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Computer Application

Abstract
Let seC™ [—1,1] be a spline of order K, on the interval [— 1,1], and v=1,2,3 . We estimate

the degree of spline approximation of S by peceiwise polynomial of degree < n . In our second result
of this paper we show that inverse theorem interims of higher moduli of smoothness.
Key words : spline approximation , moduli of smoothness , algebraic polynomial approximation .
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1. Introduction
Kopotun (2003), introduced a paper on k-monotone polynomial and spline
approximation in L,, 0< p <o quasi norm . Al-Muhja (2009), discussed the errors

of approximation of k -monotone function by k -monotone interpolation . It turns out
that any two k -monotone functions f and g, whose graphs intersect each other at

certain ( sufficiently many ) points in [a,b], have to be "close" to each other in the
sense that | f —g]|,, has to be small .

Let S,(zn) be the space of all piecewise polynomial function of degree I (order

r+1) with the knots a partition % = (z )i:O,
[-11] 5€5.(2) if | on each interval (4+%m), 0<i<n-1 s sin

IT, , Where I denotes the space of algebraic polynomials of degree < T .

1=2,<2, <. <2,, <2, =1 ¢ the interval

. In other words

f

As usual , LP(J), O<ps= *  denotes the space of all measurable functions ' on J,

Y
||f||Lp(J)<oo ||f||Lp(J):(£|f(Xj dXJ

fl =||f
f(X)I . We also denote ” ”p ” ”Lp[’“]

Zk)@(j(—l)k“ f(x—kh/2+ih), if xtkh/2eJ,

A (F,x,d)=14\i
0, o.W,

if P<% and

k = 1,2,3,... Iet

such that where

|f ||Lw(‘]) = SUP sy

. For

k k
be the Kth symmetric difference , and Ah(f’x)zAh(f’X’[_l’l]) . The Kth modulus
fel,(9)

of smoothness of a function is defined by
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a)k(f"])p =a)k(f’|J|’J)p and a)k(f’t)p :a)k(f’t’[_l’l])p )
The Ditzian-Totik modulus of smoothness which is defined for such an f , as

of(f.0), = o) (), -}

o, (f.1), =o' f] .
Also , note that P . One of recent results on spline of
approximation due to Zhou (2001), who proved the following theorem .

follows

1.1 Theorem A.
Let M eHn[_l’l], N>k>1 Thenforany € lo.n]

o, (P, )~tow,_,(P,t)~.. >t P
depending onlyon I .

Oétﬁn_z, with the equivalence constant

Recently , Y. Hu. And Y. Liu (2005), showed that theorem A can be considerably
improved . Their result is stated as follows .

1.2Theorem B.
Let r>1 N1 0<t<ngng 0<P< thanforany M <1l
! (P.t), ~taf (PL1),, ~t°0!,(PLt), , ~..~t" [P

(@.1)

¢".p
with the equivalence constants depending only on I and 9 .

2. The Main Result.
Using theorems A, B for equivalence of moduli of smoothness in the Lo spaces ,

O<ps ® we shall prove the following theorems :
2.1Theorem I.
Let €N k=1 s peaspline of order K (i.e., SeSk(I)), and V=123 15" g
continuous , then for any O<p< ©
p's)| < C(p.n)of(s,n 1), (2.1)

The following Lemma is due to Kopotun (2003) . It will be used to polynomial
approximation of splines .

2.2Lemma C.

Let reN, k=1 0<p<oo I=(@b) 4nq PIl, 4nq et s be a spline of order

k', with at most C(k) pieces in | . Then ”P_S”p ZCp,r,ka’k(p)p .

2.3Theorem I1.
Let K€N pe a spline of order K (i.e. , Sesk(I)), and | =[-11] itn ©. =S , for

some constant & . If S is continuous on |, then for any O<ps< ®,

a)m(s,n‘l, I)p <C, E,(s), |

To prove theorem I, we need the following result :
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2.4Lemma D. [Liu 2005 ]
Let 45 €N pesuchthat 4275, and 1<t <n—1 pe afixed . Then there

exists a polynomial T of degree <4u N “such that the following inequalities hold for
xel

‘Tt(k)(xx = C(:U) i (X)ht_k 1<k<é _

PROOF OF THEOREM I :
P (x)= {|Qn —oi|S(x)+oi(x); x e
Let Q, ;ow. is piecewise polynomial of degree <N ( see

_ (v-1)
Al-Muhja 2009 ), and we need the spline s()=Q, -ai(x)es,(1)NC (I) S0

¢VS(V) = ¢V(Qn _O'i)(V) A ¢Van _O-i|§(x)_o-i)(\/)‘p
<cni'y.

) H §EI(x)- o)
not true st we write , we make use of Markov's inequality
3 —

g's" = Cp.v,mn' 1", — o ||pHS(x)—ai (xj‘p
v=0

<ClpvmnI|77]Qu a1, <Cy.af,

<

p

Q(V) — oW

o0

we choose a constant K to be sufficiently large , such that
¢'s") s KHA';#}(,)(S,-X‘F) <C sup, Akh,¢(_)(s,-)ﬂp —Cof(s,n*,[-11]),

The Remez inequality (1936) is given in the following theorem .
2.5 Theorem E.

Forany M €1 any measurable A€ =111, with a Lebesgue measure 2~2N " for
0<acx ﬁ
some 2 and 9<P=% \ve have
IP.ll, <ClR, ay (2.2)

Remark : If Ag[_l’l], with a Lebesgue measure . Note that , using possible
”'”LP(A)

theorem I, to satisfying norm
PROOF OF THEOREM 11 :
(k +1)h
KeN xel gng 0<n=|l e el q
Let KeN Xel and be such that , and suppose that

peceiwise polynomial which was described in proof theorem I, such that Q(‘f ): S(‘f )
forsome ¢ €1

Then, forany X< 1 we have
@y (s, 1), = sup Al (s, Ij‘p < 2k

0<h<s

A (s, 1 )ﬂp
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x Yo
<[At* (s — gy ! X‘p < 2k+1|I|U (s'(u)-a; () pdu}

4

<c(k, p)|1| HS'—qn

p
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