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ABSTRACT

This paper introduces a 3D surface reconstruction of mathematical modelling by using
blossoming, dependent on a parameter in the coefficient of the control points, the bi-
cubic B-spline surface in matrix form scheme can be utilized to obtain a better quality
of reconstructed surface, by using different values of parameter of coefficients used for
controlling generating 3D complex surface, which is not easy to recreate. The de-Boor
method is used to upgrade the matrix form of 2D to bicubic 3D- b-spline surface
depends on parameter value. The model can be seen more efficient of surface in
comparison with that needed in conventional methods. The effectiveness of the
proposed algorithm is illustrated through several comparative examples of 3D matrices
surface. The change in surface is made without any change in the control points.
Applications of the modeling in both the curve and surface can be used in many fields,
such as banknote design, shape design, decorations, governmental document, and other
documents, all of which are of high impotence. And it is used to find the appropriate
solutions that prevent or reduce the forgery and counterfeiting of the important and vital
documents
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INTRODUCTION

D surface reconstruction from mathematical modelling is used in the field of computer
3 graphic. Parameters (t, s) coefficient of the control points are used widely to express

computer 3D modelling. It can be used for controlling the generating of different
modelling 3D complex surfaces, by using blossoming [1], [2], [3]. And, it can find the
appropriate solutions that prevent or reduce the forgery and counterfeiting of the important and
vital documents. Mathematical technique is used to generate blossoming of cubic B-spline
surfaces by using de-Boor algorithm in matrix form. (Gallier [1] is used arithmetical technique
to generate B-spline curve by using de Boor algorithm in blossoming). Recently, the authors
[1]-[3] developed the cubic B-spline scheme, by using the blossoming. The surface involved
contains two variables, natural way to polarize polynomial surface. The approach yields surface
{also called tensor product two matrices} [4]. Finally, our work gives mathematical technique
dependent on the method of blossoming that is used to find bi-cubic b-spline surfaces

Coefficient of (16) control points. One can see many case studies that made the designer

control the generation of the different modeling surface. The result of this work is organized as
follows: Section 2 defines the cubic B-spline curve and Bicubic B-spline surface in matrix form.
Section 3 introduces surface in the blossoming in both the curve and surface in matrix form.
Section 4 introduces blossoming method for generating cubic b-spline curves in matrix form.
Section 5 introduces blossoming modified modelling for generating Bicubic spline surface in
linear form. This paper provides several comparative examples of controlling the generating of a
bicubic B-spline surface by using difference cases dependent on parameters ¢ and s ; (for i, j=
1,2 and3), and finally the contributions of this paper are summarized in Section 6, and 7.

Backgrounds

De-Boor algorithm is an algorithm that uses a sequence of four control points to construct a
well-defined curve F(z) at each value of ¢ from 0 to 1. This provides a way to generate a curve
from a set of points. Changes in the points will change the curve. F (?) defined as: [5], [6].

F(?) =é(l—t)3p0 +é{3t3 —6t> + 4} p, +é{—3t3 +3t7 +3t+1}p, +ét3p3

Putting this equation in matrix form yields:-

F(t) = %TMP (1)
Where
B
-1 3 -3 1
P,
3 -6 3 0 !
T=(z3 £t 1) M= , P=
-3 0 3 0
P2
1 4 1 0
Rl

Eq. (1) is the original (classical) cubic B-spline curve that is dependent on interval in /0, 1]
in matrix form,, Now a sequence of 16 control points are used to define surfaces
(Mathematically said to be generated from the Cartesian product of two matrices) bi-cubic B-
spline surface is defined as: [7], [8].

137



. &Tech.Journal, Vol.34,Part (B), No.1,2016 3D Surface Reconstruction of Mathematical modelling Used for
Controlling the Generation of Different Bi-cubic B-Spline in
Matrix Form without Changing the Control Points

Fts) = %TMPUMTST .. (2)

Where M is the transpose of matrix M.
Poo Po1 P02 Po3

py=|P0 pom2 Pl g (32 1) wheret € [0, 1], s € [0, 1],
P20 P21 P22 P23
P30 P31 P32 P33

Eq. (2) is called the original (classical) Bi-cubic B-Spline surfaces in matrix form.

Bi-polynomial Surface in Blossoming

A method of specifying polynomial construction of the curves is based on blossoming form.
We are now ready to see the actual blossom associated with degree -3 polynomial, the blossom
of F'(¢) is a function of f{t,, t,, t; ) that satisfies the following: [1], [10].
1-fis linear in each variable ¢, for i=1, 2, 3.
2-f is symmetric, order of variables is irrelevant. Thus f(¢,, t,, t; )=f{t,, t1, t3)=f(t1, t3 t2))=f{t2 t;,
tj):f(t3, tj, tz):f(t3, tz, l‘]).
3-The diagonal f'(¢, ¢, t) of f = F' (¢). Requirement 1 suggests the name "multilinear function."
Given F (¢), such a multiafine function is easy to derive and is also unique. Here are the
properties of blossoming (polar form) to cubic polynomial:
Degree: 0 =f=aq,
Degree: 1 =f(t;)) =ayp + a; t,.

t,+1,
Degree: 2 :f(t], tg) =agta +as tt,

t,+t,+t L, +tt, +i,t
Degree: 3 =f(t,tt;5)=ay + a; — ; L+, L2 133 2 v ast bt

It is easily generalized to be bi-parametric in a bipolynomial surface [1] [2]. A point on the
surface is given by bi-parametric function and a set of blending or bas is the function used for
each parameter. Now the study investigates the possibility of defining bi-polynomial surface in
terms of polar forms. Note that they are intentionally denoting (txtxtxsxsxs), instead of £ x s,
to avoid the confusion between the affine space 4° and the Cartesian product AXAxA. Linearity
is used to explain how to polarize a monomial F (7, 5) of the form £ s° with respect to the
bidegree (3, 3 ) . In order to find the polar form f (¢ ¢, ¢, s, s, s) of F viewed as a bi polynomial

surface of degree, (3, 3 ) polarizes each of the F (t,s) separately in ¢ and s, it is quite obvious

that the same result is obtained if you first polarize with respect to ¢, and then with respect to s,
or conversely.

Method for Generating Cubic Spline Curves

To find the spline in Blossoming, one can find control points from f(u-;, ...,  +m), Where
u; is real numbers, k integer number taken from sequence of 2m knots {u; u,... u,}, of such
length that satisfies certain inequality conditions[1], [10], [11]. Using de-Boor algorithm points
to calculate the cubic curve f (%, ¢, {), degree three (m=3), can be used to find 4 control points in
the form f{uy.+i, g1+, ur+), 0 <i<3. Taken from the sequence {uo+j Upr+i, Ui Ups i Upso+i
Wi+3+ 1t 1s said to be progressive if it yields 4 sequences of consecutive knots (uy.o+;, U.;+;
ug+;), each of length 3 where 0 < i <3, and these sequences turn out to define 4 de-Boor
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control points for the curve segment f; associated with the middle interval [u;, wu;+;]. fx 1s the
polar form of segment F;. Then the de Boor control points are obtained from the given sequence
{2, Uy, U, Ugss, Urss, Ug+3), ONE can say the sequence is progressive iff the inequalities in the
following array hold:
U2 *
Up-1 * *
w #E E

Ukrr  Up+2 Uk
This is explained as follows:-

At stage | uy) 7 ey, Upg = g2, and uy 7 w3, this corresponds to the inequalities on main
descending diagonal of the array of inequality conditions.

At stage 2 uy; Z ug+g, Ur 7= U, this corresponds to the inequalities on second descending
diagonal of the array of inequality conditions. At stage 3 u; 7w+, this corresponds to third-
lowest descending diagonal of the array of inequality conditions. The new de Boor algorithm for
calculates f (#,,2,,t;) at each value of is u, <¢ <u,,. See Figs.1, and 2. From stage 3, f (¢,,1,,13)

is given by : [1], [10].

Jtnt,85)= (1-Ag)f(t1, t2,ui) YA (11,82, Up+1) ...(3)
From stage 2, f(t;, t,, w) and f{t;, t;, w;+;) are given by:

Stnts, u)=(1-29)f(t1, wps, ur) TAf(11, wr, i), (4
St ui )= (1-2)f(t, w, ugs )+ As f( b, Uirs, Upso). ..(5)
From stage I, f('t;, ug;,up), f{ t;, ux.w+;), and f{ t;, w1, up2)are given by:

f([], U-1, Mk): (]-j,])f(uk_g, U-1, uk) + i]f(uk_], U, Mk+]), (6)
f(l‘/, uk,ukH) = (]—lg)f(uk_b Uy, uk+1) +ﬂzf(uk, Up+, uk+2) (7)
St wirpugss) =(1-43) flug, wirs, Ur2) TA(Upr 1, Upro, Ups3) ..(8)

Substitution of equations {4, 5, 6, 7, and 8} in (3) gives
Fi=filtrtt3)=(1-Ae) (1-2) (1-2)[ [ iz, s, ui)] +{(1-2g)(1-2)A1+(1-A3)(1-Ag) Ay t(1-A2)(1-25) A}
f(uk_l, Uj, Mk+1) +{j~2j-4(]'l6)+)~6(1' 25)12
+(123)Ashef (Ui thic 1, Uicr2)
+ Ashs Ao [tk 1, Upsz, Upe3). ... (9

Suppose f{ urz, urs, up)], f(urs w Uper), flutirr, i), funiaes, Uks2)= po,p1.p2 ,ps are
control points and Eq (9) becomes. [1], [10].

Jilt1,1,83)=(1-26) (1-Ag) (1-A)pot{(1-A) (1-26) 1+ (1-A2) (1-D6) Ay H(1-22) (1-As5)Asfp 1t {A2h4(1-
2e) Fhs(1-A5)h2 +(1-A3) she}p2tAshshs ps. ...(10)

Eq (10) is formula of a modified cubic spline curve.

Method for Generating Cubic Spline Curves in Matrices Form
It is easy to show that See Figs.1 and 2.

t,—u t,—u t—u
_ LU, _ LU _ L uy
A= , A= N =,
Upg —U, Upr —U, Upz — Uy
t u t, —u t,—u
_ LUy _ LU _ LUy
A= ,As = , A= .
U — U Upr — Uy Up — Uy
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By substituting 4; (for i=1 to 6), in Eq (10) from the first point you can see
U, —t)u, —t,)u,, —t
(1_16)(]_14)(1_11) P(): { ( k+1 1)( k+1 2)( k+1 3) }P()
Uy — Uy YWy = Uy Ny — 2y 5)

—titty +u, (G, H it t) —uka(t, ity H 1) Uk

Py
gy =g )Wty =y YUty — 1)
1 —titty g, (Gt H it E) — Ukt it )+ Uk
- .
U — Uy (U — Uy )Wy — Uy )
In the same way find other points as follows:-
1 —titty g, (G, H it ) —utka(t, i, 1) Uk
Sultntzts) = {[ 1P

Upy — Uy (U =))Wy — )
2 2
Ly — LUy — LUy — LUy, LU e U Uy LU o Uy — Uy U el

(”k+1 —U )(”/m —Up )

+[ ]

Lyt — LU — LUy — LUy, F LU Uy LU Uy U Uy ) = Uy Uy Uy
(U —uy Nty — 1ty )
bty — iU, — b, — bl + LU U + U, + EU k) — U U k2
(Upr =ty Iy, — 1)
+[_t112t3 T LU F LU LU LU Uy, — LU Uy _t3u2k—' +L‘Z’f—”"lm]
Uy =ty Iy — 1)
LG LGy AU, LU — LU U — LU Uy — LU Uy, +uk+2uk—luk]
Uy —u )y, —1ty )
— LG LG LU LU —tu’ — LU U LU U +”k+3“2k
(U —u )ty —11y)
+{[t1t2t3 —u, (tt, +tt, + L) +uli(t, +t, +t) —u' P an
(s —u WUy, —uy)
The above system (Eq (11)) simplified to the following

1
Sultto,t5)=——1

U — Uy

]

+[

+[ 17

[

[ 18, +4

[—A ittty + Ay, (48, + 08 +4,8) = Au’ea(t +1, +15) + A’ alPy +

(10,05 (A + Ay + ) + 10, (—u g A — gy Ay —u Ay) + it (—uy A —uy Ay —uy 5 Ay)
it (A —uy Ay — g, A3) + (i 4, gty Ay A, Ay) + 1 (U _ouy, 4
gty Ay U ) H 1 (U St Ay o Ay F 1 Ay)

2 2
— (U u kA Fu, gy, Ay Fuu 2 AP+
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[tt,t,(—A, —A; — A ) +t,t,(u, Ay +u A +u, A )+t (uy, Ay +uy A +u, Ag)
2
oty Ay + g As g 3 Ag) + 1 (g gy g Ay —uy o As —u e Ag)
2
i, (uyuy Ay —ugu A —uuy A) G (—uT e Ay —ug g, As Y ugug s Ag)

2 2
+ (U u i Ay uy gy o As g ut kAP, +

(12
[Agtt,t, — Agu, (t,t, + 1ty +1,ts) + Au’c(t, +1, +,) — Au’s [P} (12)
Where
1 1
4, = 2=
(U =) Uyy —uy ) Uy =t )y — 1)
1 1
4y = A, =

= , =
Uy — N0ty — 1) Uy —u )Wy —uy )

1 4 1

= 6 =
(Upy —w Uy — 1y ) Wy —u )Wy —uy)

5

It can also be seen that the above system (Eq (12)) can be put in the following system of
equations:-

By(u,)=—-Att,t;,B (u,)=Au v (tit, +tt; +t,t;),
B,(u,)=—Au’ia(t, +t, +t,),Byu,)=Au i

By(uy) =tityt5(4) + 4, + 43),

Bs(uy) = (DAt 1y (Ayug g + Agttgyy + Azug )+ 1513 (Ajtg g + Ay + Azuy)

+iyty (Ajug_y + Ay + Azt

By (uy) = 4, (At ko + Ay gy + At i)+ (At gty + Ayttt o + Astiy o)
13 (A ity + Ayt oty + AP ka2)},

By (uy) = (—1)(A1u2k+1“k—2 + Agl Uyl +A3“k“2k+2}a

Bg(uy) = (=Dytyt5(Ay + As + 4g) ,

By (uy) = {tty (Agup g + Asuy + Aguy ) + 1513 (Aquy_y + Asuy + Aguy)

+iyt3 (Agugy + Asug_y + Aglty,3)

2
Byo(uy) = (=Dt (Agug_yuigyy + Asug oty + Agu ™) + 15 (Agtggttge_y + Asigug_y + Aguy3uy )

2
+i3(Agu” k1 + Ast oy + Agugugi3)},

— 2 2
By (uy) = +Agu” k1t + Astigguigtty g + Ag "kt 5
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By (up ) = Agtitrt5, Biz(uy) =(DAgu k (82, +tts  +irt3)
Bia(up) = Agu” (ty  +1y  +13), Bys(ug) = (—D(Agu’c).

Now simplify the above equations in matrices form as follows:-

1 1
Bo(uk)z(_l)Al(tlt2t3 0 0)0 aBl(”k)=A1(f1t2 i3 t2f3)‘4k+1 L,
0 1
1 1
Bz(”k):(_l)Al(tl 1) ’3)"2k+1 1533(”1;):‘41(1 0 0)”3k+1 0
1 0
A+ Ay + 4
By(u) =015 0 0 0 ,
0

Aty + Ayttgyy + Azuy
Bs(uy) = (‘D(tlfz Lty toty) Ay + Ay + Azug, |
Ajty_y + Ayt + Azt
A ke + Ayt + Aty
Bg(uy) = (11 ty t3) Aty + Ay Uy + Agutg iy |,
Ajtgqu_y + Ayttt + A3“2k+2
Alu2k+1uk_2
By (uy) = (—1)(1 1) Ayutg ottty
A3u2k+zuk

Ay + A5 + Ag
Bg(u) = (-Dlttyts 0 0 0 :
0
+ Aguy gy + Asuy + Aguy,
By(uy) =61ty 115 tyt3) Aqupy + Asuy, + Aguy
Agugy + Asuy_y + Agiy gz
Agiy gy + Asuig ouy + Agu’
Bioup)=(-Dt, t, 1) gy + Asuguy y + Aguy,suy
Agu® et + Astg gy + Aguity
+ AP kg + Asug oy + Agu’ g

Bll(”k):(l 0 0 0
0
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1 1
By, (uy) = (tltZtS 0 O)A() 0|,B3(u;) = (_1)(A6uk)(tlt2 Lty )1
0 1
1 1
Bl =, t, t:XAu’)| 1], Bisu)=(-D(A4a’)(1 0 0)0
1 0
Now put Eq (12) in the following simple form:-

1
Jilttxt)=————{ [ Bo+B;+B>+Bs] pot[ B+tBs+Bs+B;] pi
Up — Uy
+ [ BstBotBigtB1i]} p2 +[ Bi2tBi3+B14+B5] ps. - (13)
Eq (13) can be put in the following matrices form:-
By(up) By(uy) Bg(up) Bio(uy) | Fo
1 B, (u Bs(u By (u B;(u P
fltntoty)= (1 1) Bs(up) Bo(uy) Bis(uy) | A
Upp —Ug By(uy) Bg(uy) Byguy) Bia(uy) | Py
By(up) By(up) Byy(uy) Bys(uy) | P
It is an easy method used to upgrade of above equation to 2D B-spline curve by using the set
of points as, [12].
pi=(x;, y;) fori=0, 1, 2, 3.
The coordinates of each point are treated as a two-component vector. That is

. (14

xi
Pi:
Vi
The set of points, in parametric form is
F@)) (x®)
F @)= = , u, <t<u,, ... (15)
£(@0)) (@)

Eq (14) is a formula of a modified mathematical modelling 2D B-spline curve in matrices
form of degree three .The curve is defined by de-Boor algorithm for the curve segment f(7,, ¢,
, t; ) associated with the middle intervals [uy, 4+1].

Comparison with Original Cubic B- Spline in Matrices Form.

Now a comparison between Eq(14), and Eq(1) can easily be made by using ¢,=t,=t;=t and
k=0, the sequence {uy up; , U, Uprs, U Ugwzybecomes (u., . ug, u; uy u3), and using
uniform knot sequence. (u.y, u.; ug, u; uy, uz)=(-2, -1, 0, 1, 2, 3), implies ux=uy =0, us+; =u;=1,
and t &< [0, 1], (0<t<1), Eq. (14) becomes:
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S SR 1Y
6 L 6 6
| L A ot
F®=-1111) 6 6 6 , or
1 ~3t 3t
= 0 = o|p
6 6
1 4 1
- 2 -0
L 6 6 6 | el
'
-1 3 -3 1]
P,
3 -6 3 0!
Fo=( 2 ¢ 1)t ... (16)
6/|-3 0 3 0
P2
1 4 1 0]
L P
Or in simple form
F(t) = éTMPi .. (16)

Eq (16) is identical to Eq (1).

Bi-cubic Spline in Matrices Form

Consider points in the form fluo+;, Ui Uk Virsy Virs Vi), (0 SiS<3)(0 <j<3), k and
1 are integers, suppose the bidegree is(3, 3 ) where u; and v; are real numbers taken from the
knot sequence, {Uiovi, Uksvi, Ukt Ukrsvi Uke2ri U3+ Vit Vi-i+j > Vivj Vitl+jp Vie2+j Vie3+j }, of
length (4m= 12) satisfying certain inequality conditions. The same natural way can be used to
polarize polynomial surfaces to find second variable s [1], [2], [3]. Now the de-Boor algorithm
can be discussed in some detail in bipolynomial surfaces. De-Boor algorithm can be generalized
very easily to bipolynomial surfaces by using the following inequalities indicated in the
following array:
Vi2+j ==
Vi-1+j z *
Wy  E E

Viti+j  Vir2+j  Vie3+j

That is explained as follows:-
At stage 1 Vi2+ * Vit 1+js Vi-1+ * Vit 2+ and Vit * Vit+3+4j

This corresponds to the inequalities on main descending diagonal of the array of inequality
conditions. At stage 2 Vi.;;7Z Viisij , Vi; 7 V2. This corresponds to the inequalities on
second descending diagonal of the array of inequality conditions. At stage 3 vji; 7= V1. This
corresponds to third lowest descending diagonal of the array of inequality conditions. The same
way is used to find second parameters f(s; , 52, s3) in matrices form. It is easy to show that:

1 1
Vi Vi)V —viey) ((RERYRD (JICE YY)
E, 1 1

= E, =
Visa =vie) Vg2 = Vi) Vi2 =V = Vi)
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1 1
Es = 6~
(Vi =v)(Vi2 =) OV =v) (Vs =v)
1 1
ZO(V/)=(—1)E1(513253 0 0)0 »Zl(”k)zEl(Slsz 5153 5253)"/+1 L,
0 1
1 1
Z,(v)=(DE(s; s, s3Wa| 1, Z3(v)=E (1 0 O |0
1 0
E +E, +E;
Z4(Vk):(51S253 00 0 )
0

Ewvpg +Eyv, +Ejy,
ZS(Vk):(_1)<sls2 5183 883 ) Eyvpg +Eyvi g +Esvi, |
Ewvi, +Eyvi o, +Esv,
2
BT+ Eyvpgvi + E3vig vy
Zé(vk):(sl Sy S3) By Vi ¥ Epvig v, Esvinov
2
BV ¥ Eyviovi +Esviie
2
Epvimv,_,
Z; (Vk)=(1—)(1 L 1) Eyviovivia

2
Ev v,

E,+E5+E;
Zs(Vz)Z(—l)(5152S3 0 0 0
0
Eywi g +Esv, +Egv,
Z9(Vz):(3132 $183 $y83) Euvi +Esvi, +Egvp |,
Epi +Esvi +Egv,
2
Epvi v +Esvig vy +Egv7i
Zio(v) = (—1)(S1 Sy Sy )+ Ew v FEsvivi + Egviav |

2
+EWY I+ Esvi v+ Egvvys

+E4V2HV1+1
le("l):(l L 1) Esvioviviy

E¢viviis
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1 1
Z12(V1):E6(51S253 0 0)0 3213(V1):(_1)E6(5132 S183 52S3)V1 1,
0 1
1 1
214(V1)=(—1)E6(51 B) 53)"21 1s215("1)=E6(l 0 0)"31 0
1 0

Put the above in the following matrix form:-
Zo)) Zyv) Zg(v)) Zp(v) | By
1 Z, (v Z:(v Zo(v Zi1(v P,
fi(s1, 82,83 = (1 111 1) Zs(v) Zo(v) Ziz(v) | A .
Vi =) Zy(v)) Zs(v)) Zyo(vi) Ziy(vy) | P
Zy(v)) Z7(v)) Zp(vi) Zys(v) | B

It is easy to show that the above equation is a formula of a modified cubic spline curve in
matrix form of second variable s. Now from the fact that modified mathematical bipolynomial
surface, of bidegree (3, 3 ) mathematically comes from product of two matrices defined as:

1

f(t;,t,8,5,5,83) = ! 1 )Mt ! ...(17)
g1 —u) Ve —vp) 1
1
Where
Bo(ug) Ba(ug) Bg(ug) Biouy) Zo(vp) Za(v))  Zg(v)  Zia(vp)

M, = Bi(ug) Bs(ug) Boug) Bys(ug) . and M, = Zivp) Zs(v)  Zo(vp)  Z13(v)
By(up) Be(ur) Bio(ug) Bralug) 20 Ze() Ziov) Zia(vp)
By(ug) B(ur) Byi(ug) Bys(ug) Z3(v) Z7(v))  Zi(v)  Zys(vp)

Poo P01 P02 Po3
P, = Plo P11 P12 P13
! P20 P21 P22 P23
P30 P31 P32 P33
It is an easy method used to upgrade the above equation to 3D of bidegree (3, 3 ) by using the
set of points as,, [12]. [13].
pi=(x;, y;, z fori=0, 2,.,15.
The coordinates of each point are treated as a three-component vector. That is
Xi

P=|y;

Z;

The set of points, in parametric form is
Ei(t,s) ) (x(t,5)

Fs) = | F,(t,s) |=| ¥(t,5) u, <t<u,,andv, <s<v,,.
Fi(t,s) z(t,s)
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Eq(17) i.e. is modified mathematical modelling of bi-cubic 3D B-spline surface in matrix form
obtained by using blossoming. The surface is defined by de Boor control points for the surface
segment f(z;, t,, t3, 57, 52, 53) associated with the middle intervals [ uy. wu+;]Jand/v, vii] .

Comparison with Original Bi-cubic B-Spline Surfaces.

Now a Comparison between Eq(17), and Eq(2) can easily be made by using (¢,=t,=t;=t,
s;=s,=s3=s), and k=0,[=0 the sequence {uy, Ui; , U, Uprs, Ug+2 UWi+35 Via Vip Vi Viel, Vie2
visztbecomes (u.o, u.; Uy, Uy U, U3y V2, Vo Vg, V1V v3), and using uniform knot sequence. (i),
U.j Ug, Uy U, M3):(—2, —[, 0, ], 2, 3), ll’IlphCS Ug = Uy :0, and Up+1 :Ll]:], then t & [0,]], (V_g, V.
Vo, Viva vy) =(-2, -1, 0, 1, 2, 3), implies vi=v, =0, and v;1; =v;=1, then s & [0,1], and (17 )
becomes:

flttts,s,s) =F(ts) = 3—16TMPUMTST ... (18)

Eq (18), is original bi-cubic spline surface dependent on frame /0, 1/>. It is identical to Eq (2)
which is bi-cubic B-spline surfaces in matrix form.

Discussion and Conclusions

In this paper, we use a mathematical technique dependent on the method of Blossom used to
find 3D bi-cubic b-spline surfaces in matrix form in Eq (17). This equation is dependent on
parameters ¢, and s; (for i,j= 1, 2, 3), coefficient of (16) control points. Now we can study in the
following many different cases of the control of generation of the surface by using Eq (17)
dependent on parameters ¢, and s;:
A. First technique, one can see that controlling the generation of the surface and of change is
dependent on the change in value of the parameters ¢ or s; (for i, j = lor 2 or 3), at all parts of
Eq (17), as seen in the following different properties:
1. Using the parameter ¢; increases values, of (i.e. using +¢;) and decreases values of #; (i.e. by
using — ¢; ) the surface to be changed moves to the exterior at increases, and to interior at
decrease. See Figs. 4, 5, 7, and 8.
2. Using the parameter s; increases values, (i.e. by using + s;) and decreases values of s; (i.e. by
using — s, the surface to be changed moves to the exterior at increase, and to interior at
decrease. See Figs. 6, 7, and 8.
3. Using the parameters ¢; is taken to increase (decrease) the moving in exterior (interior). One
can see that controlling the generation of change is dependent on change in the value of + ¢, (-
t1). The changes took place without change in the control points. See Fig 9.
B. Second technique, one can see that control on the generation of change is dependent on
change in the value #; and s; at the same time (for 1, j = lor 2 or 3), at all parts of Eq (17) as seen
in the following different properties:-
1. The parameters #;and s; are taken to increase (i.e,. by using + ¢, and + s;) at the same time,
or by using the parameters #; and s; are taken to decrease (i.e., by using - ¢;, and - 5;) at the
same time. One can see the following:
The parameters #; and s; increase (i.e., using + t;, and +s;) and are taken at the same time. The
surface to be changed moves to the exterior in symmetric direction, but not same shape,
depending on the values of t#;and s; (t;,-s; or #;~s; or t; s;). All these effects are both similar
and different in direction from them, and by using (+#; ) only or (+s;) only . See Figs. 10, 11,
12, 13, and 14.
C. The parameters, #;, and s; are taken to be different values (one increases, and other deceases)
at the same time. (i.e., using + #; and - s;) at same time in one case, and - #; and + s; at same time
in another case). The surface to be changed moves to the interior (dependent on the values of ¢
and s;). See Figs.15, 16, and 17.
D. All above effects on the surface take place without change in the control points.
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Sticr, uprsr)  (1-49) flt, w ugsy) St 1, U1 2)

A1

St o,

11, t, Ugiy)

1-As A As
J(T1, 15713)

St wier, wy)
(1-21)

S s uk12)
f ( U+ 1, Uk+2, uk+3)

f (Upe2 Uit uy)

Figure.l. the de Boor Algorithm on cubic case of degree three

F(Iu)

Figure(2). Linear Curve

Figure 3 By using (t,=t;=t;=t, s;=5,=5;=5), and k=0,/=0 the sequence {u; 5, Uy, Up, Ug+s, Ups>,
Wi+35 Vo Vib Vb Visl, Virz Viisybecomes (., u.g ug, uy uz, uzs v 5 v_1 vy, v vy v3) , and by using
uniform knot sequence. (., u_; ug, uy uy u3)=(-2, -1, 0, 1, 2, 3), implies u,=uy =0, and u;.; =
ll1=1, then t &= [0,1], (V_g, V. yVep ViV V3) =(-2, -1, 0, 1, 2, 3), implies Vi=Vy =0, and Vi =
v;=1I, then s & [0,1]}. Changing in the surface is dependent on on change in the control
points of the surface.
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Figure(4) The parameter ¢, is taken to be Figure(5) The parameter f; is taken to be
increased (i.e. by using +#;). The surface increased in first, and decreases in
to be changed moves to the exterior, second, the surface to be changed moves
without change in the control points. to the opposite direction.

Figure(6) The parameter s; is taken to be Figure(7) The parameters are taken to be
increased (i.e.by using +s;), the surface to be increases fin the first, and s; in the second,

changed moves to the exterior, without change the‘surface to be changed moves to the
in the control points. exterior, thus the effect is both similar and

different direction from them.

Figure(8) The parameters ¢, are taken to be increases(i.e. +7,) in the first, decrease(i.e. —#;) in
the second and s; is taken to be increases(i.e. +s;) in the first, decrease (i.e. —s;) in the second.
The surface to be changed moves to the opposite between using + ¢, and - ¢, or +s;, and — s,
symmetric, between using + ¢, and +s;, or - £;, and — s; effected.
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Figure(9). the parameters ¢; is taken to be Figure( 10) The parameters ¢ and s;
increased (i.e. +7;), the surface to be changed (where f;=s;) are taken to be
moves to the exterior. Can see the controlling on increase at same time.

changing of the surface dependent on changing
the value of (+¢;).

Figure(11) The parameters ¢; and s; ( where Figure( 12).The parameters 7;and s; (where
t;>s;) are taken to be increase at same time. t; <s;) are taken to be increase at same
time.

Figure(13) Comparison between three effects by using (+#;) only or (+s;) only, and
from using #; and s; are taken to increase(i.e. #;=s; or; >s; or t; <s;) atthe same
time for example. Note that the surface to be changed in exterior, thus the effect is both
similar and different direction from them.
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A
i Hith
J |||I|II i

.

Figure. 14 The parameters #; and s; are taken to

decrease (ie. —# and - 5;) at the same time, the F.igure as) Tl}e parameter t{ is taken to be
surface to be changed moves to the interior, and then to increased,] (i.e. +7) and s; is taken to be
exterior. decreased (i.e. - 5;) at same time, the surface

to be changed moves to the interior.

Figure( 16) The parameter ¢ is taken to be

decrease (i.e. —t;) and s; is taken to be Figure(17) Comparison between figures (15 and 16)

increase (i.e. +s;) at same time, the surface to the change in interior in symmetric direction.
be changed moves to the interior.
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