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Abstract

This research presents an explicit finite difference solution for the one-dimensional
consolidation of a homogeneous clay layer with permeable top and impermeable bottom. A computer
program was written in BASIC to deal with this problem. The comparison of the numerical solution
developed with the corresponding solution by Craig (2007) for the case of non-uniform initial excess
pore-water pressure distribution showed excellent agreement. The computer program was written so as
to deal with one dimensional consolidation of one layer clay for whatever case need to be studied.
Different hydraulic boundary conditions, different distributions of initial access pore water pressure,
and different properties of soil can be easily studied using this program. The researchers and students
will not find any difficulty to find the degree of consolidation of any type of soil layer especially when
they run the computer program which will take the pore water pressure for all meshes and time needed
very fast by using finite difference technique.

aldliund)

Bl 4y Loaall Jisall Bk ahasialy Galall (e Auilaie 22l sla) alaY) alecadl) A Gl 1aa Jslin
ey Qg AUS 5. Je) e B3 ey AW (e B3 Ll G e cplall dads e duhall cupal aBy Baaaall G3ylsdl)
o2 5 (S gaaad) Jall e Alcasiod) )y Ajlee Cujal LAKEA) 38 pe delaall clud) A1) Al Luuls
e A bl el Jaia L 68 A AL (2007) foS lede doas ) 3l ae saaaall G)lsdll Ay aladials
A gala¥) alecaiy) Al zalindl 138 A 5 Sl G . e s ) dplie molall culSy Ll Aok DA gyl
plasall sle Jarim aysi Calidag Ao ngll dgaal) Jag d calida . lgiuhay ey Al Aaal) YAl U< 5aaly (e dadal
Lisra 4 Iaay 0 Cager COUlg cpdinll) ld . malipal) 138 ladiondy Al sgas Ll Sy Al (g Ailids (ailady ¢ J5Y)
ciglly Al JS) alesall ele Jarim any Cager (53lg Gaslad) aliny s sie L) (he £53 (51 (8 alacal¥) days Ay
Al sda 3 cupal 3l Baaad) 3)lsall Ayl aladiuly A5l de jrg sllal)

1- Introduction

The consolidation is the gradual reduction in volume of a fully saturated soil of
low permeability due to total stress increase and the reduction in water content and
void ratio is aresult. This process continues until the excess pore water pressure set up
by an increase in total stress has completely dissipated (Craig 2007).

However, due to low permeability of the soil there will be a time lag between
the application of load and the extrusion of the pore water, and thus the settlement
(Das 2008).

Consolidation is important in impervious soils, i.e., soils with low permeability
such as clay, whereas in sand, the dissipation of excess pore pressure is fast due to
high permeability.

According to Terzaghi, every process involving a decrease in the water content
of a saturated soil without replacement of the water by air is called a process of
consolidation as reported by Das (2008).

The process opposite to consolidation is called swelling, which involves an
increase in the water content due to the increase in the volume of the voids (Lambe
and Whitman 2008).
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Consolidation may be due to one or more of the following factors (Murthy

1988).

1- External static loads from structures.

2- Self-weight of the soil such as the recently placed fills.

3- Lowering of the ground water table.

4- Desiccation: the drainage of any type of soil.

5- Vibration: any structure founded on cohesionless soil is likely to settle
excessively.

The total compression of saturated clay strata under excess effective pressure is
divided into three parts as following:

1- Immediate compression.

2- Primary compression.

3- Secondary compression.

In most cases the critical settlement is not the total settlement but rather the
differential settlement, which is the relative movement of two parts of the
structure (Razauki 1989).

2- Total settlement and differential settlement

a- Total settlement

The total settlement represents both of immediate settlement, occurring under
undrained conditions, and the consolidation settlement, which is the vertical
displacement of the surface corresponding to the volume change at any stage of the
consolidation process.
Lambe and Whitman (2008) reported that if the total settlement of a structure excess
150 to 300 mm there can be trouble with pipes (for gas, water or sewage) connected to
the structure[3].
The magnitude of secondary compression is often expressed by the slop C, of the
final portion of the time compression curve on a semi-log graph paper as shown in
figure (1).
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Figure (1): Definition of Rate of Secondary Compression
(Lambe and Whitman 2008)
Connections can however be designed for structure settlement. However, there are
situations where large total settlements can cause serious problem e.g. a tank on soft
clay near a water front can settle below water level Lambe and Whitman 2008).

b- Differential Settlement

According to Lambe and Whitman (2008), differential settlement is the relative
movement of two parts of the structure.
The allowable angular distortion in buildings has been studied by theoretical analyses,
by tests on large models of the structure frames, and by field observations.
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For the case of a steel tank, most of the load is from the stored fluid, and due to the
flexibility of the tank's bottom the bearing stress has a uniform distribution. Due to the
flexibility, the tank can tolerate large differential settlements without damage. As
stated previously, it is usually the differential settlement (rather than the total
settlement) that is of concern in designing foundation. Some of the various types of

settlement are illustrated in Figure (2).
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Figure (2) Types of Settlement (a) Uniform Settlement (b) Tilt (c) Non-Uniform

Settlement (Lambe and Whitman 2008)

3- Assumptions of Terzaghi One Dimensional Consolidation Theory.
The assumption made by Terzaghi for developing the one-dimensional consolidation
theory can be summarized as follows (Scott 1963):

The soil is homogeneous.

The soil is fully saturated.

The solid particles and water are incompressible.

Compression and flow are one-dimensional (vertical).

Strains are small.

Darcy's law is valid at all hydraulic gradients.

The coefficient of permeability and the coefficient of volume compressibility
remain constant throughout the process.

There is a unique relationship, independent of time, between void ratio and
effective stress.

The load is applied instantaneously.

Experimental results show that the relationship between void ratio and effective
stress is not independent of time.

The theory relates the following three quantities:

The excess pore water pressure (u).

The depth (z) below the top of the clay layer.

The time (t) from the instantaneous application of a total stress increment.
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Consider an element having dimensions dx, dy and dz within a clay layer of thickness
2d, as shown in Figure (3). An increment of total vertical stress Ac is applied to the
element.
The flow velocity through the element is given by Darcy's law as:

oh

v, =ki, =k g s @
z
Since any change in total head (h) is due only to a change in pore water pressure.
—k ou
VS et et e re e e et seeaenes seees (2)
MW Oz
V.dydz+V,dxdy

If the element of no volume change and incompressible water, the difference between
the water entering and the leaving volume is zero. Therefore:

Ny + N, = 0t e e e 3
oX oz
And if volume is changeable, the continuity equation becomes.
Ny + N, dxdz= 8 (4)
oxX oz dt

%volume change per unit time.

This equation can be expressed as follows.
K o%u dv

————adXdydz=— ... (5)

oW 0z dt
The rate of volume change can be expressed in terms of m,
dv 0o
— =M, - ——AXAYAZ.eoees e e e e 6
qr - Mg axdy (6)
Where:

m,= coefficient of volume compressibility.

o = effective stress.

The total stress increment results into gradually increasing effective stress, as the
excess pore water pressure decreases, so the rate of volume change can be expressed
as:

dv ou
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dt ot Y ()
Combining Equ.(5) and (7):
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Figure (3): Elemafat within a Clay Layer
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4- Analytical Solution of The Consolidation Equation:

The total stress increment is assumed to be applied instantaneously, and at
zero time will be carried entirely by the pore water, accordingly, the initial value of
excess pore water pressure (ui) is equal to Ac and the initial condition is :
u=ugfor 0 <z<2dwhent=0 ..................... (10)

Note that the upper and lower boundaries of the clay layer are assumed to be free
draining, so the boundary conditions are:

u=0 forz=0and z=2d whent>0 .................. (11)

Following Craig (2007), the solution of Equ.(9) together with the above boundary
and initial conditions becomes

n=c0 _n2.2
u= Zzn—lt(l— cosm)(sin%] exp[LCVtJ

n=1 4d2
=2, (. Mz )
= ) —| SIN— [EXP(—M “TV) oo s e e 12
Iy [ ; ] p(-M*TV) (12
Ct . : :
Tv = E =dimensional less time factor ...................... (13)

d=length of largest draining path (2d= thickness of clay layer)
C,=coefficient of consolidation

t=actual time

the average degree of consolidation at time t for constant ui is given by:

2d ) 2d 1 2d
I(w —u)m,dz {udz o4 J;udz

pt
U:pwz 02d =l_2d =1— u
_[ui -m,dz juidz '
0 0
1= izexp(— M 2tv) ................................... (14)
m=0 M
Where:

pt= settlement at time t.

poo=total settlement at time t=co.

m,= coefficient of volume compressibility.

Note that for a half closed layer, the limits of integration are zero and d in the above
equation.

5- Coefficient of consolidation

The coefficient of consolidation C, in Equ. (9) remains constant during the
consolidation process since k and mv are assumed constant (Terzaghi and Peck 1967).
The coefficient of consolidation can be determined from laboratory measurements or
from in-situ measurements as discussed below.

a- Laboratory coefficient of consolidation using the log time method

(due to casagrande).

The experimental curve is obtained by plotting the dial gauge reading in the
odometer test against the logarithm of time in minutes. The theoretical curve is given
as the plot of the average degree of consolidation against the logarithm of the time
factor. The theoretical curve consists of three parts:
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The point corresponding to U=50% can be located midway between the as and ajop
points and time tso obtained.

The value of the dimensionless time factor Tv corresponding to U=50% is 0.196 and
the coefficient of consolidation is given by (Craig, 2007).

_0.196d?

t50

C

\%

Where:
d=half the average thickness of the specimen for the particular pressure increment.

b- Laboratory Coefficient of Consolidation Using The Root Time

Method (due to Tayloer)

The dial gauge reading being plotted against the square root of time in minutes
and the average degree of consolidation against the square root of time factor. The
point (D) corresponding to U=0 is obtaindly producing back the linear part of curve to
the ordinate at zero time. As straight line (DE) is then drawn having a basics (Ac).
The intersection of the line (DE) with the experiment curve locates the point (ag)

corresponding to U=90% and the corresponding value /t,, can be obtained. The Tv
for U=90% is 0.848 and the coefficient of consolidation is given by (Craig, 2007).
0.848d°

t90
c- In-Situ Value of C,

Settlement observations have indicated that the rates of settlement of full scale

structures are generally much greater than those predicated using the values of C,
obtained from the results of odometer tests on small specimens. Piezometers can be
used for the in-situ determination of C, (Das and Herbich 1991).
The most satisfactory procedure is to maintain a constant head at the Piezometer tip
and measure the rate of the flow into or out of the system. If the rate of flow is
measured at various times the in-situ value of the coefficient of permeability can be
deducted and the coefficient of consolidation can be determined as follows.

C, = K
m, v

Where:

k= in-situ permeability.

m,=coefficient of volume compressibility (Serge 2006).

yw=unit weight of water.

C

v

3

6- One-dimensional consolidation of a homogeneous layer

To solve the conventional one-dimensional consolidation equation (9) using
finite difference technique, the explicit finite difference technique can be applied as
follows:

Uina — Uiy Uiiin _Zuin +Uign
’ ) — CV d v2 1
At (Az)
u C, At (ui—l,n - 2U; , +ui+1’n)+ Ui peseeseses seesnis sevesess e, 15)

i,n+1 :W
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C,At

\

(az)’

Uin+1=UintL(Ui-1n-2UinFUis1n) e, (16)

Introducing the dimensionless term S = Equ.(15) can be written as follows.

7- Stability and Convergence for Explicit Technique

For the numerical explicit finite difference solution represented by equation
(3-2) to be stable and convergent, some limitation on [ should be made. The
dimensionless parameter 3 is governed by the following limitation (Raymond 1997).
B<0.5

N |

However, it was found by trial that the use of
solution, which is also undesirable (Robert 2006).
For this reason, the use of f=0.5 was avoided in this work.

results in a stably oscillating

8-Hydraulic Boundary Conditions

The boundary conditions to be adopted in this work are permeable top either
due to the existence of a sand layer or an artificial sand blanket. The bottom of the
deposit is considered to be impermeable as shown in Figure (4).

Iﬁpermeable Boundary
Figure (4): Half-Closed Layer

9- Computer program

A computer program is written to solve the one dimensional consolidation of layered
clays using explicit finite difference technique for permeable top and permeable or
impermeable bottom.

The computer program is written twice; first | is written in BASIC which is the easy
language of programming, and second it is written in FORTRAN90 language
(Rajarman 2009).

a- BASIC Program

The following is the BASIC version of computer program that has been written to
solve the one dimensional consolidation of one layer clay.

10 REM************************************************************
20 REM**** FINITE DIFFERENCE SOLUTION OF ONE DIMENTIONAL *****
30 REM**** CONSOLIDATION FOR HOMOGENEOUS CLAY LAYER  ****
40 REM***** USING EXPLICIT TECHNIQUE FOR PERMEABLE TOP  ******
50 REM***** AND IMPERMEABLE BOTTOM Fkkkkk
60 DIM IN (30) , VA (30) , FI (30) , K(30)

70 INPUT " THE THICHNESS OF THE LAYER (M) " ; H

80 INPUT " THE NUMBER OF MESH INTERVALS OF THE LAYER " ; N

90 HH=H/N
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100 INPUT " THE COEFFICIENT OF CONSOLIDATION OF THE LAYER
(MA2/YEAR)": CV

110 INPUT " THE TIME INTERVAL IN (YEAR)"; TTT

120 INPUT " THE INCREMENT IN TIME IN (YEAR) " TT
130 BETA=(CV*TT)/(HH"2)

140 IF BETA >.5 THEN 120

150 M=N+1

160 TIME=0

170 FOR I=1 TO M

180 READ IN (1)

190 VA (1) = IN (1)

200 PRINT VA (1)

210 NEXT |

220 TIME = TIME+TT

230 IF TIME > TTT THEN 430

240 FOR 1=2 TO M

250 IF I=M THEN 290

260 FI (1) = BETA*(VA(I-1)+VA(I+1)-2*VA(1))+VA(I)

270 K(I) = FI (I)

280 GOTO 320

290 FI(I) = BETA*(2*VA(I-1)-2*VA(1))+VA(I)

300 K(I) =FI(1)

310 GOTO 330

320 NEXT |

330 PRINT "TIME INCREMENT="; TIME

340 FOR I=1 TO M

350 PRINT FI (1)

360 NEXT |

370 FOR I=1 TO M

380 VA (1) =K (1)

390 NEXT |

400 GOTO 220

410 REM ENTER VALUES OF INITIAL EXCESS PORE WATER PRESSURE
DISTRIBUTION

420 DATA 0,56, 25,50, 75,4263, 35, 27.75, 21.5 , 17.5 ,15
430 END

b- FORTRAN Program

The following is the FORTRAN9O0 version of computer program that has been written
to solve the problem.

PROGRAM consolidation

REAL, DIMENSION (30) :: IN,VAFI,K

REAL :: H,N,TTT, TIME,HH,BETA

INTEGER :: LM

write (*,*) "THE THICHNESS OF THE LAYER(M)'

read (*,*) H

write (*,*) THE NUMBER OF MESH INTERVALS OF THE LAYER'
read (*,*) N

HH = H/N

write (*,*) THE COEFFICIENT OF CONSOLIDATION OF THE LAYER
(N"2/YEAR)'
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read (*,*) CV

write (*,*) THE TIME INTERVAL IN (YAER)'
read (*,*) TTT

120 write (*,*) THE INCREMENT IN TIME IN (YEAR)'
read (**) TT

BETA = (CV*TT)/(HH**2)

if (BETA > 0.5) then

goto 120

END IF

M = N+1

TIME=0

do I1=1,M

read (*,*) IN(I)

VA(I) = IN(I)

WRITE (*,*) VA(I)

ENDDO

220 TIME= TIME+TT

if (TIME > TTT) then

goto 430

END IF

do 1I=2,M

if (1I==M) then

goto 290

ENDIF

FI(D= BETA*(VA(I-1)+VA(I+1)-2*VA())+VA(I)
K(1) = FI(I)

GOTO 320

290 FI(1) = BETA*(2*VA(I-1)-2*VA(I))+VA(I)
K(D=FI(I)

GOTO 330

320 End do

330 write (*,*) " time incrment=", TIME

do 1=1,M

write (*,*) FI(I)

End do

do 1=1,M

VA(I) = K(I)

End do

goto 220

write (*,*) 'ENTER VALUES OF INITIAL EXCEES PORE WATER PRESSURE
DOSTRIBUTION'

END PROGRAM consolidation

10- Application

To apply the finite difference technique in this work, the example treated by Craig
(2007) will be discussed as follows:

Figure (5) shows a clay layer of 10 m thickness with permeable top and impermeable
bottomwith the initial excess pore-water distribution indicated in the same Figure and
given in Table (1).
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Table (1): Initial Excess Pore-Water Pressure Distribution

Depth(m) 0 2 4 6 8 10

Pressure(kN/m°) 60 54 41 29 19 15

The coefficient of consolidation is given as C, = 7.9 m*/year. The excess pore-water
pressure distribution at the end of the first year is required. Using twenty time steps to
achieved one year, this yields.

At :i: 0.05

year = 18.25 days

Craig (2007) has chosen 5 mesh intervals in the vertical direction. However, to
achieve higher accuracy of results eight uniform mesh intervals will be chosen here.
This means that.

10
AZ = ry =1.25m =125cm
Accordingly, the parameter B becomes.
C,At 7.9.0.05

= = =0.2528<0.5
p (az)*  (1.25)
;;;;;;;;;;;;;;;;;;;;;;;;;;;;:;:;;;E.’;’;fﬂ?f??ﬁ’.;'.’;’:;EQE;‘.’}??;V;;‘.’;:;:;;;;;;;;;;;;;;;;;;;;;;;;;;;:;;;: ui=60
N U|=5625 /
Az=1.25m I U;=50.75 /
ui=42.625
d=10m —
ui=27.75

u=21.5

ui=17.5
u;=15

4
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Figure (5): Initial Excess Pore-Water Pressure

Following Equ. (16) with B = 0.2528, the excess pore-water pressure at the end of the
first time step become.
Up1=0 (Boundary Condition)
U1,1:U0,1+O.2528(U0,0-2U0,1+U210)

=56.25+0.2525(0-2x56.25+50.75)=40.64 KN/m?
U2,1:U2,0+O.2528(U1,0-2U210+U310)
=50.75+0.2528(56.25-2x50.75+42.625)=50.09 KN/m?

U6'1:U6'0+O.2528(U5yo-2U6Y0+U7,0)
=21.5+0.2528(27.75-2x21.5+17.5)=22.07 KN/m?
U7V1:U7'0+O.2528(U6'0-2U7Y0+U8,0)
=17.5+0.2528(21.5-2x17.5+15)=17.88 KN/m?
U8,1:U3,0+O.2528(U7,0-2U8Y0+U9,0)
=15+0.2528(17.5-2x15+17.5)=16.264 KN/m?
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The results of the excess pore-water pressure distribution are presented in Table (2)
for all twenty time step.

Table (2): Pore-Water Pressure (KN/m?) With Depth Time Grid (Results of
Program)

Time (year)

0 0.05 0.10 0.15 | 0.20 0.25 0.30 | 0.35 0.40 | 0.45 0.50 | 0.55 | 0.60 | 0.65 | 0.70 | 0.75 | 0.80 | 0.85 | 0.90 | 0.95 | 1.0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1.25 | 56.25 | 40.64 | 32.75 | 27.8 | 2430 | 21.60 | 19.6 | 17.90 | 16.5 15.36 | 14.3 13.4 | 12.7 | 12.0 | 11.4 | 108 | 104 | 990 | 9.50 | 9.20 | 8.85

2.5 50.75 | 50.09 | 45.84 | 41.7 | 38.20 | 35.12 | 32.5 | 30.30 | 283 | 26.70 | 25.2 | 23.9 [ 22.7 | 216 | 20.7 | 198 | 19.0 | 183 | 176 | 17.0 | 164

3.75 | 42.63 | 42.75 | 42.67 | 416 | 40.10 | 3835 | 36.6 | 35.00 | 33.5 | 32.20 | 30.8 | 29.7 | 28.6 | 27.5 | 26.6 | 257 | 24.8 | 24.0 | 234 | 22.7 | 22.0

(m) 5.00 | 35.00 | 35.09 | 35.23 | 353 | 35.23 | 34.80 | 34.3 | 33.90 | 333 | 3260 | 31.9 | 31.1 | 304 | 296 | 29.0 | 283 | 276 | 27.0 | 264 | 25.8 | 253

6.25 | 27.75 | 28.00 | 28.30 | 28.6 | 28.88 | 29.10 | 30.5 | 30.50 | 30.4 | 30.20 | 29.9 | 29.6 | 29.3 | 29.0 | 28.7 | 283 | 28.0 | 27.7 | 27.3 | 269 | 26.6

7.5 21.50 | 22.07 | 25.51 | 22.9 | 23.43 | 2390 | 26.8 | 26.60 | 26.6 | 26.70 | 26.8 | 27.0 | 27.0 | 27.0 | 27.0 | 27.1 | 27.0 | 27.0 | 269 | 26.8 | 26.7

8.75 | 17.50 | 17.88 | 1853 | 19.2 | 19.79 | 20.40 | 22.2 | 22.75 | 233 | 23.70 | 24.2 | 246 | 25.0 | 25.0 | 255 | 25.8 | 26.0 | 26.0 | 26.2 | 263 | 26.3

10.0 | 15.00 | 16.26 | 17.07 17.8 18.50 | 19.15 | 19.8 | 21.00 | 21.8 | 22.60 | 23.2 23.7 | 24.0 | 245 25.0 | 253 25.5 25.7 | 259 | 26.0 | 26.1

12-Average Degree of Consolidation:
To calculate the average degree of consolidation at the end of each time step (see
Equation14), numerical integration is required.

4
| ot N _([udz
pe jutdz

0

For this purpose, the Simpson one-third rule was adopted thus, from Figure (5):

; Az
J'utdz = ?[uo +4D Uggg +2D Ugey +u, |
0

1250501 4(56.25+ 42,625+ 27.75+17.5)+ 2(50.75+ 35+ 21.5) + 15]

= 360.830 KN/m
And, from Figure (6)

4
judz:léﬁky+43275+4267+2&3+1853}+aﬁ5345+35236+225n+1707]

0
=297.188 KN/m
Then, the average degree of consolidation at the end of time step (2) is:

=1 291188 1964_17.64%
360.830

The results for the average degree of consolidation at the remaining time steps are
given in Table (3).

Figure (6) compares the result of this mesh with those after Craig (2007).
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Figure. (6) Excess Pore Water Pressure at The End of The 2" and 20™ Time
Steps
It is quite obvious from Figure (6) that there is excellent agreement between the
results of this work with those after Craig(2007).
Table (3): The Average Degree of Consolidation at All Time Steps

Ct
Time step Time (t) years Time factor T, = d"2 C(;Dr;\églr%g;igigbe; (()02 )
1 0.05 0.00395 13.64
2 0.10 0.00790 17.64
3 0.15 0.01185 20.74
4 0.20 0.01580 23.27
5 0.25 0.01975 25.56
6 0.30 0.02370 27.80
7 0.35 0.02765 27.57
8 0.40 0.03160 29.21
9 0.45 0.03555 30.70
10 0.50 0.03950 32.17
11 0.55 0.04345 33.38
12 0.60 0.04740 34.57
13 0.655 0.05135 35.92
14 0.70 0.05530 36.81
15 0.75 0.05925 37.86
16 0.80 0.06320 38.85
17 0.85 0.06715 39.87
18 0.90 0.07110 40.73
19 0.95 0.07505 41.62
20 1.00 0.07900 42.43
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Figure (7) shows the average degree of consolidation with time.
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Dimensiolr(l)al Consolid%gon of Homo%g%neous Clay JLayer.
13-Conclusions
The following main conclusions can be drawn from this work
1-the computer program developed for finite difference technique of one —
dimensional consolidation of a single layer subjected to non uniform. Initial excess
pore water pressure distribution gives excellent agreement of it's result with Craig
(2007)
2- the degree of consolidation of any clay layer at a curtain time depends upon the
initial excess pore water pressure .
3- the degree of consolidation a long time depends upon the boundary conditions of
the layer .
4- excellent results could be gained by increasing the mesh refinement for both the
time and the depth .
5- the degree of consolidation and excess pore water pressure depend widely upon the
characteristics of clay layer , like coefficient of consolidation and layer thickness .

14- Recommendation

1- it's recommended to study the one- dimensional consolidation of malty- layer clay .

2- the time — dependent loading could be covered for the study of one dimensional

consolidation .

3-it's important to study the one dimensional consolidation using finite element

method of analytical method and compare the result .

4-economical studies find the most appropriate and economical method for studying

one dimensional consolidation layered clays .

5-it is recommended to extent the study to two or three — dimensional consolidation of

layered clays .
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