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On S — Expandable Spaces
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Abstract

In this paper, we recall the definition of expandable space which was introduced by Krajewski
(1971). We also study similar definition using semi open sets which is called s—expandable space. Also

we will show that if X is s—expandable, Y is locally compact and paracompact then X XY is s—

expandable.
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Introduction

In this paper we recall the definition of s-open set which was introduced by
Levine (1963) and was studied in (Caldas, 2000) (Cueva and Saraf, 2000) and
(Dontchev and Ganster, 1998). Also in this paper we introduce the definition of s—
expandable as a natural generalization of expandability which was introduced by
Krajewski (1971). This paper consists of two sections. In section one we summarize
the results concering s — expandability.

We show that every s—paracompact space is s—expandable and establish
equivalence under some conditions. Also in section one we introduce various
generalizations of the nation of s—expandability. In section two as proved in (Smith
and Krajewski, 1971), a product of an expandable space with a locally compact and
paracompact space implies expandability of that product, we obtain product theorem
concerning s— expandability.

1. Preliminaries and Definitions

Let ZZ be a family of subsets of a topological space X . For each Ac X the
family{Ue Z : U N A # ¢}is denoted by (2) ; if A={X}, then we write (2 )y in
place of (Z) a. For any set A < X and collection Z, st( A, Z) ( the star of 2 about

A) denotes the set U(Z)a. If X e X, st({x},Z0) is simply denoted by st( X ,Z). For
any set A, [A]'={B:Bc A|B=n} and [A]"” :u{[A]n n< a)} is the set of all
finite subsets of A.

Definition1.1: - (Levine, 1963)

A subset A of a topological space X is called semi open (s — open) set if and
only if Ac CI(Int(A)). Itis clear that every open set is s — open, but the converse

IS not true. Also it is clear that the intersection of two s — open sets is not necessary
s — open, but the intersection of s — open set with open set is s- open.
Definition 1.2 :- (Krajewski, 1971)
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A space X is called expandable if and only if every locally finite collection
{Fa ra < K} of closed subsets of X has a locally finite collection
{G,, :a < K} of open subsets such that F, < G, for each o < .

Definition 1.3
A space X is called s-expandable if and only if every locally finite

collection {Fa ca< K} of subsets of X has a locally finite collection {Ga ca< K}
of s-open subsets such that F, = G, foreach o <k .
Theorem 1.4

A space X is s - expandable if and only if for every locally finite collection
of closed subsets {F, 1z <x} of X there exists a locally finite collection of s —
open subsets {Ga ta < K} suchthat F, = G, forevery o <« .

Proof
(—) Is clear.

(<) Let {Fa :a<K} be a locally finite collection of subsets of X . Then
{Ea o< K‘} is a locally finite of closed subsets of X . Therefore {Ea o< K} has
a locally finite collection {Ga :a</c} of s — open subsets of X such that

FocG, foreach & <x.Hence F, c F, =G, foreach o <« .
Note 1.5

It is clear that every expandable space is s — expandable.
Theorem 1.6

A space X is s - expandable if and only if for each locally finite collection
{Fa o< K} of closed sets in X there exists a locally finite s — open cover gof X
such that for each G € 6 ,{a <k :G N F,, # @} is finite.
Proof

(—) Let {Fa a </<} be a locally finite collection of closed sets . Let

D=[«]*. Foreach d e D, let U(d) = X \U{F, :a ex|d}. Then {U(d):d € D}
is an open cover of X . Let B(¢)=U(g)and B(d)=U()n(F, . deD]|{g}

aed

Then {B(d):d e D} is a locally finite cover of X with B(d) cU(d) for each

deD.
There is a locally finite s— open cover {G(d):d C D} of X such that

B(d) cG(d) for each d € D. We may assume G(d) c U (d)for each d e D.
since for each o ex\d,G(d)nF, cUd)nF, cUd)n |JF, =¢.

aexld
Thenforeach d e D, {a <x:G(d) " F, # ¢} = d, so it is finite.
(<) Suppose {Fa ra< K} is a locally finite collection of closed sets in X and G is
a locally finite s-open cover of X such that for each Geg,
AG) = {a <k:GNF, # ¢} is finite. For each & < K, let Uo= st(Fa,G). Then
F,cU, for each & < K. Let Xe X . There is a neighborhood H of x such that
(O < w.Let C={a<x:HNU, #¢}. Then Cc U{AG):G e (g), }.
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Therefore [C| < @. It follows that {U, 1 <x| is a locally finite and X is
s —expandable.

Definition 1.7 (Raad Al-Abdulla, 1992)
A space X is called s — paracompact if every open cover of X has a locally
finite s - open refinement.
Theorem 1.8
Every s — paracompact space is s — expandable.
Proof:-

Suppose {Fa :a<lc} is a locally finite collection of closed sets in s —

paracompact space X . let D= [k]“". For each deD define
G(d)=X\U{F, :aex|d} . Foreach xe X , let d(x)={a<x:xeF,},
then X € G(d(x)) , and so g= {G(d) d e D} is an open cover of X . Let % be a
locally finite s — open refinement of G. For each & <k, let Uo= st(Fo, 7/ ). Then
F,cU, foreach o <x.Tosee % ={U, :a <} is locally finite, let X € X .
There is a neighborhood V of X with (W )y= {Wl,...,Wn} is finite. For each i <n

there exists d, e D, W, c G(d,). If C={a<x:V nU,, # ¢}, then Ccodi,

i=1
so C is finite. Hence Z is locally finite.
Definition 1.9
A space X is called @ - s - expandable if and only if every locally finite
collection {F. :i < @} of subsets of X has a locally finite collection {G, :i < @}

of s - open subsets of X suchthat F < G, foreach i <.
Theorem 1.10
Aspace X is @ -s - expandable if and only if every countable open cover of

X has a locally finite s — open refinement.
Proof:-

(—>) Let Z={U, :i < w}be a countable open cover of X . Let F, =U,

i-1
and F =U, \UUk for each 1=2,3,..., then the collection {Fi < a)} is a locally
k=1
finite cover of X . Since X is @ - s - expandable , there is a locally finite s — open
collection {G, :i <@} suchthat F;, = G, foreach i.Let V, =U; NG, foreach i ,
then the collection {Vi i< a)} is a locally finite s — open refinement of 7.
(<) let :{Fi :i<a)} be a locally finite closed collection of X . Let
U, =X\ U F; i<®.Now U, isopen, U; meets only finitely many elements of &,
j=i+l
and {Ui :i<a)} covers X . Then there is a locally finite s — open refinement
7/={Vi i <a)} of {U;:i<w}. set G =st(F ,v)=u{ Vev:VnF =g},
I <w.Clearly F; € G; and G; iss—open foreach i < w.
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We claim that {Gi i< a)} is locally finite. Each X € X belongs to an open set O
which meets only finitely many members of ¢. Thus O N G; # ¢ if and only if
ONV #¢ such that V N F # ¢ for some i <@. Since V contained in some
U, so it meets only finitely many F,. Thus {Gi i< a)} is locally finite.
Corollary 1.11

If a space X is s - expandable then every countable open cover of X has a

locally finite s — open refinement.
The result of this Corollary follows from Theorem.1.10.

Definition 1.12

A space X is called countably s—paracompact if and only if every countable
open cover of X has a locally finite s—open refinement.
It is clear that every s—paracompact space is countable s—paracompact and a space X
is @ - s -expandable if and only if it is countably s — paracompact.
Theorem 1.13

If every open cover of a space X has o — locally finite open refinement, then
X is s— paracompact if and only if X is countably s—paracompact.
Proof
(—) Is clear

() Let 2= {Ua a< K} be an open cover of X . Then there exists an open
refinement 7/ = |J #h of Z such that for each N <@ and each X € X there is a

N<e

neighborhood G, of X such that|(w,)s |[<@. Since {u W, N< o} is a
countable open cover of X, there exists {Vn n< a)} an s — open refinement of
{UW .. N <@} such that V,, < U ¢4 and for each X € X there is a neighborhood
O of xsuchthat [{[n<@:0 NV, zgj<o.Let g={V, "W :W ew ,n<w}.

Hence ¢ is an s— open refinement of ZZ. For each X € X there exists a neighborhood
O of X such that {n <w:0NV, ¢¢}={n1,...,nk}.For each 1=1,... K there is a

k
neighborhood G, of Xsuch that | (# )  |<®. Let H=0n()G,. Then His a
L i-1

neighborhood  of  X. LetC={(nW):HNV, "W)#g,n<o WeWhn}.  Then

k
c cO({ni}x(Wni )Gi ) Therefore ‘C‘ < Z\( w, )Gi
i1 i=1

Corollary 1.14
If every open cover of a space X has o — locally finite open refinement ,
then the following are equivalent:
(One) X iss— paracompact
(Two) X is countably s — paracompact.
(Three) X is s — expandable.
(Four) X is @ - s — expandable.
The result of this Corollary follows from Theorems 1.8 , 1.10 , 1.13 and
Corollary 1.11.
2. Products of two spaces

<. Thus X iss— paracompact.
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By a space we mean a Hausdorff topological space.
Lemma 2.1 [Engelking, 1998) Theorem 3.10.3]
For every space X the following conditions are equivalent:-
(@) Thespace X is countably compact.
(b) Every locally finite family of non — empty subsets of X is finite.
(c) Every locally finite family of one — point subsets of X is finite.
(d) Every infinite subset of X has an accumulation point.
(e) Every countably infinite subset of X has an accumulation point.
Lemma 2.2 [ Engelking, 1998) , Lemma 3.1.15]

If A is a compact subspace of a space X andy a point of a space Y , then for
every open set W < X xY containing Ax {y} there exist open sets U — X and
V <Y suchthat Ax{y}cU xV cW .

Lemma 2.3
Assume that Y has two covers {C_ :a <k} and {U,:a<x} such that

{Ua o< K} is locally finite and for all & < x,C,, is compact and U, is open with
C,cU,.If X iss—expandable, then X xY iss—expandable.
Proof

Let 7 = {F, :s € D}be a locally finite family of closed subsets of X xY .
For each a<x and SeD define p(,S) =7Z'[FS N (X xCa)] where
. X xY — X be the projection. For any fixed a <k, p, = {p(a,s) = D} is
locally finite in X . [let X € X . Since {X}xC_ is compact , by [Lemma2.1(ii)]
D, = {S eS: ({XIxC,)NF # ¢} is finite. Since ({x}x Ca)m(UseD‘DO F)=¢, by
[Lemma 2.2] , there exist an open set G in X and an open set H in Y such that
xeG,G, cH and (GxH)n( ]  F)=¢. Let B={seD:Gnp(a,s)#4}.

seD|D,
Then B < D,. Thus B is finite and p, is locally finite]. Since X is s—expandable,
there is a family {W (a,s):s e D} of locally finite s — open subsets of X such that
p(a,s) cW(a,s) for all Se D. For each se D define G, = JW(a,5)xU,).

a<k

Since {C, :ax<x} covers Y, F, — G,. It is clear that G, is s — open. Now let
(X,y) e X xY . Then for G, a neighborhood of y, A, ={a<k:G,NU, #4¢} is

finite. For each a€ A there is G, a neighborhood of X such that if
D,={seD:G, "W(a,s)#¢}, then |D,|<o. LetC:{SeD:((ﬂGa)xq)mGs¢¢}.
aehy

Then Cc [ JD, . It follows that |C| < @ . Therefore X x Y is's - expandable.
aehy
Theorem 2.4
If X is s — expandable and Y is locally compact and paracompact, then
X xY iss—expandable.
Proof

For each Yy €Y there exists U, a neighborhood of y such that U_yis
compact. Then Z = {Uy Ly eY} is an open cover of Y . Let ZZ={U :a <k}, then %
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has a locally finite open refinement ¢ ={V ,:a <«x}. Since Y is T, paracompact
space, then it is normal. Hence there exists an open cover G = {Ga a< K}of Y such

that G, cV, . Therefore {Q ra< K}and Vi <} are two covers of Y satisfy
the conditions of Lemma 2.3. Therefore X xY is s — expandable.
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