So, f is a closed function . Hence,  f(V))Vf()]V([f

       
 .Then, 

)V(f)]V([f

        o
 …(2).From (1) and (2) we can get that )V(f)]V([f

        o
 .That is f(V) is a 

regular open set in Y.  
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4.9Theorem: If f :XY is an open continuous bijective function of an extremely 

disconnected space X onto an  r-compact space Y , then X is r-compact . 

Proof: Let { V} be a regular open cover of X . From (4.8), we conclude that 
{f(V)} is a regular open cover of Y .Since Y is r-compact .Then , there exist               

f (
1 

αV ),…, f  (
n
αV ) such that Y=

n

1i

)
 

f(V
i

     

α


. Then, X= )(
n

1i

)
 

f(Vf
i

     

α
1- 



.Since f is a 

closed function . Thus,  ) (  

 

Vf)

 

f(V

ii
αα

  .Thus, 

X= 
n

1i

n

1i i

     

i

     

 
V

 
Vff αα

1-  ))  ((


 .Therefore, X is r-compact space.  

       From the above theorem and theorems (3.2),(3.3 ), (3.4),and(3.5) we can get the 

following corollary:  

4.10 Corollary(1): If f :XY is a homomorphism of  an extremely disconnected  

space X onto a compact ( or, nearly-compact, quasi H-closed, S-closed ) space Y, then 

Y is an            r-compact space. 

       Directly from theorems (4.4) and(4.9) we can prove the following corollary:  

4.11 Corollary(2): An r-compact property is a topological property under an 

extremely disconnected  spaces. 
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