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Abstract   
In this paper, we recall the definition of expandable space which was introduced by Krajewski 

(1971). We also study similar definition using semi open sets which is called s–expandable space. Also 

we will show that if X is s–expandable, Y is locally compact and paracompact then YX  is s– 

expandable. 

 ةحول الفضاءات نصف الموسع

 الخلاصة
. كعذل  سعون نعمتع تعريعف ق عاذا ل عذا krajewskiفي هذا البحث نتذكر تعريف الفضاء الموسع  االعذق معمن قعل م ع       

فضعععاء  Xالتعريععف ذاسعععتعماج المتموصععال نتععع  المفتوسععا االعععذق نفععمما ذالفضعععاء نتععع  الموسعع  ذاانعععافا العع   لععع  سعع   ل ا ا كعععا  
  يكو  فضاء نت  قوس .  YXفضاء قتراص قحلما اقتضان فا  ساص  الضرب الميكاتتي  Yنت  قوس  ا

Introduction 
 In this paper we recall the definition of s-open set which was introduced by 

Levine (1963) and was studied in (Caldas, 2000) (Cueva and Saraf, 2000) and  

(Dontchev and Ganster, 1998). Also in this paper we introduce the definition of s–

expandable as a natural generalization of expandability which was introduced by 

Krajewski (1971). This paper consists of two sections. In section one we summarize 

the results concering s – expandability. 

 We show that every s–paracompact space is s–expandable and establish 

equivalence under some conditions. Also in section one we introduce various 

generalizations of the nation of s–expandability. In section two as proved in (Smith 

and Krajewski, 1971), a product of an expandable space with a locally compact and 

paracompact space implies expandability of that product, we obtain product theorem 

concerning s– expandability. 

1. Preliminaries and Definitions 

       Let U  be a family of subsets of a topological space X . For each XA  ,the 

family{U U }AU:  is denoted by (U) A; if }{xA  , then we write (U )x in 

place of (U) A. For any set XA   and collection U, st( A , U) ( the star of U about 

A ) denotes the set (U )A. If Xx , st( }{x ,U) is simply denoted by st( x ,U). For 

any set A ,         



nAAandnBABBA

nn
:,:  is the set of all 

finite subsets of A . 

Definition1.1: -  (Levine, 1963)  

 A subset A of a topological space X is called semi open (s – open) set if and 

only if ))(( AIntlCA . It is clear that every open set is s – open, but the converse 

is not true. Also it is clear that the intersection of two s – open sets is not necessary         

s – open, but the intersection of s – open set with open set is s- open. 

Definition 1.2 :-  (Krajewski, 1971) 
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  A space X  is called expandable if and only if every locally finite collection 

  :F  of closed subsets of X  has a locally finite collection 

  :G  of open subsets such that  GF   for each   . 

Definition 1.3   

A space X  is called s-expandable if and only if every locally finite 

collection  :F  of subsets of X  has a locally finite collection   :G  

of   s-open subsets such that  GF   for each   . 

Theorem 1.4 

   A space X  is  s - expandable if and only if for every locally finite collection  

of closed subsets   :F  of X  there exists a locally finite collection of s – 

open subsets   :G  such that  GF   for every   . 

Proof 

  ( ) Is clear. 

( ) Let   :F  be a locally finite collection of subsets of X . Then 

  :F  is a locally finite of closed subsets of X . Therefore   :F  has 

a locally finite collection   :G  of s – open subsets of X  such that 

 GF   for each   . Hence  GFF   for each   . 

Note 1.5  

 It is clear that every expandable space is s – expandable. 

Theorem 1.6 

A space X  is s - expandable if and only if  for each locally  finite collection 

  :F  of closed sets in X  there exists a locally finite  s – open cover G of X  

such that for each G G     FG:,  is finite. 

Proof 

           ( ) Let   :F  be a locally finite collection of closed sets . Let 

  



D . For each Dd  , let  dFXdU |:\)(   . Then  DddU :)(  

is      an   open    cover  of X . Let  


|,)()()()( DdFdUdBandUB
d

a 


 . 

Then  DddB :)(  is a locally finite cover of X with )()( dUdB   for each 

Dd  .  

There is a locally finite s– open cover  DddG :)(  of X  such that 

)()( dGdB   for each Dd  . We may assume )()( dUdG  for each Dd  . 

Since for each 


 



d

FdUFdUFdGd
|

)()()(,\ . 

Then for each Dd  ,   dFdG   )(: , so it is finite. 

( ) Suppose   :F  is a locally finite collection of closed sets in X  and G is     

a locally finite s–open cover of X  such that for each G G,  

    FGGA :)(  is finite. For each   , let U= st(F,G). Then 

 UF   for  each κα  . Let Xx . There is a neighborhood H of x such that        

| (G)H| ω . Let     UHC : . Then  (:)(  GGAC G 
H

) . 
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Therefore C . It follows that   :U  is a locally finite and X  is                      

s – expandable. 

 

 

Definition 1.7  (Raad Al-Abdulla, 1992)  

A space X  is called s – paracompact if every open cover of X  has a  locally 

finite s - open  refinement. 

Theorem 1.8 
 Every s – paracompact space is s – expandable. 

Proof:- 

   Suppose   :F   is a locally finite collection of closed sets in s – 

paracompact space X . let   
 kD . For each  Dd   define 

 dFXdG |:\)(    . For each Xx  , let   Fxxd  :)(  , 

then ))(( xdGx  , and so G  DddG  :)(  is an open cover of X . Let W  be  a 

locally finite s – open refinement of G. For each   , let U= st(F,W ). Then 

 UF   for each   . To see U    :U  is locally finite, let Xx . 

There is a neighborhood V of x  with (W )v  nWW ,...,1  is finite. For each ni   

there exists ,Ddi   )( ii dGW  . If     UVC : , then 
n

i

idC
1

 , 

so C is finite. Hence U is locally finite. 

Definition 1.9 

 A space X  is called   - s - expandable if and only if every locally finite 

collection  iF
i
:  of subsets of X  has a locally finite collection  iG

i
:  

of   s - open subsets of X such that 
ii

GF   for each i . 

Theorem 1.10   

 A space X  is   - s - expandable if and only if every countable open cover of 

X  has a locally finite s – open refinement. 

Proof:- 

 ( ) Let U   iU i : be a countable open cover of  X . Let 11 UF   

and 
1

1

\





i

k

kii UUF  for each ,...,3,2i  then the collection  iFi :  is a locally 

finite cover of X . Since X  is ω  - s - expandable , there is a locally finite s – open 

collection  iGi :  such that ii GF   for each i . Let iii GUV   for each i  , 

then the collection  iVi :  is a locally finite s – open refinement of U. 

          ( ) let F   iFi :  be a locally finite closed collection of X . Let 






iFXU
ij

ji ,\
1

 . Now iU  is open , iU  meets only finitely many elements of F, 

and  iU i :  covers X . Then there is a locally finite s – open refinement               

V  ωiV
i

 :  of  iU i : . set iG st(
i

F ,V )  V V  iFV: , 

i . Clearly ii GF   and iG  is s – open for each i . 
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We claim that  iGi :  is locally finite. Each Xx  belongs to an open set  O 

which meets only finitely many members of V . Thus  iGO  if and only if 

VO  such that  iFV  for some i . Since V  contained in some 

i
U , so it meets only finitely many iF . Thus  iGi :  is locally finite. 

Corollary 1.11 

 If a space X  is s - expandable then every countable open cover of X  has a 

locally finite s – open refinement. 

The result of this Corollary follows from Theorem.1.10. 

 

Definition 1.12 

 A space X  is called countably  s–paracompact  if and only if every countable 

open cover of X  has a locally finite s–open refinement. 

It is clear that every s–paracompact space is countable s–paracompact and a space X  

is   - s - expandable if and only if it is countably s – paracompact. 

Theorem 1.13   

 If every open cover of a space X  has  locally finite open refinement, then 

X  is s– paracompact if and only if X  is countably s–paracompact. 

Proof 

( ) Is clear 

( ) Let U    :U  be an open cover of X . Then there exists an open 

refinement W U



n

Wn of U such that for each n  and each Xx there is a 

neighborhood nG  of X  such that ( W |)
nGn . Since W }: nn  is a 

countable open cover of X , there exists  nVn :  an s – open refinement of  

W }: nn  such that nV Wn and for each Xx there is a neighborhood 

O of x such that     nVOn : . Let G  WWV
n

:{ W }, ωn
n

 . 

Hence G is an s– open refinement of U. For each Xx  there exists a neighborhood 

O of x  such that    kn nnVOn ,...,: 1  .For each  ki ,...,1 there is a 

neighborhood 
i

G  of x such that (| W ω
ii Gn
|) . Let 

k

i

iGOH
1

 . Then H is a 

neighborhood of x . Let  WnWVHWnC n ,,)(:),{(  Wn}. Then 

 
k

i

inC
1

(


 W 
ii Gn

) . Therefore   C 


k

i 1

( W ω
ii Gn
) . Thus X  is s – paracompact. 

Corollary 1.14  

 If every open cover of a space X  has   locally finite open refinement , 

then the following are equivalent: 

(One) X  is s – paracompact 

(Two) X  is countably s – paracompact. 

(Three) X  is s – expandable. 

(Four) X  is  - s – expandable. 

The result of this Corollary follows from Theorems 1.8 , 1.10 , 1.13 and 

Corollary 1.11. 

2.   Products of two spaces 
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 By a space we mean a Hausdorff topological space. 

Lemma 2.1  [Engelking, 1998)  Theorem 3.10.3] 

 For every space X the following conditions are equivalent:- 

(a)   The space X  is countably compact. 

(b)   Every locally finite family of non – empty subsets of X  is finite. 

(c) Every locally finite family of one – point subsets of X  is finite. 

(d) Every infinite subset of X  has an accumulation point. 

(e) Every countably infinite subset of X  has an accumulation point. 

Lemma 2.2  [ Engelking, 1998) , Lemma 3.1.15] 

 If A  is a compact subspace of a space X  and y a point of a space Y , then for 

every open set YXW   containing  yA  there exist open sets XU   and 

YV   such that   WVUyA  . 

Lemma 2.3 

           Assume that Y  has two covers   :C  and   :U  such that 

  :U  is locally finite and for all  C,  is compact and U  is open with 

 UC  . If X  is s – expandable , then YX   is s – expandable. 

Proof 

Let F  DsFs  : be a locally finite family of closed subsets of YX  . 

For each    and Ds  define  )(),(  CXFsp s   where 

XYX :  be the projection. For any fixed   ,  Dsspp  :),(  is 

locally finite in X .  [let Xx . Since 
α

Cx }{  is compact , by [Lemma2.1(ii)] 

   sFCxSsD )}({:0  is finite. Since  


)()}({
0| DDs sFCx , by 

[Lemma 2.2] , there exist an open set G  in X  and an open set H in Y  such that 

HGGx  ,  and 


)()(
0| DDs sFHG . Let    ),(: spGDsB . 

Then 0DB  . Thus B  is finite and p  is locally finite]. Since X  is s–expandable, 

there is a family  DssW :),(  of locally finite s – open subsets of X  such that 

),(),( sWsp    for all Ds . For each Ds  define )),(( 



 UsWGs 


 . 

Since   :C  covers sGFY , . It is clear that sG  is s – open. Now let 

YXyx ),( . Then for 1G  a neighborhood of y ,     UGkA 10 :  is 

finite. For each 
0

Aα  there is G  a neighborhood of x  such that if 

   ),(: sWGDsD , then  D . Let


















 s

A

GGGDsC ))((: 1

0

 . 

Then 
0A

DC





 . It follows that C . Therefore YX   is s – expandable. 

Theorem 2.4   

 If X  is s – expandable and Y  is locally compact and paracompact, then 

YX   is s – expandable. 

Proof 

For each Yy there exists yU  a neighborhood of y  such that yU is 

compact. Then U  YyU y  :  is an open cover of Y . Let U }:{ καU
α

 , then U 
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has a locally finite open refinement V }:{   V . Since Y  is 2T paracompact 

space, then it is normal. Hence there exists an open cover G    :G of Y  such 

that  VG   . Therefore   :G and   :V  are two covers of Y  satisfy 

the conditions of Lemma 2.3. Therefore YX   is s – expandable. 
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