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Abstract

In this article we estimate the degree of 3-monotone uniform multiapproximation to get a Jackson
type estimation as a direct consequence.
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1. Introduction and main results

Let f be function defined on I := [ay,b;] X ... X [ag4, bg] and v a natural number.
Denoted by

v

f((xilﬂ Ty xid))

ST ji(xin = %j1) - (Xia = %ja)
the vth order multi divided difference of f at the distinct points

f[(xop de): vy (le, xvd)] =

Xo = (Xo1, -+ X0gq) »-er Xy = (Xy1, .. Xpq). The function f is called v- monotone on I ,if
fl(xo1, - X0d)y werr (X1, . Xy,q)] = 0 for all choices of v+ 1 distinct points x, =
(%01, 2 X0d) » s Xy = (Xy1, . Xyq) € I. Let us define A} the set of all v- monotone

function on I, and let A} and AZare the sets of non — decreasing and convex
multifunctions on I. It is well known that A3 is the set of all bounded functions, having a
convex derivative on(a; ,b;) X ... X (ag,by) see [A.Guntuboyina and B.Sen (2012)].
Note that when f € Ay ,v > 2, then f is continuous on (a,,b;) X ...X (agz,bys) and
f((ay+, ..,ag+)), f((by—, ..., by —)) exist. Let C(I) be the space of all continuous
multivariate functions defined on I and equipped with the uniform norm ||f|l. =

SN Vi (CTRED) | B

Many authors studied the monotone and convex approximations such us [DeVore,
1977; Beatson, 1981; Hu, 1993; Kopotun, 1994; Shevchuk, 1997; Leviatan and Prymak,
2005] they used functions of one variable defined on finite interval. Little is known for
the shape preserving approximation of v-monotone functions for v > 3. In [Shvedov,
1981] , Shvedov prove positive and negative inequality for the best approximation of
v — monotone univariate function for v > 4.

In this paper we shall prove the following theorem

Theorem. Let F €A} and f((xy, ., xq)) = F (g, 0, %0)), x = (x4, 0, %) €
(a;,by) X ...x (ag,by), and let k be an integer greater than or equal 2 a partition
A =Xg1 < X1 << Xp1:=Dbq, . ,a05:=Xgq < X1q4 < " < Xpgi= by, and a
piecewise multipolynomial s € A? of degree not exceeding or equal k — 1, with knots
x; = (Xi1, e, Xi9) 1 = 1,...,n — 1, such that

2400



Journal of Babylon University/Pure and Applied Sciences/ No.(9)/ Vol.(24): 2016

s((iny oo i) = F(CGeigy woer Xia) ), 0
=1,.,n—-1, (1)
there exists a piecewise multipolynomial S € A of degree not exceeding or equal k
with knots x; = (x;q, ..., x;4) i = 1, ...,n — 1, for which
IF — Sl
<c 1rgifggllf = sl (2)
where ] = [xj;1-1, ;1] X ... X [x;9-1, X;q] , ¢ is positive constant and ||. |, ;) denotes

the L,- norm on J, defined by [Ifll, ;) = (f;ill_l f;;d_llf((xl, woxg))| dxy dxd)

Note that we can consider the above theorem as a direct estimate for convex
multiapproximation since it is in terms of a derivative of a 3-monotone multifunction.

2. Auxiliary results and the proof of the main results.

Let f be a function defined on [I:= [a;,b]X..X[agz,bg] , let
L((xl, o Xa) a, b)denote the linear Lagrange interpolating multipolynomials of f at
the points a = (a4, ...,ag) and b = (b4, ..., bg) . Assume k = 2.

To prove our main result we need the following lemmas

Lemma 1. Let f € A?, and let g € A? is amultipolynomial of degree not exceeding or
equal k—1 , with f((ay, .., a) = q((ay, ., ag)) and
f((by, ... b)) = q((by, ..., by)). Then there is a multipolynomial p € A? of degree not
exceeding or equal k — 1, satisfying

f((alﬂ ey ad)) = p((alﬂ ey ad));

f((bp ey bd)) = P((bp ey bd))’ (3)
q((ay, ., a2)) <p'((ay, ., aq)),p'((by, ..., b))
< q’((bll e bd))i (4)

O O
j J (p((tl,...,td)) — f((¢y, ...,td))) dt, ..dt,

I

OIEENG)
<2 ] ] (q((tl,...,td))
— f((ty o t)) ) dty odtyl] , (5)
and I
by by
f f p((ty, .., tg)) dty ...dty
> fbl...fbdf((tl,...,td)) dt, ...dt,. (6)
Proof . If " -
by bg by bg
f f q((ty, .., tg)) dty ...dty 2[ f f((ty, wnrtg)) dty ... dty.

then we take p := q and (3) through (6) are self evident. Otherwise,

by bg by bg
f f f((ty, o, t0)) dty .. dty —f f q((ty, -, ta)) dty ...dty
aq aq a; aq

=A>0.
Clearly
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f(-)
— £((ty, ...,td))) dt, ..dt, (7)
I

Let 1((xq, ., xq)) = L((xy, -, X0); f5 (@q, o, @q), (by, ., b)) Then since f is
convex, L((xy, ., xq)) = f((xy, s xa)) , (xq, ., x4) € 1. Hence

X1 Xd
f f I((ty, ., tg)) dty ... dty
aq aq

A<

f(') (q((tl, v tq))

aq

X1 Xd
—f f F((ty, e, t0)) dty . dty (8)
aq aq
by bg by bg
sf f I((ty, - tq)) dty ..dty — f f f((ty, . ta))dty ..dty =B
a; aq a; aq
=0,

x = (x4, .., xq) €L
Let

p((xl' ...,xd)) _ Al((xl; -..,xd)z : iCI((xl, ""xd)) '

(3) and (4) imply p is aconvex . using (8) and (7) to get
Xd
p((tl, v tg)) dty ..dty — f f f((ty, o ta)) dty .. dty

(xl, ...,Xd) el

A+ Bf Ld ((ty, o t)) — f((4, ...,td))) dt; ...dt,
+ % B J ' (q((tl, o t)) = (s, ...,td))) dt; ...dtg
S AiB f fzd (l((tl,---.td)) —f((tl,...,td)))dtl dty

Yo q((tl,.. ta)) — f((ty, -, td)))dtl .dtg

f f q((tl, wota)) = £ty ...,td))) dt, ..dt,

A+B A+B

© ()
q((tl,.. ta)) — f((ts, ..., td)))dt1 dtd

I

<2

o A + B
©
f (q((tl, v ta)) = f((t, ...,td))) dt; ...dtg

f()
. .

that is, (5). Finally,

I
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by bg
f f p((ty, ...,td)) dt, ..dt,
aq aq

A ba

m fad I((ty, ., tg)) dty ... dty
B bq

+m f q((ty, ., ta)) dty ... dtg

aq

by bg
(—B +f f I((ty, . tg)) dty ...dtd>

by by
b, b a
=j j f((ty, . ta)) dty ... dty,

Which prove (6) , and that completes our proof.

Lemma 2. Let g € A? be a multipolynomial of degree < k — 1, and let @ and 8 be
arbitrary nonnegative real numbers. Suppose thatd,, and d,, ,¢=1,...,d are real
numbers satisfying,

dg, - dg
q 1, =, 0g - —\q\\aq,...,a04 —Qa
_ (a(y, b)) = B) = (a(( ) —a) _
B (by — ay) ... (bg — aq)

d

< dp, ..dpy, 9)

and
dg, - da, < q'((ay, .., ag)) < q'((by, .. b)) < dp, ...dp,
Then there is a multipolynomial p € A? of degree < k — 1 ,such that
p((al, ) ad))
= q((al, . ad)) - a, (10)
p((by, ., ba)) = q((by, ...,ba)) =B,
dg, - da, <p'((ay, ..., aq))

< p'((by, -, ba)) < dp, - dp, (11)
and
p((xl, ...,xd)) < q((xl, ...,xd)), (%1, rxg) €1

= [a,,b] X ...X [ag, b4] (12)

Proof. If a = g , and p((xl, ...,xd)) = q((xl, ...,xd)) —a , ap<x,<b, £ =
1,...,d , and the proof of (10), (11) and (12) is clear. then, assume thata > £
(the other results are similar). Let
((bl - al) (bd - ad))(db1 dbd) + Q((al, vy ad)) - CI((bl, ey bd))
a—p
we have that the right hand side of (11) is equivalentto A > 1. Put
l((xl, ...,xd)) = (db1 dbd)((x1 - bl) (xd - bd)) + Q((bl, ) bd)) - /13
Then ,
(g, ey 20)) < (dp, - dpy)((x1 = by) . (xa — ba)) + q((by, .. o))

< q((xy, e, xq)), (X1 e Xg)
€l (13)

1=

Now let

p((xy, e, xg)) = 271 ((A — 1Dq((xy, s xq)) + 1((xg, ...,xd))), (xq, . xq) €1
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Then the multipolynomial p is convex since it is written in terms of [ and g, with
nonnegative coefficients. Also the proof of (10) and (11) is clear (11) since q' is
monotone. Now for (13),

p((xl, ...,xd)) <A1 ((/1 — 1)q((x1, ...,xd)) + q((xl, ...,xd)))

= q((xl, ...,xd)), x = (Xqg,...,xq) €1,
thus (12) is proved and the proof is completed.
Lemma 3. Let feA? and ged? ncW(), satisfy  f((zig, .. 2zia)) =

9(Zi1, o zi0)) , i =12 . Let L;((xy s xa)) = (Gey — zi1) oo (g —
Zid)) 9'((21'12; ---JZidg) + g((zm ---'Zid))' and denote
Al:f f (li((tl,...,td)) —f((tl,...,td)))+ dt, ..dty , i=12.

Z11 Z1d
Then

f:) f:) (f((tl, v tq))

i1

A<

— g((¢y, ...,td))) dt; ...dt, (14)

Iy

Proof. Let i =1 . The convexity of g implies that ll((xl,...,xd)) <
9(Cery s x0)) s (xq, e, xq) € Iy, Iy = [214, Z31] X oo X [214, Z54]. The convexity of
fand the linearity of l;we can find a @ = (6y,...,0,) € I, satisfy f((xy, ..., x4)) <

ll(('xl’ ""xd)) X € [lei 91] X .. X [Zldl Bd]and ll((xli "'lxd)) < f((xl, '--rxd))
, X € [04,251] X ... X [04, 2,4]. Hence

A= fel ...fed (ll((tl,...,td)) —f((tl,...,td))) dt, ..dt,

Z11 Z1d

< jel ...Jed (g((tl, e ta)) = F((t, ...,td))) dt, ...dt,

OO
j J (f((tl,...,td)) —g((tl,...,td))) dt, ...dt,

< )
Z11 Z1d I
This completes the proof of (14) when i = 1. And that implies:
Z21 Z2d
A,< f() f() (f((tl,...,td)) - 9((ty, ...,td))) dt, ...dtg|| ,
: : L

Which yield the proof of (14) wheni = 2 .
Lemma 4. Let f, g € A%, be a multi real functions with

f((blf ey bd)) _f((all ey ad))
= g((by, ..., by)) — g((ay, ..., aq)). (15)

f’((a1+, ., Qg +)) < g,((bl_, . bd —))
Proof. We have f’and g’ are monotone on (a; ,b,) X ... X (agq,bg). Suppose to the
contrary that f'((ay+, ..., ag +)) > g'((by—, ..., bg —)). Therefore

b, ba
f((by, .., b)) - f((ay, ., aq)) = f f (g, 20)) dixy o.odxg

> f’((a1+, ey Qg +))((b1 —ay) ..(by — ad))
> 9’((191—’ e, bg —))((b1 —ay) ..(bg — ad))

Then
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by by
> f f 9’ ((xq, e, x0)) dxy dxg = g((by, ., by)) — g((ay, .., aq)),
aq aq
contradicting (15).
Corollary 1. Let f € A?and let s € A? be a piecewise multipolynomial of degree not
exceeding or equal k —1 with knots partition a;:= xyp; < x17 < ** < Xp1:= by, ...,
Ag: = Xog < X1g < * < Xpq: = by, satisfying (1).now ifi = 2,...,n—1

f'((xi1_1+, e Xid—1 +))

< Sl((xil—, o Xid —)), (16)
s'((eipo1ts e Xigo1 +))
= f,((xil_l -~ Xid _)) (17)

Given f and s € A? denote
Z = ggﬁllf = s,/

= [xi1-1, %] X oo X [Xiq-1, Xia] (18)
Let us writt g €4;; , 1<i<j<n-1, when g is a convex piecewise

multipolynomial of degree not exceeding or equal k — 1, on [x;1, xj1| X ... X [xia, X%ja] ,
with knots (xi1+1, ...,xid+1), ey (le—ll ey de_l) and satisfies S'((xi1+, e Xid +))
<g'((xu+ o, xqg+)) and g’ ((le—, s Xjg —)) <s' ((le—, s Xjg —)), and
9y oo i) = s(Cigy o x0)) 9 ((le, ...,xjd)) =s ((le, ...,xjd)). For

r=1,.,n—1and t = (t;,..,t;) let

( ' ((ein=, s Xig =), if t € (xi1-1, Xi1] X o X (Xiq-1, Xia],
i=1,..,r—1,
hr(t) — < SI’((xrl_' vy Xrd _)) , i.f t e (xrl—l'xrl] X .. X (xrd—l'xrd]
s'((tp1ts s Xpg 1)), if t € (X1, Xp141) X oo X Opay Xrag1)
f(xioa+ s Xig—1 +)), ift € [x1-1,%1) X oo X [Xiq-1, Xiq),
\

i=r+2..,n
and set

gr((xl, ...,xd)) = f((xrl,...,xrd)) +f 1 f dhr((tl,...,td))dtl . dty.

Xr1 Xrd
using of Corollary 1,we get h,. is non-decreasing on (a, ,b;) X ... X (az,b,), also we
have g, is convex on (a;,b;) X..X (agz,bs) . It follows by (1) we have
gr((xr1+1J ---rxrd+1)) < f((xr1+1» ---:xrd+1)) and gr((xrl—l' ---'xrd—l)) <
f((xr1-1, -, %rq-1)) - Therefore
gr((xp ---;xd))
=< f((xl; ---;xd)); (19)

x = (X1, 0, %q) €I\ (121, Xr141) X oo X (Xpa—1, Xras1)-

By lemma 3,
Xri+1 Xrd+1
f f (gr((tl, wota)) = f((t, ...,td)))+ dt, ...dt,
Xr1 Xrd
<Z, (20)
and

fxm ...fxrd (gr((tl,...,td)) — f((¢e, ...,1:0,)))+ dt, ...dt,

Xr1-1 Xrd—-1

<Z. (21)
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If1<i<j<n-—1,letusconstructafunctiong;; € A;;.Then,ifj = i + 1, then
let g;iv1 =5 [ which belongs to 4; ;.,. From the other ,we have

by (19), that gj((xip v Xia)) < 9i((xins o xi0)) 5 G ((le' ---,de)) < gj

((le, ...,de)).
gj—g; is continuous on I, = [x;y,xj;]| X .. X [xiq,%j4] . therefore there exists
a 6e (xil,le) X .. X (xid,x]'d) such that gi((gli !Hd)) = g]((Hl, 'Qd)) In
addition , by (16) and (17) hi((ty, ., ta)) < hi((ty, o ta)), t € (xi1,%j1) X o X
(xia,xja), Whence h; —h; is nonnegative on (xiy,xj;) X ... X (x;4,%j4) leads to
gj — gi is non-decreasing on (x;3, xj1) X ... X (x;4, xj4 ). Therefore
gl-((xl, ...,xd)), ifx, <60,¢=1,..d

max} g;( (x4, ..., x4)), g:((xq, ..., x =

{gl(( 1 d)) g](( ! d))} {gj((xl, ...,Xd)), lfxtz > eg,f = 1, d,
and we set gi,j((xl, ...,xd)) = max{gi((xl, ...,xd)),gj((xl, ...,xd))},x €l, =
[xi1, %j1] X ... X [xi4, %ja] - Note that g; ; convex on I,. For the integers m, i + 1 < m <
j, 0=(64..,04) satisfies 0 € [xX;1-1, Xm1] X oo X [Xma—1, Xmal- And for the
integers ¢,{ #m,i+1<{<j, the function g;; is linear on [xz3_q,Xz1] X ... X
[xza-1,%za] » but it may not be so on the interval [xy—1, Xm1] X - X [Xma—1, Xmal -
Then we shall replace it by amultipolynomial of degree< k — 1 . Then by the convexity
of g;; we get
— gi,j((xmlf ---'xmd)) - g_i,j((xml—l' ---'xmd—l))
(i1t s Xmg—1 1)) <
gw( mi-t ma-1 ) (xml - xml—l) (xmd - xmd—l)

< g1 /((ema—=s oo Xma —)).

Put
d d _ {S'((xm1_1+, v Xmd-1 +)) B ifm—1=1i
d i rad f,((xm1_2+, vy Xmd—2 +)) ’ o.w ,
and
44 = {s’((xml—, s Xma =) if m=j,
p, - Up, — ,
! ¢ f ((xm1+1_' v Xmd+1 _)) ’ ow ,
Therefore

dg, - dg, < g{,j((xm1_1+, oy Xd—1 +))
< gg‘j((xml—, v Xmd _)) < db1 dbd'
Also, in view of (16) and (17),
da1 dad < S'((Xm1_1+, v Xmd—-1 +)) y S,((xml—, v Xmd —)) < db1 ...dbd.
Applying Lemma 2 with a, = xppp_q and by = xp, £ =1, ...,d,
q=s and

[Xm1—1Xma]X .. X[Xmd—1,Xma]l
a = f((xml—lJ ---rxmd—l)) - gi,j((xm1—1» ---'xmd—l)) and g = f((xmlr ---'xmd)) -
9,/ (Gamay ) Xma)), SO We get the required polynomial p. Let
Gij((xq, ., Xq)), ifx & [Xm1—1, Xm1] X oo X [Xma—1, Xmal,
gi,j((xll ___,xd)) = { l]( ) m m m m

p((xy, e\ %4)), if x € [Xm1—1, Xmal] X oo X [Xma—1, Xmal-
Then (10) and (11) yield g;; € A;; and (12) gives
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[ [ Gl

Xmi-1 Xmd-1

— f((¢ey, ...,td)))+ dt, ...dtg (22)
< fxml ...fxmd (s((tl, wota)) = f((t, ...,td)))+ dt, ..dty; < Z.

By virtue of (20) and (21) we have
Xi1+1 Xid+1
f f (gi,j((tl, wota)) = f((ty, ...,td)))+ dt, ..dt,
Xi1

Xid
<1Z, (23)
and

]Xﬂ ...fxm (gi’j((tl,...,td)) —f((tl,...,td)))+ dt, ...dt,

Xj1-1 Xjd—1
<7Z. (24)
Since (21) implies that g; ;((x1, ..., x4)) < f((x1, ., xq)) forall (xy, ..., x4) €
[x71-1,%71] X oo X [Xzq-1,%za] i + 1 < { < j,{ #m, we conclude from (21), (23)
and (24) that

f f (90,(Ct o ta)) = £ (1 ) td))) dt; ...dtg

Xi1 Xid

< 3Z. (25)
If 5((ty, ..., t4)) is a continuous function on I, = [x;1, xj1 | X ... X [x4, xj4 ], then we

have
f()
Xi1
f §((ty, -, ta))dty .. dty

'Lll Xid

x]l x]d
+] j §((ty, ) td)) dt, ...dt,.
Xi1

Xid
Indeed , for x;p <x, <xj,, £=1,..,d, when

©
f §((ty, -, ta))dty .. dtd

Xid

< (26)

X1 Xd
f w | 8((ty s tq))dty .dty = 0, then

Xi1 Xid

X1 Xd
o[
Xi1 X

id

Xji (¥ja
< f f 84 ((ty, s tg))dty ... dty.
Xi1 Xid

On the other hand, if

X1 Xd
J j §((ty, - tq))dty ...dty < 0, then
Xi1

.xl Xq Xq
f f f §_((ty, o  tg))dty ... dty
Xi1 Xi1 Xid
xj1 Xjd
sf f S_((ty, e, tg))dty ... dty
»

i1 Xid

X1 Xd
8((ty, ., tg))dty ...dty sf f 84 ((ty, s tg))dty .. dty
Xi1 X

id

fxd5((t1, v tg))dty . dtg| <

Xid
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le x]-d
= —f f §((ty, ) t))dty ... dty
Xi1

Xid

le x]-d
+f f 6((t1,...,td))+dt1...dtd.

Xi1 Xid

This completes the proof of (26). Then let
© ©
A () =f f (gi,j((tl, wrtq)) —f((tl,...,td))) dt, ...dtg,
Xi1

Xid

using (25) we get
a1,

< |Ai,j ((le, ...,de))|

+3Z. (27)
Lemma 5. If 1 <i<n-—2isan integer. Then, there isan integeri+1<j<n-1
and a multifunction g; ; € 4; ;, satisfying

A7) = ]o f() (g75(Ctas s ta)) = F((tr, o tD) ) Aty . dity,

and
| A;‘kﬁj 12
< 12Z. (28)
When j <n —1, we have
A;k’] ((le, ey de))
< 0. (29)
Proof. assume Al-,n_l((xnl_l, ...,xnd_l)) >0 : therefore (25),

Din—1(Otpao1, ooos Xna—1)) <3Z, and let g;,_; = gin_1, We get (28) by (27). at the
other side , at least one of Al-,m((xmr, ...,xl-d+r)), 1<r<n-—i-—1, is negative.
When 1<r<n—i—-1, =6Z< Ajr((Xirer o Xiger)) <0, then let j =i+
r also g;; = g;;- And (29) is proved , also by (27), we get (28). At last , if all the
negative numbers above < —6Z, let 1<r<n-—i—1, be small and satisfy
Apivr((ciggrs oo Xiger)) < —6Z. Then for , r =2, since gipq((xy, e, %q)) =
s((xq, e Xg)) , X € [xi1, Xi141] X oo X [ X0, Xig+1] whence
|8 i1 ((eirgns o Xige1))| < Z. Let j=i+7r ,and p= S|

Then by (18) ,

le_l,le]x...x[xjd_l,xjd] ’

© ©
f f (p((tl, wota)) = f((t, ...,td))) dt, ...dt,

Xj1-1 Xjd-1

I3

<7 (30)
13 = [le—lile] X ... X [de_l,x]'d].

Denote
- _ gi’j_l((xl, ...,Xd)) , if x € [xil,le_l) X ... X [Xl'd,xj'd_l),
gi,j((le "'de)) - .
p((xl, ...,xd)), if x € [le_l,le] X .. X [xjd_l,xjd].
And by gi,j € Ai,j—l and gi,j € Aj—l,j , Wwe have gi,j € Ai,j . Assume
gzj((xl, ...,xd)) = Agi,j((xl: ---:xd)) + (1- A)gi,j((xl, ...,xd)) , X =(xq,...,x4) €

-1
12 = [xil,le] X ... X [Xid,de] where A1 =6Z Ai,j ((le, ...,de))| . Clearly
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1€ (0,1) X ..x(0,1), therefore g;; € A;;. The definition of r leads to 0<

Ai,j—l ((le_l, ...,de_l)) < 3Z.
Then using (27)

O 0
f. f (gi,j((tl,...,td)) — £((¢y, ...,td))) dt, ..dt,

Xid
= ”Ai,j—1”,4» Iy = [xilijl—l] X . X [xid'xjd—l]'

< |8¢jo1 (G o X0-1) )| + 32 < 62.

Iy

Also by (30)
fl f (gi,j((tl,...,td)) —f((tl,...,td))) dt ..dt,

=141 ((le—l' ""xfd_l))

+ jX1 ...fXd (p((tl,...,td)) —f((tl,...,td))) dt, ...dt,

Xj1-1 Xjd—1

< |Ai,j—1 ((le_l, ...,de_l))| +7Z< 4Z,
X = (xl, ...,Xd) € 13 = [le_l,le] X ... X [de_l,xj'd].

Therefore
O] O]
f f (g‘i,j((tl, v ta)) = £, ...,td))) dt, ...dt,
Xi1 Xid Iy
< 6Z. (31)
In particular ,

A ((le, ...,xjd)) = A4;; ((le' ---'xjd))

le x]'d

+(1 - /’l)j j (gi_]-((tl, v ta)) = F((ty, ...,td))) dt, ...dt,
Xi1 Xid

<-6Z+(1-1)6Z<0,

therefore (29) is proved . Then using (27) and (31) ,to obtain

Al = Alall,
O O
+(1-2) f f (gi,j((tl, wota)) = f((ty, ...,td))) dt, ...dt,
Xi1 Xid I
< 2([80; (g2, - 250) )| +32) + 6(1 = 1)Z = 62 + 62 — 312 < 122. Then (28)

is proved , which completes the proof .
Proof of the Theorem. Note that

X1 Xd
(s eerx)) = F(Gerny o 1)) + f f G((try s t))dty dity, x €1
X11 X1d
where
s((ty, - t), if t € [xo1,%11) X - X [x0q, X14)
g((% e td)) = U (Xp1-1,Xn1] X oo X (Xng—1,%nql
g((tl, ...,td)), ift € [x11, Xp1-1] X oo X [X10) Xna—1],
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IS in A; ,—1. This shows that S is 3-monotone . Now let us define g(t,, ..., t4) using the
induction. Then using Lemmal for J = [x;;_1, Xj1] X .. X [Xjg-1, Xiq] , 2 <i<n-—1,
where q =5, ,thenp € 4;_;;. Also,wehaveifg €4;;,1<i<j<{<n-—-1
and g € Aj; theng € A;, . We can define g using induction. And using Lemma 1

fOI’ [Xll, le] X ... X [de, de] ,With q=s |[x:11 o 1% X[X1 %2 a] , We get a

multipolynomial p € 4, , . and let g((xy, ..., x4)) = p((x1, o, x4)), (x4, .., x4) €
[x11, X21] X oo X [X14, X24]- Assume the g defined on [x;4, x41] X ... X [x14, x;4] fOr
some2 <i<n-—2,itbelongsto A;; , withall x € [x14,x;1] X ... X [x14, x;4], that

fxl fxd (9(Cty o t)) = £ty o t))) ity .. dty

X11 X1d
<247, (32)
where Z is defined in (18) , then

fxil fxid (g((tl, wota)) — F((ty, ...,td))) dt, ..dt,

X11 X1d

< 12Z. (33)
Then we define g on some I, = [xi1,%j1] X ... X [xiq,%jq], i <j<n—1, so that
g €4;;,(32) is true, on the interval [xy5,xj;] X ... X [x14,xj4] and whenj <n —1,
we have

]Xﬂ fxm (g((tl, v ta)) = f((ty, ...,td))) dt; ..dt,

X11 X1d

< 127. (34)
If . .
f l f (g((tl,...,td))—f((tl,...,td))) dt, ..dt,
Y (35)

then if j = i + 1using Lemma 1 forls = [xj;_1,%j1] X ... X [¥jq-1, Xjq] and q = 5 I
3

et g((xq, vy xg))i = p((xq, ey xq)), x = (x4, ...,x4) € I3 Where p is the required
multipolynomial. For x = (x4, ..., x4) € I3, using (33) and (5) ,we get

fxl __.f"d (g((tp v ta)) — (&, ...,td))) dt; ...dtgy

< fxil ...fxid (g((tl, wota)) = f((ty, ...,td))) dt, ...dt,
+ fxl fxd (p((tl, wota)) = f((t, ...,td))) dt, ...dt,

<12Z +27Z <147Z.
Hence, combining with (32) for x = (x4, ..., x4) € [x11, Xi1] X ... X [X14, Xiq] , We S€€
that (32) holds for x = (xy, ..., x4) € [x11,%j1] X - X [x14, Xjq].
Moreover, (6) implies that

le x]-d
0< f f (g((tl, wota)) = f((ty, ...,td))) dt, ...dty < 2Z,
Xj1-1 Xjd—1
which together with (33) and (35) yield
le de
127 < f j (9(Cty, o t)) = F((tr o t))) Aty .ty < 122,

X11 X1d
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So (34)‘is proyed . Otherwise,
f f (g((tl, wota)) = f((ty, ...,td))) dt, ...dt,

X11 X1d
> 0. (36)
using Lemma 5, to get some integer j, i + 1 <j <n—1, and g;;is in4, ;, and satisfy
(28) and (29) when j < n— 1. Let g((xy,...,x4)) :gg",j((xl, s X)) (X1, e, Xg) €
I,, when j =n—1, using (28) to get (32) when (xq,...,x4) € [X11, Xn1-1] X ... X
[X14) Xna—1]- Then , if (x4, ..., x4) € I, using (28) and (33), we get

fxl fxd (g((tl, wota)) = f((ty, ...,td))) dty ... dtd‘

< fxil ...fxm (g((tl, wota)) = f((ty, ...,td))) dt, ...dt,
+ fxl fxd (g;j((tl, wota)) = f((ty, ...,td))) dt ..dt,

<12Z +12Z < 247.
Hence, (32) holds for (xy, ..., x4) € [x11,%j1]| X ... X [x14, xj4]. Also, by (36) and (33),

0< fxil ...fxid (g((tl, wota)) = f((ty, ...,td))) dt, ...dty < 12Z,

X11

which combined with (28) and (29) give
le x]'d
—12Z < f f (g((tl, wota)) = f((¢ty, ...,td))) dt, ..dty < 12Z.

X11 X1d

Thus the proof of (34) is complete.
Then using (32) and definition of S to prove (2)
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