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Abstract 
Positron annihilation techniques provide several ways to probe atomic-scale defects in 

materials. This is because positrons are trapped by open volume and also by negative charged defects. 

We study the importance of the non-local electron-positron pair interaction for positron annihilation 

characteristics in a certain number of atoms. This is accomplished by using Hartree-Fock 

approximation, giving rise to non-local electron-positron correlation function. We apply this 

formalism to study the momentum-dependent electron-positron momentum densities (or the angular 

correlation). Our results of )(P  in the present approach is compared to those obtained within a 

various approximations, where we get a good agreement for (Kr,Xe)-atoms and reasonable for other 

atoms. 

 الخلاصة
تستتدم تقتية تتاق ةتتوزقروناتتبعدتتورق متت جق تتبفق تتعقربتتيق مب تتاقرومستتاذق تتوقرو تتارزتقرنقتتتنكق وتت ق تتاقرنقروناتتبعدتتورق   تتعقرنق

و اضتموقوحووتاقرستاتتبعنقيستبق-تحصبق وقحجت ق تدتاوقعلت و قسارتتياق ستاذقتتووحاقرويتحةاتقستد قزيرتتاقع   تاقتتو تيقتع قر و دتبعنق
لاصقزروتاقتتبر غقيستبق اضت  اق اك،ق عقرتدم- عقرو يررتقوي قت قإدجوتق و ق وتدم رتقتيبيكق ويتبيق ةوزقروناتتبعدورق وق  زق مسعق

د ت جق ىتاقروتزأ قععق توق ست اقر توودبر غقستاتتبعنقرو م- حيةوق  هقروص غاق عقربيقزيرتاقلثو اقر و دتبعنققساتتبعنتقوي -وزع قر و دبعنق
))((روزرعي(تقت تق يويداقددوئجقرودبر غقروزرعيق Pعقق  قدظبياق مدىتا،قعلودتقروةدوئجقبست جقوحووتاق يررقرو بودتانقعروزدتانقع يناوتاقق 

قو يررقعأبىت
1. Introduction   

When a positron and an electron annihilate each other resulting in two 

gamma rays, the rays   travel in opposite directions in the center of mass frame of 

reference. This is simply a result of momentum conservation. However, from the 

frame of reference of the laboratory, the two gamma rays do not usually travel in 

exactly opposite directions. The difference between the angle of emission of the two 

photons allows the total momentum of the two photons system to be calculated. 

From conservation of momentum, the momentum of the annihilating electron can be 

deduced by measuring the angular correlation of the annihilating rays , the 

electron momentum distribution (as seen by the positron) may be obtained [Fraser, 

1995].  
The positron annihilation in atoms so far provides a better mean for the 

investigations of the dynamic behaviors of annihilating pairs, since the angular 

correlation of two-photons annihilation radiation is related to the linear momentum 

distribution of them. If positrons are assumed to be thermalized before annihilation, 

and the annihilation probability is again assumed to be the same for electrons of all 

different momentum, then the angular correlation of two gamma rays will give the 

momentum distribution of electrons in atoms. The positron lifetime in the material 

depends on the local electron density at the site of the positron annihilation [Hakala 

et al., 1998]. 

 While testing with annihilation radiation a circuit selecting the coincident 

pulses from two annihilation counters, it was relized that the angular correlation 

between the two annihilation photons could may be measured with far greater 

accuracy. As a result, it was considered that precise measurement of the angular 
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correlation, which would throw some light on the momentum distribution of the 

centers of mass of the annihilating pairs, and hence, on their mean momentum, was 

worth attempting. The measurement of the momentum distribution of annihilating 

electron-positron pairs is, together with the positron lifetime measurements, the basic 

method of positron annihilation spectroscopy [Barbiellini et al., 1997]. 

 Various theoretical calculations have been reported for the angular 

correlation of electron-positron pair annihilation [McEachran et al., 1980; Bousahla 

et al., 2004], using a different approximation methods. While the experimental 

measurements in that field was very limited and old done by [Brisco et al., 1968], so 

far as we know. 

2. Theory  
The Hartree-Fock method [Landau, 1990] is the method we’ll depend it in 

our treatment of the effective potential and the density parameters. This method is an 

extension to the distribution of low-energy interacting of electrons (positrons) from 

atoms by Morse & Allis[Temkin, 1959]. One limitation of their wave function, 

however, is its inability to take account of the reaction of the scattered electron back 

on the atom; i.e., the method does not seem to include the polarization effects 

[Temkin, 1959]. 

 

 We write the wave function for the total system atom plus positron as: 

 

 )();,...,,();,...,,( 2121 rUrrrrrrrr mkNANm       ------------------(1) 

 

Where )(  and (m) are the eigenvalues of the total orbital angular momentum 

and its z-component, and )( A  is the wavefunction for a certain atom in its ground 

state. ))(( rU mk  represent the free positron wavefunction. 

Writing  
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Where )(mY  is the spherical harmonic, and )(rU mk  is normalized to correspond 

asymptotically to a density of one positron per unit volume, i.e. 
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 One of the interested quantities in the electron-positron interaction is the 

angular correlation of the two gamma rays produced when the pair annihilates. The 

angular correlation as a function of )( zq , the z-component of he linear momentum 

of the electron-positron pair, is given by [Drachman, 1969]: 
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 Where )( 1

id  indicates all variables except those included in )( id . We are 

interested in the angular correlation for zero-energy positrons and hence only the 

)0(   term in equ.(5) contributes. 

Substituting equ.(1) in equ.(5) subject to the above remarks yields  
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Where )( 1sP  and )( 2sP  are the radial parts of the Hartree-Fock orbitals of )( A , and 

))(( 0 qrj   is the usual spherical Bessel function. Changing to cylindrical polar 

coordinates, then equ.(4) will becomes: 

 






zq

z qdqqSqP )(2)(       ---------------------------(7) 

In this work we will plot the angular correlation )(P  as a function of )(  

(the angle between the two gamma rays) where )(sin
mc

Pz  or )
137

( zz q

mc

q



  in 

atomic units. ))(( P  is normalized to unity at )0(   so that the normalization of 

)( ku  is unimportant. 

3. Results & Discussion  
 Since electrons in atoms possess kinetic energy, if an entering positron with certain 

energy annihilates with an electron in atom, the center of mass of the pair would not in 

general be at rest at the time of annihilation. The component )( zP  of the center of mass 

momentum of the annihilation pair perpendicular to the direction of emission of gamma rays 

deflect the photon propagation direction from their mutually opposite direction by angle 

)( . 

 In figure(1) we present our results of the angular correlation for (V, Cr &  

Cu)-atoms compared with theoretical calculations of [Rubaszek et al.,2001; 

Rubaszek et al.,2002]. In figure(2) our results of ))(( P  for (Kr & Xe)-atoms 

compared with the theoretical data of [McEachran et al.,1980]. The agreement 

between our results and those we compared with, was good for (Kr & Xe)-atoms, 

and reasonable for (V, Cr & Cu)-atoms. Furthermore, the figures shows that the 

agreement between our calculations and the experiment and theory is very good at 

small values of )(  but there are systematic deviation at large values of )( . 

 

  The shape of our curves in figures (1) & (2) have a similar behavior for all 

atoms, i.e. quite smooth and rising very steeply as zero angle is approached. 

Furthermore, we noticed that ))(( P  depends much more critically on the actual 

form of the total wave function and hence is likely to be more affected by the 

approximation made. In this work we concentrate on  a various groups of atoms 

represented by two of the noble atoms and metals like (V, Cr & Cu)-atoms. Where 
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the value of  ))(( P  for (V, Cr & Cu) need for a fitting process to made a some 

approximation with the compared data. 

 The Hartree-Fock approximation proved their success in getting a good 

results of the angular correlation from calculating the density functions for the 

systems under study. As we noticed the agreement was fine for the comparison with 

the other approximations theories, such as the polarized orbital method of 

[McEachran et al. 1980] and the local density approximation of [Rubaszek et al., 

2001 ; Rubaszek et al., 2002]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure(1): The Angular Correlation for (V, Cr, & Cu)-Atoms the 

solid curve represent the present work, the dashed curve represent 

the [Rubaszek et.al.,2001; Rubaszek et.al.,2002]data.  
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Figure(2): The Angular Correlation for (Kr,Xe)-Atoms the solid curve 

represent the present work, the dashed curve represent the [McEachran 

et.al.,1980]data.  

Krypton

0

0.2

0.4

0.6

0.8

1

1.2

0 2 4 6 8 10

Angle(mrad)

A
n

g
u

la
r 

C
o

rr
e
la

ti
o

n
(a

.u
.)

P.W.

McEachran

Xenon

0

0.2

0.4

0.6

0.8

1

1.2

0 2 4 6 8 10

Angle(mrad)

A
n

g
u

la
r 

C
o

rr
e
la

ti
o

n
(a

.u
.)

P.W.

McEachran



 2008:  (15لمجلد )ا /( 4العدد ) /يةبيقالصرفة والتط مجلة جامعة بابل / العلوم

 1482 

References 
Temkin, A. (1959). " A Note on the scattering of electrons from atomic hydrogen", 

Phys. Rev. 116, 358. 

Barbiellini, B. Hakala, M. Puska, M.J. and Nieminen, R.M. (1997). "Correlation 

effect for electron-positron momentum density in solids", Phys.Rev.B.56,7136. 

Barbiellini, B. Puska, M.J. Alatalo, M. Hakala, M. Harju, A. Korhonen, T. Siljamaki, 

S. Torsti, T. and Nieminen, R.M. (1997). "Correlation effects for positron 

annihilation with core and semicore electrons", Appl.Surf.Scie.116,283. 

Bousahla, Z. Abbar, B. Bouhafs, B. and Tadjer, A. (2004). "Theoretical studies of the 

angular correlation of positron annihilation in Al1-xInxN", Phys.Stat.Sol 241,876. 

Briscoe, C.V. Choi, S.I. and Stewart, A.T. (1968). "Positron annihilation studies of 

internal surfaces", Phys. Rev. Lett. 20, 493. 

Drachman, R.J. (1969). "Addendum to variational bounds in positron-atom 

scattering", Phys. Rev. 179, 237. 

Fraser, L.M. (1995). PhD. Thesis,"Coulomb Interaction and Positron Annihilation in 

Many Fermion Systems: A Monte Carlo Approach", University of London. 

Ghosh, V.J. Alatalo, M. Kumar, P.A. Nielseu, B. Lynn, K.G. Kruseman, A.C. and 

Mijnarends, P.E. (2000)."Calculation of the Doppler broadening of the electron-

positron annihilation radiation in defect-free bulk materials", Phys.Rev.B 

61,10092. 

Hakala, M. Puska, M.J. and Nieminen, R.M. (1998)."Momentum distribution of 

electron-positron pairs annihilating at vacancy cluster", Phys.Rev.B.57,7621. 

R.H.Landau, (1990). “Quantum Mechanics II”, (Academic Press), U.S.A. 

McEachran, R.P. Stauffer, A.D. and Campbell, L.E.M. (1980). "Positron scattering 

from krypton and xenon", J.Phys.B.13, 1281. 

Rubaszek, A. Szotek, Z. and Temmerman, W.M. (2002). "Understanding electron-

positron momentum densities in paramagnetic chromium", Phys. Rev. B. 65, 

125104. 

Rubaszek, A. Szotek, Z. and Temmerman, W.M. (1998). "Nonlocal electron-positron 

correlation in solids within the weighted density approximation", 

Phys.Rev.B.58,11 285. 

Rubaszek, A. Szotek, Z. and Temmerman, W.M. (2000)."Electron-positron 

correlation in silicon",  Phys.Rev.B.61,10 100. 

Rubaszek, A. Szotek, Z. and Temmerman, W.M. (2001)."Nonlocal effects in the 

electron-positron interaction in metals", Phys. Rev. B. 63, 165115. 

Sznajd, G.K. Czekala, M.S. Pietraszko, A. Sormann, H. Manninen, S. Huotari, S. 

Hamalainen, K. Laukkanen, J. West, R.N. and Schulke, W. (2002). "Electron 

momentum density in yttrium", Phys.Rev.B.66,15 5110. 

 

 

 

 

 

 

 

 

 

 



 2008:  (15لمجلد )ا /( 4العدد ) /يةبيقالصرفة والتط مجلة جامعة بابل / العلوم

 1483 

 

FORTRAN77 

Read 

R,ROH 

Read 

R,RS 

  ً Write 

FJ1, P2 

Start 

End 

FJ=I-1 

.11P  

.12P  

Is 

I=10 

FJ1=FJ*0.7 

PI=3.141592654 

AKF=(3.*PI*ROH)**0.333333333333 

AKF1=AKF**2 

P1=1.-(FJ1*137./AKF)**2 

P2=1.-(FJ1*RS*6.3)**2 

I=1. 


