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MODELLING OF VAPOUR-GAS BUBBLE OSCILLATION

USING LINEAR WAVE EQUATION
Dr. Abbas Z. Al-Asady
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Abstract
By using linear wave equation a new model of bubble dynamics in acoustic field is

constructed including effects of thermal conduction both inside and outside a bubble, and
: ngn—equilibrium evaporation and condensation of water vapour at bubble wall. The liquid
temperature at bubble wall is numerically calculated by solving the heat conduction equation
(without assuming a profile of liquid temperature). It is including effect of the latent heat of
non-equilibrium evaporation and condensation at bubble wall. It is concluded that the liquid
temperature increases to the same order of magnitude with that of the maximum temperature
attained in the bubble at strong collapses. It is caused by the latent heat of intense vapour

condensation and by the thermal conduction from the heated interior of the bubble to the
| surrounding liquid. The intense vapour condensation takes place at strong collapses because
the pressure inside the bubble increases. The comparison is given between the calculated
~ result and the experimental data of radius-time curve for one acoustic cycle. The calculated

result fits well with the experimental data.
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1. Introduction

A number of complex and often quite
striking phenomena take place in a liquid
subject to a sufficiently intense sound field.
In view of their intimate connection with
the presence of bubbles, or cavities, in the
liquid, they are collectively known as
Acoustic Cavitation. The mixture of
permanent gases and liquid vapour
contained in the bubbles gives rise to a
restoring force when they expend and
contract under the action of the sound

field. Under strong excitation during the

expansion half-cycle the effect of the

restoring force becomes negligible
compared to the acoustic pressure and the
inertia of the liquid the bubble can grow by
orders of magnitude and then implode.
This process is characterized by an
impressive  violence  with  intemnal
temperatures  reaching thousands of
degrees and internal pressures thousands of
atmospheres. This behavior is known as
stable cavitation [1].

In many theories of bubble dynamics
in acoustic field [2-4], it is assumed that
the partial pressure of vapour inside a
bubble is always identical to the saturated
vapour pressure of the surrounding liquid.
In addition, in many theories [2-4], the
liquid temperature at bubble wall is
assumed to be always identical to the

ambient liquid temperature. In order to

iivestigate - the validity of these
assumptions, the kinetic equation of
evaporation and condensation at the bubble
wall is numerically solved and the liquid
temperature at the bubble wall is calculated

as a function of time. It is assumed that the

* temperature profile in the 'iiquid near

bubble wall is parabolic [4]. While the
profile of liquid temperature assumed to be
exponential [6,8]. However, for more
accuracy, the heat conduction equation
(emergy equation) should be solved
numerically without assuming a profile of
liquid temperature.

In this paper, a new model of bubble
dynamics in acoustic field is constructed

including effect of variable of liquid

: temperature at bubble wall (energy

equation is solved numerically), of non-
equilibrium evaporation and condensation
of water vapour at bubble wall, and that of
thermal conduction inside a bubble.

Tt should be noted that the liquid
temperature near bubble wall has already
been calculated in some theoretical studies
of bubble dynamics in acoustic field [9,
10]. However, in these studies, the latent
heat of intense vapour condensation is
completely neglected. Some researches
[11,12] have already constructed models of
bubble dynamics including effect of the
latent heat of evaporation and

condensation. However, the new model

W
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constructed in this paper differs from these
models [11,12] in many points. It is
assumed that the vapour pressure inside a
bubble (Py) is at the equilibrium vapour
pressure (P'y) at the temperature of the
bubble wall, while in the present mdy
non-equilibrium effect of evaporation and
condensation is taken into account by the
kinetic theory [11].

2. Model

The physical situation is a single‘
spherical bubble in water irradiated by an
ultrasonic wave. The contents of the
bubble are non-condensable gas (air) and

water vapour. In the present study,

pressure (Pg)‘ inside a bubble is assumed to

be spatially uniform. The temperature
inside the bubble (Tg) is assumed to be
spatially uniform except for a thin
bounda}y layer near the bubble wall even
at the collapse of the bubble. The thickness
of the boundary layer is assumed to be
(6 =n)) where n is a constant and A is the
mean free path of a gas molecule {13,14].
It is assumed that the temperature in the
boundary layer changes linearly with
radius (r): from T, at r =R-6 to Tg at
R, (the origin of the radius () is the
bubble center) [6].
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Figure (1) Schematic diagrams
depicting the temperature profile both
inside and outside the bubble.

Thus
arg| _Ty-T,
arl =3 (1D

As a well-known result of the
kinetic theory of gases, temperature jump
(AT) exists at the bubble wall [15]

T,=T,, +AT . (2)

where Ty, is the liquid temperature at the

bubble wall. Temperature jump (AT) is

given by [6]:
—a' oT
AT =— 1 rm 2-a d, K s| )
2Kn {2kT, o, ‘ol

where K is the Boltzman constant and a’

is a constant (a'=0.827).
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In the model, the number of water
molecules in the bubble (mzo) changes
with time due to evaporation or

condensation at the bubble wall:

Ry (1 + AL) = Dyyo (L) +47 R?Atm ...(4)

The rate of evaporation per unit area
and unit time (m) is calculated by the
foliowing kinetic equations [1 31

=, —0 .. (5

eva con

18N, ay PV
evu M

... (6)
RO (2nR, )2 TLl
3
= 1°N, oy I"P R
Mizo (2nR, )2 Tg 2

Eq. (5) means that the net rate of
evaporation () is the difference between
the actual rate of evaporation and that of
condensation. Py is the actual vapour

pressure:

p,="H0 p (8
ni

The correction factor (T') in eq. (7 is

expressed as [12]

9]
T=exp(-Q%)- QJ;(I -72_; !exp(-xz) dx]

..(9
in which
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i (R, |
Q—i)-—[ . ) ... (10)

The derivation of an eguation of

bubble radius starts from the following two

equations [16]:

¢ 200 1 9%

A A SRR (11
ar: r dr cor ()
%6 1 2¢) B—P. g .. (12)
a1 2\ ar pw

with the boundary condition [12]

oL, Kzﬂ ]—rh .. (3)

where eq. (11) is called Linear Wave
Equation, @ is the velocity potential of
the liquid, and u is the velocity of the
liquid. The general solution of linear wave
equation (eq. (11)) under the spherical
symmetry is given by [17].

p=-Lre-DH-teasd .09
T C r c

Yasui [6] used egs. (11), (12), (13)
and (14) to derive the following equation
(eq. (15)) of bubble radius, in which
compressibility of liquid, effect of
evaporation and condensation of water
vapour at the bubble wall, and effect of
variation of liquid temperature near the

bubble wall are taken into account.
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l—5+ I—B—+
Rﬁ ¢ +—3- R? 30 =
m 2 2m
ch,| 3chl.
GO
[
[PB -P‘(t+5) FPM]+
pL,w ¢
oR 1—§+ L ..(1%8)
Pr,i C CPL;i | P
. i * R do. .
R+ m + mR _ R P;_,‘,
2p.;  2¢epy; pu Ot
_ mR  dpy;
CPLJ2 dt

m| RR dp.; R dP,
+ +
prijcpL; dt CpL. dt

where the dot denotes the time derivative

(—c%) , Pg is the liquid pressure on the

external side of the bubble wall and Py(t) is
a no constant ambient pressure component
such as a sound field. Pp is related to the
pressure inside the bubble by [18]

; m

20 4p
P.()=P -~ | R - —
B() 4 R. R[ pLi) (6)
' ... {1

2| 1 1
-m‘| ———
pL.i pg

when a bubble is irradiated by an acoustic
wave the wavelength of which is much

larger than the bubble radius.

P (t)=-P, sinot ... (17
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In order to calculate Py (t), the van

der Waals equation of state is employed
[19].

[PE (t)+—az—] (u-b)=R, T, .. (18)
LY

In this model, the van der Waals constants
(a and b) change with time due to the
change of nuyo. Equations of the van der
Waals constants are described [13] as a
function of nio and Nair.

The temperature inside the bubble
(T) is calculated by solving eq. (19).

Tg

n_. n
E=-d |C, (T)HdT +2%
NA J.V,mr( ) NA
0
Tg

2
’ " n, E_
jcv,mo (T) dT (——NA J v {19}

0

where (1, = ngir + izo), and Cv, alT) and
Cy, mwo (T) are the molar heat of air and
vapour at constant volume at temperature
T, respectively. Explicit form of the
functions Cy, a(T) and Cy, o (T) are
givern [13].

The change of the internal energy
of a bubble is expressed by eq. (20) [13].

AE(t) =-P, (1) AV(1) +4nR* At(i,, €u,

oT
—m, e,,) + 4nR7 Ak, 6: (20)

R
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where
Tus .
1 r J]
Con = IC (T dT .. @D
N,
0
and
Ta
1 r r
Coon =~ g jcv,uzo (T dT - (22)
N,

M

The description of solution of the
heat conduction (energy eq'uation) of the
liquid near the bubble are:

Continuity of energy flux at the
bubble wall is givén by:

R

+mL +

R .- (23)
(rhevaeeva _rhcon ecun)
The boundary conditions are:
T, (t—>o) =T, ... (24-3)
T,; = TLL=R ...(24-b)
oT,
=0 .. (25
ar (25)

r—»c0

The temperature distribution in liquid

water can be calculated by solving the

energy equation [20].
8T, R?R 8T,
. + =
pL,nchl: at r2 ar] :
10 , 0T,
——|k ...(26
r? ar[ - 6r] (20)
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in the domain R<r <o

Variation of the liquid temperature at
bubble wall is calculated by solving eq.
(26). Physical quantities of liquid depend
on liquid temperature (Ty) and the liquid
pressure (P.). Equations of the quantities
employed in the calculations are described
[13]

Therefore, eq. (15) is solved
numerically {21] coupling with the energy
equation of liquid water (eq. (26)), which
is solved using finite difference method
[22].

3. Results and Discussion

Physical quantities employed in the
calculations are listed in Table 1. The
ambient liquid temperature (To) and the
ambient pressure (Po) are chosen o be 20
°C and ‘1 bar, respectively. The
accommodation coefficient for evaporation
or condensation (Oty) is assumed to be Oim
=0.04 [12]. The thermal accommodation
coefficient (a,) is assumed to be o = 1
[12]. At the condition, the speed of sound
in liquid water (¢) and the liquid density
(p) are 1483 (m/s) and 9.982 x 10
(kg/m), respectiveiy. The specific heat of
liquid water at constant pressure (Cpy) is

Cp=4.2 (kJ/kg.K). n=3 is assumed, which
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‘determines the thickness of the -thermal
boundary layer inside a bubble (n}.).
Calculations start from the time t=0 (ps)
with the initial conditions that:

R=R,,R=0,T, =T, =T; =T,

p,=p o _o
at
and -
d
th= i =0,—% =0,P,(0) =0

The initial number of water vapour
molecules (mpo, o) and that of air
molecules (ng, o) in a bubble are listed in
Table 1.

Table 1. Quantities of Study

f (kHz) |26.5

P (bar) 1

R, (um) | 10:5

moe | 1.351945x 10"
20, 0 2.8012x 107

Results of the calculation under the
above conditions are shown in Figs. 1~10
for three acoustic cycles. The time axes
(the horizontal axes) in the figures are the
same. All the physical quantities of a
bubble except ns change with time
periodically with the frequency of the
acoustic field applied on the bubble. The
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_ pressure, number of molecules and density

axis (the vertical axis) are logarithmic.

In Fig. 1, the bubble radius (R) is
shown as a function of time. In Fig. 2, the
bubble wall velocity (R) is shown as a
function of time with linear vertical axis.
In Fig. 3, the temperature inside the bubble
(T,) is shown as a function of time. At the
slow expansion phase in a bubble
oscillation, the temperature inside the
bubble (T,) is almost identical to the liquid
temperature (T). At collapse of a bubble,
the temperature (T,) increases suddenly,
followed by small oscillations due to the
small bounces of bubble radius.

In Fig. 4, the liquid-temperature at
the bubble wall (T.;) is shown as a
function of time. It is concluded from Fig.
3 that Tp; is almost identical to T, during
bubble oscillations except at strong
collapses. At strong collapses, Ty
increases dramatically. It is caused by the
thermal conduction from the heated
interior of the bubble to the surrounding
liquid, and the latent heat of intense
condensation. At strong collapses, intense
vapour condensation takes place at bubble
wall because the pressure inside the bubble
increases dramatically as seen in Fig. 5 and
Fig. 6.

Strictly speaking, the boundary

between gas-phase and liquid-phase may

2006/ Aputigh polell s poall Laa
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be ambiguous at the final® stage of the
strong collapse because the density of gas
is very high as seen in Fig. 7. In Fig. 8, the
number of molecules in the bubble is
shown as a function of time with
logarithmic vertical axis. It is seen that the
number of vapour molecules (f1120)
decreases dramatically by the intense
condensation at the strong collapses. In
Fig. 9, the internal energy of the bubble (E)
is shown as a function of time with
logarithmic vertical axis. At the expansion
phase in a bubble oscillation, the internal
energy 1ncreases because evaporating
vapour molecules carry their own energy
into the bubble and heat flows from the
surrounding liquid into the bubble by
thermal conduction. At collapse, the
internal  energy  decreases because
condensing vapour molecules carry their
own energy from the bubble into the
surrounding liquid and heat flows from the
bubble to the surrounding liquid.

In Fig. 10, compatison is given
between the calculated result and the
experimental data [23] of radius-time curve
for one acoustic cycle. The calculated

result fits well with the experimental data.

4. Conclusions
In order to calculate the liquid
temperature at bubble wall (Ty;) a new

model of bubble dynamics in acoustic field
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is constructed including effects of thermal
conduction both inside and outside a
bubble and that of non-equilibrium
evaporation and condensation of water
vapour at bubble wall. Calculated results
fit well with the experimental data of
radius-time curve. The results reveal that
the liquid temperature at bubble wall (T3
is almost identical to the ambient liquid
temperature  during bubble oscillations
except at strong collapses. At strong
collapses, TL, increases to the same order
of magnitude with that of the maximum
temperature attained in the bubble. It is
caused by the latent heat of intense vapour
condensation and by the thermal
conduction from the heated interior of the
bubble to the surrounding liquid. At strong
collapses, intense vapour condensation
takes place because the pressure inside the

bubble increases dramatically.

5, Nomenclature

Subscripts

a: Refers to air

H20, V : Refers to water vapor

gt Refers to the bubble content (air and
vapor)

L: Refers to liquid

Li: Refers to liquid at bubble wall

o: Refers to the equilibrium state

o: Refers to conditions at a great distance

from the bubble

2006/ dpaigh ,,1.51;)4\ ilas
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a van der Walls constant J.m’ /mol
b van der Waals constant m”/mol

c Sound speed in liquid at infinity m/s

Cy Heat capacity at constant volume kg K

Cp Heat capacity at constant pressure J/kg. K

E Internal energy of a bubble J

AE Change of internal energy of a bubble J

Ceva ‘Energy carried by evaporation J/molecule
€con “Energy carried by condensation J/molecule
f Acoustic field frequency Hz

k .| Therma! conductivity Wim.K

K Boltzman constant JJK

L Latent heat of evaporation or condensation J/kg

m Mean mass of a molecule in a bubble kg

m Net rate of evaporation and condensation kgmz.s
m,,, Actual rate of evaporation kg/m”.s
m,, Actual rate of condensation kg/m*.s

M Molar weight g/mol
' Number density of air and water vapor in a bubble molecule/m’
n Total number of molecules in a bubble ‘ molecule
Na Avogadro number Molecule/mol
P Pressure Pa

Pn Acoustic pressure amplitude Pa

Py Saturated liquid pressure Pa

r Radial distance from bubble center m

R Bubble radius m

R Bubble wall velocity m/s

R, Universal gas constant J/mol. K
Ry Gas constant of water vapor J/kg. K

t Time |s

AT Change of temperature at bubble wall K

Tg Temperature inside a bubble at boundary layer K

o, Thermal accommodation coefficient

oy Evaporation or condensation accommodation

coefficient

S Thickness of boundary layer m

A Mean free path of a molecule in a bubble m

n Liquid viscosity N.s/m*

p Density kg/m’

c Surface tension N/m

v Molar volume m’/mol

o Angular frequency (@=2nf) rad/s
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‘Fig. 1. The bubble radius (R) as a function of time.
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Fig. 2. The bubble wall velocity (R) as a function of time,
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Fig. 3. The temperature inside the bubble ( Tg) as
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Fig. 4. The liquid temperature at the bubble wall (T _ ;)

as a function of time.
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Fig. 5. The pressure inside the bubble (Pg) as a function
of time with logarithmic vertical axis.
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Fig. 6. The partial pressure of water vapour (Py) as
a function of time with logarithmic vertical axis.
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Fig. 10. Comparison between the calculated result
and the experimental data[23] of radius-time

- : curve for one acoustic cycle. -

Basrah Journal for Engineering Science /2006 2006/ iprdcht p bl 5 2t ds




