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Abstract

A new model of bubble dynamics is constructed using linear wave equation, including
effects of variation of the gas temperature inside the bubble and the liquid temperature near
the bubble, and effects of evaporation-condensation of the liquid vapour at the bubble wall.
The liquid is assumed water and the gas inside the bubble is only vapour (neglecting non-
condensable gas). The temperature inside the bubble and the liquid temperature are
numerically calculated by solving the energy equation both inside (vapour-phase) and outside
(liquid-phase) the bubble (using finite difference method). The pressure inside the bubble is
obtained numerically without assuming that it follows any assuming relation. The results
reveal that the bubble radius, the liquid temperature, and the pressure and temperature inside
the bubble change with time periodically. Both the pressure and temperature become higher
when the radius becomes minimum. The present theoretical result is compared with data from
other reference and with another theoretical model to check the valndlty of the present modél.
The calculated result approximately fits with the data of the previous studies.
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1. Introduction

The dynamical behavior of bubbles
in variable pressure fields in liquids is of
central interest in variety of situations of
technological and scientific relevance such
as the propagation of pressure pluses in
gas-liquid or vapour-liquid mixtures,
acoustic cavitation, ultrasonic cleaning,
vibration-augmented heat transfer, and
others [1].

Rayleigh made the first analysis of a
problem in cavitation and bubbie dynamics
in 1917. He solved the problem of the
collapse of an empty cavity in a large mass
of liquid. Rayleigh also considered in this
paper the problem of a gas-filled cavity
under the assumption that the gas
undergoes an isothermal compression. His
interest in these problems presumably
arose from concern with cavitation and
cavitation damage. Neglecting the surface
tension and liquid viscosity and with the
assumption of liquid incompressibility,
Rayleigh showed from the momentum

equation that the bubble boundary R (1)

obeyed the relation [2].
.. ., P ,—P
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A gas bubble in a liquid performs
forced radial oscillations when a sound

wave impinges upon it. Large amplitudes

45

result when the acoustic frequency is at or
near the bubbles natural frequency, or
certain rational multiples of it. Since these
large oscillations can be important in
cavitation. Oscillations of large bubbles
were originally analyzed by Plesset as is
reviewed in ref.[3], Noltingk and Neppiras
[4], and Poritsky [5] modified this equation
(eq. (1)) to include the effects of viscosity,
surface tension, and an incident sound
wave, and it was this modified equation
which Lauterborn [6] solved. A different
modification was made by Keller and
Kolodner [7), they included the effects of

acoustic radiation by treating the
surrounding liquid as slightly
compressible.

A new equation for the bubble radius
will be derived by depending on some
modifications. It includes the effects of
radiation, surface

acoustic viscosity,

tension, compressibility, thermal
conduction inside the bubble, variation of
liquid temperature near bubble wall, and
mass transfer (evaporation  and
condensation) at bubble wall. In this paper,
a new model of bubble dynamics is
constructed including effect of variation of
liquid temperature at bubble wall, that of
non-equilibrium evaporation and

condensation of water vapour at bubble

ot e S S—— R G

Basrah Journal for Engineering Science/2007

2007/ Aganigh a glall 3 joall dlaa




Yk

wall, and that of thermal conduction inside
a bubble.

It should be noted that the liquid
temperature near bubble wall has already
been calculated in some theorctical studies
of bubble dynamics in acoustic field [8]..
However, in the studies, the laient heat of
intense vapour condensation is completely
neglected. Researchers in ref. [9] have
already constructed models of bubble
dynamics including effect of the lateﬁt heat
of evaporation and  condensation.
However, the new model constructed in
this paper differs from the previous model
[9]1 in many points. In Ref. [9], it is
assumed that the vapour pressure inside a
bubble (P,) is at the equilibrium vapour

pressure {P;) at the temperature of the

bubble wall, while in the present study
non-equilibrium effect of evaporation and
condensation is taken into account by
solving the heat conduction equation
numerically without assuming a profile of

liquid temperature,

2. Mathematical Formulation
Bubble size at a stable condition in

acoustic field depends on several
experimental parameters such as the
acoustic pressure amplitude and the liquid
temperature. Bubble’s size is determined
by mass exchange of vapour between the

interior of the bubble and its surrounding.

Rate of mass exchange depends on the
liquid temperature at bubble wall [10]. In
this section, effect of variation of liquid
temperature at bubble wall is included in
the model of bubble dynamics in acoustic
field.

From the point of view of classical
fluid mechanics, a bubble in a liquid is a
free-boundary problem in which the
mechanical and thermal behavior of the
fluids -liquid and vapour- is described by
the usual conservation equations coupled
by suitable conditions at the gas-liquid
interface. The position of this interface 1s it
self-unknown a priori and is determined in
the process of applying the interface
conditions. In its generality the problem is
therefore complex and only amenable to
numerical calculations [11].

We shall assume that a spherical
vapour bubble of the initial radius R, with
uniform interior is placed at a fixed point
in liquid. Moreover, the following
assumptions shall be applied as follows:

(1) The pressure inside the bubble is
uniform.
(2) The bubble contains only vapour.
(3) The bubble is spherically symmetric.
(4) The vapour obeys the perfect-gas law.
(5) The effect of gravity and diffusion of
air is neglected.

(6) The liquid is compressible.
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(7) The temperature inside and outside the
bubble is not uniform.
(8) The physical properties of the vapour
and liquid are variable.
Let ¢(r.t) be the velocity potential for

the liquid. The linear wave equation is [12]

2 2
o¢ +g_ 9 _1 M:Q (2

ar? r dr c* ar

Equation of bubble radius is derived
here including effects of evaporation and
condensation {mass transfer) and variation
of liquid temperature at bubble wall. The
derivation depends on Keller and Kolodner
approach [7] with the following two
boundary conditions [13,14]

MY _pe
arL,, R+ ... (3)
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where T is the radius from the center of the

bubble, R is the velocity of the bubble
wall, and the other symbols have appeared
in nomenclature. The general solution of
eq. (2) is given by eq. (5) under the
spherical symmetry.

b7

...(6)

From egs. (3) and (3):

m

L - By =k
_EFU) e F(y)=R (D

L.R

and from eqs. '(4) and (5):

2

1 1{, m

Z F'(+—- | R—- =—H ..(8
R 2( pL,R}

From eq. (8)
2
F' __ .1 (jg ____’1"_] .. (9)
2

and from eq. (7)

2
F@ _fp m ) _pom 1
R* 2c R

Differentiating eq. (10) wrt. t and
multiplying by R yields eq. (11).

i
$(r == F—2) (5
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¢ c dt

where H is the liquid specific enthalpy
difference between the bubble wall and the
infinity. It is given by [13]:

1
H=—— (P, 4~ P,.) - (12)

pl,,wa

PL,r is related to the pressure inside the
bubble (P, (1)) by eq. (13) [15]

3 200 4 . m
P R=F (f),——R‘ “%{R‘*p——]
IR

—rir? ' . ! ...(13)
Prr Pvr

The net rate of evaporation per unit area

and unit time (/) is given by [16]

m=/3P“ T 5O .. (14)

\/5 7RI, ,

When a bubble is irradiated by an
acoustic wave of which wave length is
much iarger than the bubble radius, P« is

given by [17]

P, ,=P,—P, sinfot) .. (15)

Following are the description of
calculated Pv(t). The mathematical model
for the bubble interior is described in detail
in Prosperetti et al. [18], Kamath and
Prosperetti [19], and Prosperetti [20]. The
model accounts for the compressibility of
the vapour and heat . transport by
convection and by conduction inside the
bubble.

The internal pressure Py is found by

integrating {21].

dp, 3 oT .
v =2y =)k, = -y PR
1 R{(? )[ "5y LR 7P, }

..-(16)

where'y is the ratio of the specific heats of -
the vapour and k, is the vapour thermal
conductivity. The vapour temperature field

Tv(r,t) is obtained from:

M
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Finally, since the effect of liquid
compressibility in the convective term of
the energy balance in the liquid is
neglected [13].

—_— —
ot r? or
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The model is completed by energy

oT, R? =0T,
P Cp,

. (19

equation in each phase (egs. (17), (19) and
by the ecquation for bubble motion
(eq.(11)). This model is then solved using a
finite difference techniqhe with the

boundary conditions at the interface (r =R)

T, =T e (20)
k;;'a;g' =K, E;Tr” .. @2
and
at r=0 667;‘, =0 (22)
at r>oo T =T, ... (23)

Physical quantities of liquid depend

on the liquid temperature (Ty) and the

49

liquid pressure (P.). Formulas of the
quantities employed in the calculations are

described in Appendix in ref. [14].

3. Results and Discussion
Calculations are performed under the
following conditions. The ambient liquid
temperature (T,) and the ambient liquid
pressure (P,) are chosen to be 20 °C and 1
bar, respectively. At these conditions, the
speed of sound in liquid water (¢) and the
specific heat of liquid water at constant
pressure (Cpy) are 1983 (m/s) and 4.2
(kJ/kg. K),

accommodation coefficient for evaporation

respectively. The

and condensation (B} is assumed to be f=
0.4 [9]. The initial bubble radius R,=8 pm
and the acoustic pressure amplitude
P=1.25 bar [22].

Resuits of the calculation are shown
in Figs. (1 ~ 6) for two acoustic cycles. All
the physical quantities of a bubble change
periodically with the frequency of the
acoustic field applied on the bubble.

In Fig. 1, the bubble radius (R)
increases with decreasing the ambient
liquid pressure. It decreases when the
ambient liquid pressure is increasing, The
ambient liquid pressure increases and
decreases due to change the pressure of the
sound field. When the radius decreases, the
liquid temperature at the bubble wall (T g)

will be increasing as shown in Fig. 2. This

L — ]

Basrah Journal for Engineering Science/2007

2007/ dpmtigh  slall 5 sl e




.is occurred due to increase the vapour
pressure (P,) inside the bubble as shown in
Fig. 3.
increases, intense vapour condensation
takes place at the bubble wall. Therefore,
the liquid temperature at the bubble wall is

When the vapour pressure

increasing. Also, it is caused by the
the heated

.interior of the bubble to the surrounding

_thermal conduction from
liquid. This is occurred due to increase the
temperature .inside the bubble (T,) as
shown in Fig. 4. From Figs. 2-4, at
collapse of the - bubble, the
the

liquid
temperature, and pressure  and
temperature inside the bubble increase
suddenly because - the radius becomes
minimum. They are followed by small
oscillations due to the small bounces of the
radius (see Fig. 1). High temperature inside
the bubble is occurred at the center of the
bubble and

temperature at the bubble wall as shown in

it equals to the liquid
Fig. 5. This is occurred due to the thermal
conduction inside the bubble.

In Fig. 6, the radius-time curve which
calculated from the present model is
compared with the experimental data from
reference [22]. In this reference, the
quantities or conditions are the same
values which is used in the present
calculation. Also, in this figure, direct
comparison is given between the present

calculation and the theoretical result of

Lastman-Wentzell model [23] which is

. derived from nonlinear wave equation

(also, see Figs. 7 and 8). The present
calculated result approximately fits with
the experimental data. These comparisons
give the validity of the present model
derived from

which is linear wave

equation.

4. Conclusion _

The results obtained in the present
paper may be summarized as follows. A
new model of bubble dynamics in acoustic
field is derived from linear wave equation.
It is including effects of variation of the
vapour temperature inside the bubble and
the liquid temperature at the bubble wall,
of

condensation of the vapour inside the

and the effects evaporation-
bubble. The temperature inside and outside
the bubble are changing due to change the
bubble radius. High temperature occurs at
the bubble center and it decreases at the
bubble wall. This is occurred due to the.
thermal conduction inside the bubble. The
liquid temperature at the bubble wall
increases when the radius becomes
minimum. This is occurred because the
thermal conduction and the condensation at
the bubble wall.

The calculated result of the present
model approximately fits with the data of

the previous studies. Therefore, the present
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model in this study can be used to

study oscillations of a bubble in any liquid.

5. Nomenclature

Subscripts

v: Refers to the bubble content (water
vapor)

L: Refers to liquid

L,R: Refers to liquid at bubble wall

o: Refers to the equilibrium state

! Refers to conditions at a great distance

from the bubble
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Fig. 1. The bubble radius (R) as a function of time.
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Fig. 2. The liquid temperature at the bubble wall (T, R)
as a function of time. :
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Fig. 3. The pressure inside the bubble (Py) as a function
of time with logarithmic vertical axis.
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Fig. 4. The temperature at the bubble center as
a function of time.
Basrah Journal for Engineering Science/2007 2007/ dgutigh a glall 5 puailt Aaa




55

2000
o~ 1500 -
&
o -
2
s 1000 —
9]
Q‘ —
&
=
500 —
T T T T ; T T T
0.0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8
Radius (pm)
Fig. 5. The temperature distribution inside the bubble
at the minimum radius.
70
Present model
60 . Experimental data [22]
Lastman-Wentzel! model [23]
50 —
Py
g
2 a0-
v
=
<
a4
20
10 —
0 1 | 1 | 1 | E I ¥ ] 1
0 10 20 30 40 50 60
Time (1 s)

Fig. 6. Comparison between the calculated result and the
previous studies of radius-time curve for acoustic cycle.
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Fig. 7. Comparison between calculated results with previous
study of the pressure inside the bubble as a function of time.
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Fig. 8. Comparison between the calculated result with previous
study of the temperature at the bubble center as a function of time.
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