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Abstract 
By using the notion of   -open sets, the author define  -compactness in-

bitopological spaces ,and studied the concepts and theorem related to compactness in 

view of this notion and obtained some similar results to that in topological spaces for 

example: "If ( ,,TX ) is a  -compact bitopological space ,then every infinite subset 

of X has at least one  -limit point", 

                 and others which disagree with that in topological spaces ,for example ,we 

gave an example for a  -compact subset of a  - T 2 bitopological space which is not 

 -closed. 
 ةالخلاص

الته ا(  يها الفءها ات الئيها ا   -المفتوحه    عه ا المفله  ) - بالاستفاده من مفهوم) المجموعات 
التوبولوجيهه  حب ههم المفههاليب حالم  ليههات المتتراهه  بههالت ا( مههن لههعا المياههوا ححاههش عرههه ت  اليتهها   الم هها ه  

  يءها  نيها ا التوبولهوجا يهل  اهش مجموعه  ج  يه   (X,T,W)ءا ات التوبولوجي  مئهش  )ااا اها لمئيلاتها يا الف
 غا ي  .   - غي  ميتهي  ت توي عرى الاقش ناط 

اصه  يها مت  -حاخ ى تخال  مئيلاتها يا الفءها ات التوبولوجيه  ح حيهم اعطييها مئهالا و مجموعه  ج  يه  
 مغرا .           -   نيا ا التوبولوجا حلا غي   - T 2يءا  )

1. Introduction 
In (Alswidi and Alhosaini, 2005) we worked on connectedness in bitopological 

spaces(the definition of bitopological spaces appeared firstly in (Kelly, 1963).The 

auther will continue, in this paper, with the notion of compactness .We first remember 

the definitions and results appeared in (Alswidi and Alhosaini, 2005) that we need in 

the present work and also refer to the part of (Jaleel, 2003) related to the axioms of 

separation in bitopological spaces  and correct some wrong results appeared in that 

part. 

( ,,TX ) is said to be a bitopological space if  TX , and  ,X were two topological 

spaces. 

        A subset A of X (in a bitopological space ( ,,TX )) is said to be  -open  

 set if AT-int( -Cl(T-intA))).In this paper we will use the symbol B.S to mean a 

bitopological space and the symbol   -O(X) for the collection of all  -open sets of 

( ,,TX ).   The complements of  -open sets are called  -closed sets.  

 -int(A) is defined to be the union of all   -open sets contained in  A .  

  -Cl(A) is defined to be the intersection of all   -closed sets containing A. 

     A function f  from  (X,T, ) to (Y, ,T ) is said to be   -continuous if for every  

 -open subset B of Y , 1f  (B) is  -open in X. 

     Similarly  -open,   -closed and   -homeomorphism between two bitopological 

spaces are defined. 

A B.S ( ,,TX ) is said to be   -T 0  if for each pair of distinct points x and y of X 

there exists a  -open  set G containing x but not y. 
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 Similarly the notions of   -T 1 , -T 2 , -regular ,  -normal and  -limit point were 

defined in (Jaleel, 2003) by replacing open (closed) sets by  -open  ( -closed ) 

sets.The following results (and others) were given in  3 :In a B.S ( ,,TX ) if (X,T) is 

T 0 ( T 1 , T 2 ) then ( ,,TX ) is  -T 0 ( -T 1 , -T 2 ). 

1.1 Remark. 

 If (X,T) is a regular space then it is not necessarly that a B.S ( ,,TX ) be  -

regular.(The converse i.e, If (X,T) is a regular space then a B.S ( ,,TX ) is  -

regular,was wrongly proved in (Jaleel, 2003). See the following example: 

Let X={a,b,c,d},T={X,  ,{a},{d},{a,d},{b,c},{a,b,c},{b,c,d}}and  

 ={X,  ,{a} } then ( ,,TX ) is a B.S and 

 -O(X)={X,  ,{a},{d},{a,d},{b,c},{a,b,c},{b,c,d},{a,b},{a,c},{a,b,d},{a,c,d}} 

note that (X,T) is a regular space ,but ( ,,TX ) is not  -regular.(take the point b and 

the  -closed set {c,d}). 

1.2 Remark.  If (X,T) is a normal space then it is not necessarly that a B.S ( ,,TX ) 

be  -normal.(The converse i.e, If (X,T) is a normal space then a B.S ( ,,TX ) is  -

normal,was wrongly proved in (Jaleel, 2003) referring to the same example above and 

taking F={c,d} and H={b} which are both  -closed sets and they are disjoint where 

there are no disjoint  -open sets that containing F and H  respectively.                                                                                                        

2.   -compactness. 
2.1 Definition. Let  ( ,,TX ) be a B.S ,a  -open cover of X is a collection 

{U i },i  ,of  -open subsets of X such that 


iU =X. A  collection {V j },j  ,is 

said to be a  -open subcover of {U i },i   if 

{V j j  } {U i i  } and {V j },j  ,is itself a  -open cover of X. 

2.2 Remark. Let ( ,,TX ) be a B.S,if  {U i },i   is an open cover of (X,T) then 

{U i },i   is a  -open cover of ( ,,TX ).  

2.3 Definition. A B.S ( ,,TX ) is said to be a  -Lindelof B.S if  every  -opencover 

of X has a countable  -open subcover. 

It is obvious that If  ( ,,TX ) is a  -Lindelof B.S then  (X,T) is a Lindelof space,but 

the converse is not true see the following example. 

2.4 Example. Let R be the set of real numbers,T , the absolute value topology on R 

(the usual topology) , ,the cofinite topology on R.Then (R,T,  ) is a B.S. (R,T) is a 

Lindelof space (see (Gemignani, 1971)) . 

Now we will show that (R,T,  )is not a  -Lindelof B.S: 

We first remind that  -O(X) consists of all the elements of T and any set containing a 

nonempty element of T(see (Alswidi and Alhosaini, 2005)). 

Let U x =  0,x  {x} then { U x }, xR   is a  -open cover of (R,T,  ) which has 

no countable  -open subcover. 

We know that a regular Lindelof  space is a normal space (see (Gemignani, 1971)). 

2.5 Remark. A  -regular,  -Lindelof B.S is not necessarily  -normal. 

Let N be the set of positive integers ,A n ={2n-1,2n},nN, 

T={ } {all possible unions of A n ,s},T is a topology on N (see Naoum, (1974)). 

and let   be the cofinite topology on N,then (N,T, ) is a B.S and: 

i)  -O(N)=T {B N  B is infinite and cntains some A n }. 
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ii) (N,T, ) is a  -Lindelof B.S (because N is a countable set). 

iii) (N,T, ) is a  -regular B.S 

    Assume F is a  -closed subset of N and xF 

 case1: F is a finite set ,choose j and k such that A j , A k N-F ,xA k and take  

M=max{2j,2k,the numbers in F},  U={x}  A j  {all odd numbers >M}. 

V=F  A k  {all even numbers >M} ,then U and V are disjoint  -open sets (see (i) 

above ) where  xU and FV. 

case2: F is infinite and N-F is finite ,in this case X-F must be the union of some 

A n ,s(see (i) above),let  x A
j

(for some j), take U= A j and V=N- A j .so U and V 

are disjoint  -open sets where xU and FV. 

case3: F and N-F are infinite ,so N-F must contain some A n ,say A k ,(see (i) above),if 

x  A k  take U= A k and V=N- A k .If xA k ,assume xA j for some j, and choose 

yN-F such that y  A j but yA p {for some  p ) then take U= {x}A k  ((N-F)- 

A j ) and V=F  A j , any way in this case  U and V are disjoint  -open sets where 

xU and FV.So (N,T, ) is a  -regular B.S. 

iv) (N,T, ) is not a  -normal B.S ,for if F={3,5,7,…}and H={4,6,8,…} then F and 

H are disjoint  -closed subsets of N .Note that any  -open set containing F must 

contain A 1 or some element of H ,similarly any  -open set containing H must contain 

A 1 or some element of F(see (i) above) i.e there are no two disjoint  -open sets U , V 

such that FU and HV. 

2.6 Definition. A B.S (X,T, ) is said to be  -compact if for any  -open cover 

{U i },i   of X ,there is a finite subcover .Suppose AX, A is said to be   -

compact if every  -open cover of the B.S A (with the relative topologies) has a finite 

subcover.  

2.7 Remark. If (X,T, ) is a  -compact BS., then (X,T) is a compact space (because 

T   -O(X) ).The convers is not true,see the following example: 

Let X=[0,1] ,T be the usual topology, and  be the cofinite topology on X. 

Then (X,T, ) is a B.S. , (X,T) is a compact space ,where  (X,T, ) is not 

   -compact ,for if we take U x =[0,½) {x},x [½,1] ,then { U x } is a              

   -open cover of X which has no finite  - subcover. 

 2.8 Theorem. Let  (X,T, ) be a B.S ,then X is  -compact if and only if given any 

family {F  },    of  -closed subsets of X such that the intersection of any finite 

number of the F is nonempty , 


 F   . 

The proof of this theorem is similar to the corresponding theorem in topological 

spaces.(see Gemignani, 1971)) 

2.9 Theorem. If  (X,T, ) is  -compact B.S ,then every infinite subset of X has at 

least one  -limit point. 

proof: Let A be an infinite subset of X which has no  -limit point. A contains a de-

numerable subset B,let B={x 1 ,x 2 ,…},since A has no  -limit point,then B has no  -

limit point too,which implies that  -Cl(B)=B i.e B is  -closed. 

Let D=X-B, D is  -open in X ,since B has no  -limit point, then for each 

x i ,i=1,2,3,…there exists a -open set U i such that  U i ∩B={x i },clearly,      
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D (
N

U i )=X. The family {U i },iN  {D} forms a  -open cover of X and since 

X is  -compact ,there exist i 1 ,i 2 ,i 3 ,…,i n such that X=DU
1i …U

ni  

Now B=BX=B ( DU
1i …U

ni ),therefore 

 B=  {x
1i } {x

2i
}… {x

ni } is a finite set which is a contradiction, so A  has a 

 -limit point.(see [1]). 

2.10 Theorem. Any -closed subset of a  -compact B.S is  -compact.(see 

Gemignani, 1971)). 

2.11 Remark. In topological spaces (any compact subset of a T 2 space is closed),(see 

[5]).This theorem in bitopological spaces is not valid,see the following example: 

Let X={a,b,c,d},T={X, ,{a},{b},{a,b},{c,d},{a,c,d},{b,c,d}},and  ={X, ,{a}}. 

Then  -O(X)= {X, , {a}, {b}, {a,b}, {c,d}, {a,c,d}, {b,c,d}, {a,b,c}, {a,c}, {a,d}, 

{b,c},  {b,d},{a,b.d}} 

(X,T, ) is a  - T 2 B.S,see [3],also it is  -compact (because X is finite), and so any 

subset of X. But A={a,b,d} is not  -closed in X. 

2.12 Remark. In topological spaces (any compact T 2 space is a regular and a normal 

space.) This is not true in bitopological spaces ,referring to the example of  remark 1.1 

we see that (X,T, ) is a  -compact B.S (because X is finite ), it is a  - T 2 (can be 

easily checked) and we showed in 1.1and 1.2, that  (X,T,W)is neither  -regular nor 

 -normal. 

2.13 Theorem. Suppose f is  -continuous function from a  -compact B.S (X,T, ) 

onto a B.S (Y, ,T ) .Then (Y, ,T ) is  -compact. 

2.13.1 Corollary. If (X,T, ) is  -compact B.S ,then any B.S  -homeomorphic to X 

is  -compact. 

The proofs of the above theorems and corollary are omitted because similar to them 

are true in topological spaces and the same technique can be used to prove them.(see 

(Gemignani, 1971)). 

2.14 Definition. A B.S (X,T, ) is said to be locally  -compact if given any x εX  

and any  -neighborhood U of x ,there is a  -compact set A such that x ε  -

int(A)AU. 

2.15 Remark. If a B.S (X,T, ) is locally  -compact ,then (X,T) must be locally 

compact (because every T-neighborhood of x is a  -neighborhood of x ,and if A is 

 -compact in (X,T, ) then A is compact in (X,T) ). 

The converse is not true ,i.e, if (X,T) is locally compact ,it is not necessary that  

(X,T, ) be locally  -compact. Refereing to example 2.4 we know that (R,T) is 

locally compact  (see [5] ),where the only   -compact subsets of (R,T, ) are finite 

subsets and   -int (finite subset of R) = , so (R,T, ) is not locally  -compact. 

2.16 Theorem. If f is a  -continuous,  -open function from a B.S (X,T, ) onto a 

B.S (Y, ,T ), then if X is locally  -compact ,Y is also. 

The proof of  this theorem is similar to that in topological spaces, see (Gemignani, 

1971).   
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