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ABSTRACT: This paper presents a new type of operators, referred to as the fuzzy soft(a,p)-class(Q) operator
operator, which operates on a complex Hilbert space. We examine several advantageous properties that are exclusive
to this operator class. Additionally, we explore an extended version of several fuzzy soft class(Q) operators in this
work, including fuzzy soft(o,B)-class(Q) and fuzzy soft(a,f)-normal operator. We also provide some theorems of
operations related to these notions.
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1. INTRODUCTION

Zadeh in [15] presented important fuzzy set operations and established the concept of fuzzy sets in mathematics.
Molodtsov in [13] distinguished a different kind of set called soft sets. and gave important characteristics for this concept
in [4]. He further explained that as soft sets relate a collection to a set of parameters, they are mathematical in nature. To
attempt to offer a more thorough elucidation of the fuzzy set theory idea Maji [11] introduced a fuzzy soft set (FS) defined
as a soft set over the universal set XIs referred to as an FS-set (Fuzzy Soft Set) on X. And various related notions, as a
part of a soft set theory [3],[10],. The definition of the FS-Hilbert space was presented by Faried, Ali, and Sakr [5] along
with a number of new features and details. Furthermore, among other important ideas, Faried and Ali defined the FS-
linear operator and FS-bounded operator within the fuzzy soft Hilbert space [6],[7], and [1],[2]

In recent years, considerable clarity and expansion have been devoted to the class of operators (Q)[9]. This has been
achieved by easing certain normality constraints and including new classes, such as (a, B), into the existing class of (Q)
operators.

The FS-bounded linear operator I is called a FS-class(Q) operator if 3* 32 = (3*%)?, FS- Normal operator if
§*S = 5%, and FS(a, B)-normal operator if ,82;*3 S §5* S a?3*T .This work introduces the concept of fuzzy soft
(a,p)-class(Q) operators on fuzzy soft Hilbert space H', as well as B( H') denotes the fuzzy soft Banach algebra of all FS-
bounded linear operators. which is composed over separable fuzzy soft Hilbert spaces. The paper also presents several
theorems that discuss the features of these operators.

2. fuzzy soft (a,p)-class(Q) operator

A new class of fuzzy soft operators on the fuzzy soft operator Hilbert space, called fuzzy soft(a,B)-class(Q) operator,
is introduced in this section. We also address several important theorems related to this operator. Initially, the FS class(Q)
operators notation was develop.

Definition 2.1 Consider H to be an FS-Hilbert space , then afuzzy soft bounded linear operator § € B( H)is a FS-
class(Q) operator if 3732 = (§%)?

Theorem 2.2 If § € FS — class(Q) operator, then so is;
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1. &5 for any FS-real number 2.
2. Forany § €B(H) which is FS- Unitarily Equivalent to 3.

Proof.
1. Suppose 3 EFS — class(Q), then
35782 = (§°3)?
(@7 (63)? = ((63)"63)?
After that, we have, (67°62)3°3? = (6°62)(33)?
Then 5% = (3'F)?

Therefore, €5 € FS — class(Q) operator.
2. Assume that § € B( H). Then there exists an afuzzy soft Unitary operator £ that is if § = £*J& as well §* =

E*F*E then:

g g% = (0°0)*
EFEETEQ = (EFEETEY?

EFPEQr = (£F5E)H?

T EETEETE = (£7F°3£)? , this implies that
ETFE = (EFTEY

EF°F2E = £ (FF)2E

Hence § is FS-Unitarily Equivalent to 5.

2& %2

Proposition 2.3 If I EFS — class(Q) operator then (§59)% = 32§

Proof: since § E€FS — class(Q), and 3* EFS — class(Q) then

($7892 = (3)2(8)? this implies that (332 = §25+*

Now, we will introduce the notation of FS(a, ) — class(Q)

Definition 2.4 Let H represent a FS—Hilbert space , then a FS-bounded linear operator § ’E”B(}T)is namely

fuzzy soft (a, B) — class(Q) operator if a25°3? < (§*%)? < p23-°52 .

Theorem 2.5 If S EFS — (a,B) — class(Q) operator, then so is;
1. &3 for any FS-real number &.
2. Forany § €B(H) which is fuzzy soft Unitarily Equivalent to 5.

Proof.
1. Suppose 3 EFS(a,B) — class(Q), then
aZg*z&'Z 2 (~ g)Z Z ﬁZc’:*zc’:Z
2(€~$) (€32 < ((éS)* &3)? Z p2(63)”* (63)?
R GO A CRCDR R
therefore we have
23* &2 Z ( S)Z Z ﬂzg*zgz
Hence é5 € FS(a, B) — class(Q).

2. Assume that § é’B(?—?). Then there exists an afuzzy soft Unitarily operator £, that is if § =
0 = £'F*E, Then:

a’0'0% 2 (0"0)* 2 2070

a?EFEETZEQ? L (EFEETEY S R2ETFEETEJ?
a?EFTE QP 2 (E°FFE)E 2 prEFTE 02

@€' 3 EEREETE 2 (E'F'RE)? 2 pRET E £ FEETE
a?&FFE 2 (E°F'FE)?2 2 pEFURE

Hence, we have @ is fuzzy soft Unitarily Equivalent to 5.

We now show that fuzzy soft (a,B)-class(Q)operator's inverse is as well fuzzy soft (a,pB)-class(Q).

E*FE as well
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Theorem 2.6 If § € FS(a, B) — class(Q) operator, and I~ texist, then 5~ € FS(a, B) — class(Q).

e
-
o
o
=

N
|
=
*

§1 = g2 3751 = 6287 52 then we have
28-*)=1 it implies that a2(33")? " = a2(3F*) s less than
312, also
-2 = (§ 7§12 = (§5*)~*, which implise
= (§ 3 )71, that is

-1 ~ ~_ *2 2
<p?r3t 3t
~_12

; ~ %2 12 o~ axe~ ~ ~ %2
Therefore, we obtainthat 2 3™t IV S (131234231 3

8]

TR AR
1~
[N

(&

NI 1A IR
= L
(3
e
NS

=
N
X1
X
N

A

=
N

Proposition 2.7 If § € FS(a, B) — class(Q) operator, such that af = 1, then 3* € FS(a, B) — class(Q).

Proof:
a2§*2§2 Z (‘“ §)2 Z 32;*2;2
45* SZ < a2(~*~)2 < aZBZo’* K2 (1)

232@* &2 S ,8 ( S)Z ‘84cv* K2 (2)
Then from (1) and (2) we have that,
0(23* &2 Z azﬁ ( 3)2 Z ﬁzg*zgz
since a8 = 1, then we have
azg*zgz z ( 5)2 ﬂch* §2

Theorem 2.8 If § € FS(a, B) — class(Q) , and F is FS-self adjoint operator, if S is commuting isometry,
then a||h||? £||F3||> £ B ||h||?, forall h € A

Proof:
By definition of FS(a, B) — class(Q) operator , we have that

ol [FSp| 1> Z[IF* S5117 < B IFS511?
al[h]]? [IEH5I12 £ B 1A
a|[h[1? Z|ISF|1? £ B[R]

of [][? Z|IFS||? £ B |||

O
N
el
(5]

Theorem 2.9 let I EFS(a, B) — class(Q) operator, and J is FS- Unitarily operator, such that §
then 59 is also FS(a, ) — class(Q)

Proof:
2(&AV (X2 S (X0*%0)2 = R2(KA)V2 (K2
a*(39)" ([Q)* = (I"Q"3I)* =< B*(3Q)" (39)
~u2 ~.2 o o~ A Ry R AR N~ =2 52 0
o?F 073202 £ 37057 0"3030 < 2370 F?0? this implies that
230" 0282 2 8307033070 <R30+ 9252
237§ 2 F°33°F < B23F2, also we obtain
23752 2 (§°F)? 2 gAY

Hence, 30 is FS(a,p) — class(Q).
Now, we'll discuss the relationship between FS(a, 8)-normal operator and FS(a, B) — class(Q).
Theorem 2.10 For § € B( H) then every FS(a, 8)-normal operator is FS(a, ) — class(Q).

Proof.
Let S be a FS(a, B)-normal, then

ﬂzg*g S gg* > aZc\r*c\r (1)
The two sides of mequahty (1) before and after multiplication

B3 TIT = IITT S «?F'FTS, and thus
ﬁZw* &2 S ( S)Z s aZS* 52
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Proposition 2.11 If 3 is FS(a, B) — class(Q) operator, then J is Class (Q), if a, 8 = 1.

The next two theorems explain more characteristics of the FS(a, ) — class(Q) operator.

"131
[l

Theorem 2.12 If 5 and F are commuting two FS(a, ) — class(Q) operators, with 3*F
then 3F is FS(a, B) — class(Q) operator

2 2

2(3F)" (5F) = 2 (F*S°52F?)
2 (3F)"(3F)’ 2 (3F) (§F))

and, ((3F)"(3F))? = F*2§*2§2F2 BA(F 3 °32F?) 2 B2(SF )
Then we have, o*(5F)" (5F)* 2 (5F ) (3F))? 2 p2(3F ) (3F )
Hence, 3F is FS(a, B) — class(Q) operator.

F*352p2

IA

IA

e
=
I
2
e
I
L

Theorem 2.131fSand A are commuting two FS(a, B) — class(Q) operators, if T = TS =
then S+ T is also FS(a, B) — class(Q) operator.

Proof :

a2 (S + T) (S + T) =22 (3+T)(3+T) G+ DG + Disequal to
= (5 +T)( § j— )S%j— T)(E‘E + T)ETOUQ[LmU'EE”C"’EiB“’ we obtain at
= 2[(‘”“‘* 3T T S +TT)EI+IT+TI +TT)]

=23 (3 + Tz) + (32 + T2), which implies that
=23 +THE2+TY)
S F+THE*+T)

S((B+T)B+T)? (D)

Andthus (F+T) G +T)? = G+T) G+T)
2 22GE+T) G+T)Y ..

And thus

2E+T) G+1)2(G+T) G +7)22 p2G+T) §+T)
Hence, 3 + T is FS(a, B) — class(Q) operator.

CONCLUSIONS

The most important results of this study include the following: adding fuzzy soft FS(a,pB)-class(Q)operators does not
automatically make them FS(a,3)-class(Q) operators on the other hand, adding certain grantee conditions may make them
s0. Another result is the emergence of several kinds of fuzzy soft operators
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