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Abstract

In 1980 T . Noiri introduce & — sets to define a new class of functions called 6—continuous and in
1996 Dontchev and Ganster introduce and studied a new class of sets called 6—generalized closed and in

2000 Dontchev and others introduce g — closed sets. In this paper we use these sets to define and study a
new type of functions called contra (5 ,go )—continuous as a new type of contra continuous the functions
contra §-continuous is stronger than contra continuous function , contra go — continuous functions and

weaker than Rc—continuous and each one of them are independent with (5 ,go ) - continuous functions.

Preservation theorems of this functions are investigated also several properties concerning this
functions are obtain . The relationships between the & —closed set with the other sets that have so important
to get many results are investigated . finally we study the relationships between this functions with the other
functions .
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1. Introduction

In 1996, Dontchev introduce a new class of functions called contra — continuous
functions, in 1999 Jafari and Noiri introduce and studied a new functions called contra
super — continuous, and in 2001 they present and study a new functions called contra « -
continuous .

In this paper we introduce the notion of contra (5,gd)- continuous, where contra
d—continuous  functions is stronger than both contra—continuous and contra 9o -
continuous. We astablish several properties of such functions . especially basic properties
and preservation theorems of these functions are investigated . moreover , we investigate
the relationships between d—closed sets and other sets also the relation ships between
these functions with the other functions .

2. Preliminaries

Through the present note (X,T,) and (Y,T,) (or simply X and Y) always
topological spaces .

A subset A of aspace X is said to be regular open (resp. regular closed , 6 — open, g -
closed, clopen, g& - closed) if A =int(cl(A)) (resp. A=cl(int(A)), A= Uu, where u;is
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[Noiri,1980] regular open v,, if cl(A)cu whenever Acu and u is open
[Dontchev,2000] , open and closed , if cI(A)g u whenever Acu and uis & — open
[Dontchev,2000] . Apoint x € X is said to be 6 — cluster point of aset S if S(Nu= 94 ,
for every regular open set u containing x . The set of all 3 — cluster points of S is called
& — closure of S and denoted by cl5(A) . if cl6(A)= A , then A is called & — closed
[Noiri,1980 ], or equivalently A is called 6— closed if A= v, , where v, is regular

iel

closed

The collection of all 5 — closed (resp . 6 —open, go - closed, g - clopen, g -
closed , regular closed ) sets will denoted by (X ) (resp. do(X) , goe(X), ge(X),
gco(X) , Ro(X) ) also the complement of & — open (resp . g& - closed , g - closed ,
regular closed ) sets is called 6 — closed (resp. g& - open, g - open, regular open) .

Its worth to be noticed that the family of all & — open subsets of a space X is a
topology on X which is denoted by T, - space and some time is called semi —
regularization of X . As a consequence of definitions we have T, T .

finally anon — empty topological space (X,T) is called hyper connected or
irreducible [Dontchev,2000 ] if every non — empty open subset of X is dense .

3. Properties of (5,95) - Closed Sets

proposition 3.1

Let A be a subset of aspace X :
1- If A isregular open, then A isopen.
2-If A isd—closed, then A isclosed .
Proof :-
1- Is clearly

2- Let A bead—closedset, A° =B is 8 —open

B =int(cl(y,)) , since int(cl(u,)) is regular so by part (1), int(cl(y,)) is open and

countable unions of open sets are open , int(cl(u;))=B is open , so B=U(y,) ,
iel

(B°): (ILEJI uijc = iDI u, = A isclosed .

Remark 3.2
The converse of Proposition (3.1) is not true in general . To see this we give the
following example .

Example 3.3
Let X ={a,b,c,d} and T, ={¢, X, {a},{b},{a,b},{a,b,c},{a,b,d}} be a topology
defined on X .
Let A={d}c X , A is closed set but not  — closed .
Since A° = {a,b,c} not 3 — open .
Also {a,b}c X , is open but not regular open .
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Proposition 3.4

Let A be asubset of a space X .
1- If A isregular open, then A is 6 —open .
2-If A isd—closed, then A is go - closed .

3-If Aisclosed, then A is g - closed .

4-1f Ais g -closed, then A is go - closed .

Proof :-

1- Let A be aregular open set, A= int(cl(A))= _Lljl(int(cI(A))) is & — open

2-Let xe X , Ac X isd—closed,so A=cl5(A)

xe A , s0o xecls(A) , therefore for every uer , u is regular open and xeu ,
ANu = ¢ , this means that Acu , for every uregular open in X and since A is 6 —
closed so by lemma (3.1) part (2).

A is closed so cl(A)cu . and uis & — open by part (1) thus cl(A)cu ,then Acu ,
for every u & — openset .

Therefore A is go - closed .

3-Let Ac X , Aisclosed, let xe X ,then xecl(A), Yuer , xeu , uNA=g ,
this means that Acu , and u is open , also since A is closed ,cl(A)cu , thus
cl(A)cu ,when Acu and u is open .

Therefore A is g - closed .

4- Let A bea g -closed set,so Acu , where u is open and cI(A)g u , by part (2)
from lemma ( 3.1 ) there exist M & — open set , such that M cu and Ac M cu , so
cd(A)cM , M cu Thus cl(A)c M ,when Ac M , M is&—openin X .

Therefort A is go - closed .

Remark 3.5
The converse of lemma ( 3.4 ) is not true in general , to see this,we give the
following counter example .

Examples 3.6

1- Let X ={a,b,c,d} and T, ={p,X,{a,c,d},{b,c,d},{c,d}} be a topology defined on
X.

Let A={a,b}c X is g& - closed but not 5 — closed . Also B ={a,b,cfc X is g -
closed but not closed .

2- Let X ={ab,c,d} and T, ={g, X, {a},{b}.{a,b},{a,b,c},{a,b,d}, X} be a topology
defined on X .

Let A={a,c}c X is g& -closed but not g - closed .

Lemma 3.7 [Dontchev,2000 ]

Let (X,T) be a topological space , and (A)_
AcXViel:
f(A)._, is g5 -closed sets, Vie | ,then A=A isalso go - closed .

iel

be alocally finite family ,
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Proposition 3.8
Let (X,T) be a topological space , and (A)

iel
AcX,Viel:
If (A),, is & -closed set, Viel ,then A=A isalso & - closed .

iel

be alocally finite family |,

Proof :-
Let (A)., is & — closed set , Viel , A is 8 — closed this means that

A =cls(A), Viel ,s0 NA=Ncls(A) , since by lemma 3.1 part (2) A is closed

so cls(A)=cl(A) . Thus [ cls(A)=[) cI(A)zcl(igAi)zcld(ﬂAj S0

: - iel
iel iel

NA = clé[_ﬂ A) , therefort (1 A is 6 — closed .

iel

Proposition 3.9
The following properties are equivalent for a subset A of a space X :
1- A isclopen .
2- A isregular open and regular closed .
3- A is 6 —open and 6 — closed .
4- A is 6 —openand go - closed .
Proof :-
1 — 2 : clearly since A is open and closed .
2 — 3 : by proposition (3.4 ) part (1).
3 — 4 : by proposition( 3.4 ) part (2) .
4 —3: A isd—openfrompart (4),let A is g5 - closed set so cl(A)cu , when
Acu and u is 6 — open by proposition (3.4) (1), thereexist M cu , M is regular
open such that Ac M cu , since cl(A)ccl6(A)c M when Ac M , M is regular
openin X .
Thus cl6(A)c M ,when Ac M, M is regular open , therefore A is & — closed .
3 — 2and 2 — 1 : clearly by proposition ( 3.1)

Lemma 3.10 [Dontchev,2000]
For a topological space (X ,T) the following conditions are equivalent :

1- X is T - space .
2- X is almost weakly hausdorff and semi — regular [ NavalaG,2000 ] .

Lemma 3.11

Let (X,T,) be a topological space, Ac X :
1-If A isclosed, then A is 6 —closed .
2-1f Ais go -closed, then Ais & —closed .
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Proof :-
1- Let Ac X be aclosed set, A°=BeT, - space, since so B=Uu, , u; € Ro(X)

i=1

open, B®=(Uu,) = (n]( ¥ =0y, where v, e Re(X) , s0 A—B° = (v, , therefort A is
i=1 i=1 i=1

6 — closed .

2- clearly

Proposition 3.12
Let A be an open or dense ( resp . & — closed ) subset of a space X , and

Bed(X) (resp. Bega(X))then ANB e so(A) (resp. ANBegi(A)).
Proof :-
Clearly that if A is dense set .

To prove that ANB e do(A) , let B do(X) ,s0 B = LnJui , U, e Ro(X) , if A isopen in
i=1
X

s

{U |nt cI Aﬂu }HA

i=1

((int(A)Nint(cl(u, )))) NA= iL:Jl(int(cI(A)ﬁ u)NA)c

s

1

>

So (ANB), ¢ [Lnj(int(cl(Aﬂui)))}ﬂ A

i=1

Also
[Lnj(int(cl(Aﬂ ui)))} n A< Ulint(el(AN ()N A) < Ulinel(A)Nel(u ) Nint(A)

i i=1

< U(int(cl(A)l(u,))N A) = U((int(cl(A))ﬂ int(cl(u, )N A) = L"J((int(c|(A)))ﬂ A)N((int(cl(u, )N A)

i= i=1 =1

- Uit )N A), = Ulmeiio))n 4 |- (ane),

S0 [iLiJl(int(cl(Aﬂ u, )))} NAc(ANB),

Therefore (ANB), = L_Lnjl(int(cl(Aﬂ U, )))} NA

To prove that ANB e g&c(A) , let Ae &(X) and B e g&c(X) , let p e clA(ANB) , so
pe(cl(ANB)NA)

pe(cl(A)Ncl(B)NA),since Ae&(X), cl(A)=cls(A)= A , therefore
pecls(A)apecl(B)and peA.

p ecls(A) , this means that for every ue Ro(X) , peu and uNA=¢ so Acu and
ueRo(X) also pecl(B) , this means that for every N open in X and peN |,

C:

1

10
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NONB=¢ ,50 Bc N and pe A, by proposition (3.1) (1) uc N ,s0o ufIN =¢
and uNN € Ro(X),s0 (UNN)NAeRo(A) . Thus pe(ANB)NAc (UNN)NA
(UNN)NAeRo(A) by proposition ( 34 ) (1), (UNN)NAed(A) therefore
clA(ANB)c (UNN)N A , when ever (ANB), c(UNN), . Thus ANB e g&(A) .

proposition 3.13

Let Y < X ,if Acdo(Y) (resp. Acgso(Y))and Y e do(X) (resp. Y e geco(X)),
then Ae do(X) (resp. Ae gso(X)).
Proof :-
To prove that A € gdo(X)
Let Acgoo(Y), A=vegs(X), let Gedo(X) , where veG . Then v GNY .
Since v is go - closed relative to Y .
We have cl(v)c GNY ,so cl(v)NY cG .
Since (Y Nel(v)U(X \el(v)) c GU X \cl(v) : it follows that
YNX cGU(X \cl(v))=ued(X) ,since Y e gco(X ) then cl(Y)=int(Y)=Y cu.
But cl(v) c cl(Y) . Therefore cl(v)c u=GU(X \cl(v)) which implies that cl(v)c G ,
veg&(X). Thus v¢ = (A°f = Ae goo(X) .
To prove that Aedo(X) suppose that A°=Bed&(Y) so B=cls(B) and
Y =cls(Y) e a(X)
cds(B)N(Y), =cls(B)N(Y N X)=cls(B)N(cI5(Y)N X)=(c15(B)Ncls(Y))N(cls(B)N X)

=cls(BNY)N(cls(B)NX)=cl5(B)N(cls(B)N X)=(cls(B)N X )=BN X
Be&(X), thereforte B° = (A°f = Ae do(X)

Lemma 3.14 [Dontchev,2000]
If X is almost weakly hausdorff space , let Ac X is go - closed then it is
closed set .

Lemma 3.15 [Dontchev,2000]
For anon — empty topological space (X,T) the following conditions are

equivalent :
1- X is hyperconnected .
2- Every subset of X is go - closed and X is connected .

4. Continuity of contra (5,g4) - continuous functions

Definition 4.1
A function f : X =Y iscalled:

1- contra 6 — cont . (‘resp . contra go - cont.) at a point x € X , if for each open subset
v in Y containing f(x) , there exists a & — closed (resp . go - closed ) subset u in X
containing x such that f(u)cv .

11
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2- contra 6 —cont . (‘resp . contra g& - cont.) if it have this property at each point of X .
Example 4.2

Let X =Y ={a,b,c} : T, ={s, X, {a},{b},{a,b},{o,c}} and
T, ={s.Y.{c}.{b,c}.{a,c}} are topological spaces defined on X and Y respectively , let
f : X > Y be the Identity function .
Note that f is contra (&,gd) - continuous functions .

Proposition 4.3
For a function f : X —» Y , the following are equivalent :

1- f iscontrad —cont. (resp.contra go -cont.).

2- for every openset v of Y , f7(v)e &(X) (resp. f*(v)e g&(X)).

3- for every closed V of Y , f*(v)e do(X) (resp. f(v)e gso(X)).

Proof :-

1 — 2 :Let v be an open subset of Y , and let x e f(v) , since f(x)eVv , there exists
u, ede(x) (resp . u, egde(X) containing x such that u e f*(v) . We obtain that
f*v)= U u, by lemma (3.7) f*(v) is & — closed (resp. x e f *(v) , g& - closed )

xef (v

in X .
2 — 3 : Let V be a closed subset of Y . Then Y/v is open , by part ( 2 ) ,
f(Y/v)=X/f7(v) is & — closed (resp . g& - closed ), thus f(v) is & — open (resp .
go -open)in X
3 — 1:Let V be a closed subset of Y containing f(x) , from part (3), f*(v)is & —
open (resp . g - open ), take u= f*(v) . Then f(u)cv . Therefore f is contra d —
cont . (resp.contra go -cont.).
Proposition 4.4

Let f:X —>Y be contra § — cont . ( resp . contra g& - cont . ) functions , if
ueo(X) ordense (resp. ued(X)),then f/u:u—y is contra  — cont . ( contra
go -cont.)
Proof :-

To prove that f /u is contra & — cont.
Let V be aclosed in Y. (f/u)*(v)=f*(v)Nu , since f is contra §— cont .
f*(v) e (X ) . By proposition (3.12) , f *(v)Nu e do(u) thus f/u is contra & — cont .
Remark 4.5

The converse of proposition ( 4.4 ) is not true in general . To see this, we give the
following counter example .
Example 4.6

Let X =Y ={a,b,c} , T, = {4, X,{a}} and T, = {¢,Y,{a}} are topological space
defined on X and Y respectively, let f : X — Y be the Identity function .
Let A={a}c X ,seethat f/A:A—Y iscontra (5,g5) - cont. But f is not contra
(5,96) - cont . function .

12
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Proposition 4.7

Let f:X =Y be a function and let {ua|a eA} be a cover of X such that
u, e(X) (resp. u, egeo(X)),if f/u, :u, —Y iscontrad— cont . ( resp . contra
go -cont.), foreach a €1 ,then f iscontrad—cont. (resp.contra go -cont.)
Proof :-

Let V be any closed subset of Y, f*(v)= U|(f (v)Nu, )= Ul(f Ju,)H(v) , since

f/u, is contra  —cont . (resp . contra go - cont.) for each « e | . So by proposition
(3.8) and proposition (3.12), f*(v)e d(X) (resp. f(v)e g&(X)) . Thus we have
f is contra & —cont. (resp . contra go - cont.)

Remark 4.8
The composition of two contra - continuous functions need not be contra (&,95)

- continuous functions . To see this we give the following counter example .

Example 4.9

1-Let X =Y =Z ={a,b,c}, T, ={g, X, {a}, {o},{ab}} , T, = {4,Y,{b,c}} and T, = {4,Z}
are topological spaces defined on X , Y and Z respectively . Let f:X —>Y and
g:Y — Z be the Identity functions .

Note that f and g are contra é —cont., but go f : X — Z is not contra 6 — cont .

Since (go f)a)=ae Z,3u ={a,c} is d—closed in X .
(gof)u)=g(f(u))=g(f{ac})=g(fa,c})={a,c} = Z but {ac} is not open and not & —
closediny .

2- Let X =Y ={a,b,c} , T, ={g, X, {a},{ol{a,b}} and T, ={p,Y,{c}{b.cl{ac}} are
topological space defined on X and Y respectively . Let f : X =Y and g:Y — X be

the Identity functions .
Note that f and g are contra go— cont . functions but go f : X — X is not contra

go — cont . functions .

Remark 4.10
The composition of contra & — cont . and contra g — continuous need not be

contra & —cont . (resp . contra g& - cont. ) . To see this we give the following counter
example .

Example 4.11

Let X =Y =Z ={a,b,c} , let T, ={p, X, {a},{b},{a,bl{o,c}} , T, ={a.Y.{o.c}}
and T, ={4,Z,{c}{b,c},{a,c}} are topological space defined on X , Y and Z
respectively . Let f: X =Y and g:Y — Z be the Identity functions .
Note that f is contra 6 — cont . and g contra go - cont. but go f: X — Z is not
contra (5,95) - cont .

13
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Definitions 4.12 [ Dontchev,2000 ], [ Noiri,1980 ] , [Noiri, 1986 ] , [ Ling and
Reilly,1996 ], [ Noiri,2001 ]

A function f: X —Y iscalled :
1- g& -cont. (resp. go - irresolute , 6 — closed , contra cont . ) if f‘l(v) is go - closed
(resp . go - closed, 6 —closed , closed ) in X , for each closed (resp . go— closed , & —
closed , open)set v of Y .
2- 5 —cont . if for each x € X and each open set v of Y containing f(x) , there exist an
open set u of X containing x such that f (int(cl(u))) c int(cl(u)) .
3- Super cont . ( resp . perfectly cont . , Rc — cont . 8* — cont if f(v) is open ( resp .
clopen , regular closed , 3 —open ) setin X .

Proposition 4.13

Let f:X >Y and g:Y — Z be afunctions , the following properties hold :
1- If fis & — closed ( resp . contra 8 —cont . if X is T, - space ) and f is contra go -
cont.and g contra go - cont. (resp.gisopencont.),then go f iscontrad - cont.
2-1fY is T; -space, f is gd -cont.,and g is contra d - cont., then go f is contra
go -cont.
3-If f is go -irresolute (resp.contra go -cont., g-cont.),and g iscontra go
- cont . (resp . open cont., contracont.) ,thenthen go f iscontra go - cont.
4- If Y"is almost weakly hausdorff space , f is go - irresolute and g is contra cont . ,
then go f iscontra go - cont.

5. Relation ships
Proposition 5.1

If f:X —>Y iscontrad—cont.,then f iscontra— cont. (resp . contra go -
cont.).
Proof :-

By definition (4.1 ) and proposition (3.1) (2), proposition (3.4)(2).
Remark 5.2

The converse of theorem (/5.1 ) is not true in general, we will give the sufficient
condition before the following example .

Example 5.3
Let X =Y ={abc} , let T, ={g X, {a}{a,b}} and T, ={g,Y,{c}{o,c}} be
topological spaces defined on X and Y respectively , let f:X =Y is the Identity

function .
Note that f is contra cont. and contra go - cont . but not contra é - cont .

Proposition 5.4
A function f:(X,T)—>(Y,T) is contra & - cont . , if and only if

f:(X,T,)— (Y,T) is contra cont . ( resp . contra g& -cont. ).

14
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Proof :-

— By proposition (5.1)

< By definition ( 4.11 ) and lemma ( 3.11 ) ( 1) ( resp. by definition ( 4.1 ) and
lemma (3.11)(2)

Proposition 5.5
If f:X —Y isaperfectly cont. function, then f is Rc—cont.

Proof :-
By definition (4.12 ) and proposition (3.9 ) .
Proposition 5.6
If f:X =Y isRc-cont. function,then f is contra & — cont.

Proof :-

By definition (4.12 ) and by proposition (3.4) (1) .
Proposition 5.7

If f:X —>Y iscontrad—cont.,then f iscontra g&—cont.

Proof :-
By definition (4.1) and by proposition (3.4) (2)

Remark 5.8
The converse of theorem ( 5.5 ) is not true in general . To see this, we give the
following counter example .

Example 5.9
Let X =Y ={ab,c} , let T, ={g, X, {ol{ch{b.c}} and T, ={pY,{ac}} be
topological spaces defined on X and Y respectively , let f:X —Y is the Identity

function .
Note that f is Rc— cont . and contra (5,gd) - cont . but not perfectly cont .
Proposition 5.10

Let f: X —Y be afunction , the following statement are equivalent :
1- f is perfectly continuous .
2- f issuper cont.and Rc —cont.

3- f is 8" - cont . and contra 6 — cont .

4- f is 6 - cont.and contra gJ — cont .

Proof :-
The proof is immediately from proposition ( 3.9)
Remark 5.11
The converse of theorem ( 5.10 ) is not true in general . Also see example (5.9 )

where f is Rc — cont . and contra (5,gd) - cont . but not super cont . §* - cont . , and

perfectly cont .
Remark 5.12
The concepts of contra (5,95) - cont . and (5,95) - cont . are independent of

each other to see this we give the following counter example .

15
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Example 5.13

1- Let X ={a,b,c}, T, ={p, X,{b}{c},{b,c}} be atopologyon X ,let f:X — X isthe
Identity function .

Note that f is & — cont . but not contra (5,gd5) - contand g& - cont .

2- Let X=Y={abcd} , let T, ={g,X,{a},{b}{ab}{ab,cl{ab,d}} and
T, ={¢,Y,{b,c,d}} be topological spaces defined on X and Y respectively , let
f: X —>Y is the Identity function .
Note that f is contra (5,gd) - cont . but not g& - cont . and it is 3 - cont .
Proposition 5.14

If f:X =Y iscontrad—cont.,and Y isconnected,then f isd— cont.

Proof :-
Let f(x)ev , vec(Y), since f is contra & — cont . , there exist ue do(X) ,

such that x eu and f(u)c v since Y is connected , so the only open and closed sets are
$,Y ,sov=clv)=int(v)=Y .

Thus f(u)cint(cl(v)) , also there exists u, c u and x eu, by proposition ( 3.4 ) and
u, € Ro(X),so f(u)c f(u),thus f(u)c f(u)cint(cl(v))

Therefort f is & —cont.

Proposition 5.15
If f:X —>Y iscontra g& -cont.,and Y is hyper connected , then f is g&—

cont .
Proof :-

Let f(x)ev ,veo(Y),since f iscontra g&— cont ., there exist u e g&c(X ) ,
such that xeu and f(u)Jcv , since Y is hyperconnected

f(u)cv=int(v)ccl(v)=Y therefort f is g&— cont.

By the above stated results , the inter relations of these functions are decided ; the
refore , we obtain the following

Perfectly cont .

Plont.

contra cont .
-

contra 6 — cont . contra go — cont .

16
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