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Especial Case of Compactness in Bitopological
Spaces

Asaad M. A. Alhosaini

University of Babylon, College of Education, Dept. of Mathematics
Abstract
By using the notion of & -open sets, the author define o -compactness in-
bitopological spaces ,and studied the concepts and theorem related to compactness in
view of this notion and obtained some similar results to that in topological spaces for
example: "If (X,T,Q) is a ¢ -compact bitopological space ,then every infinite subset
of X has at least one ¢ -limit point",

and others which disagree with that in topological spaces ,for example ,we
gave an example for a & -compact subset of a ¢ - T, bitopological space which is not

S -closed.
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1. Introduction

In (Alswidi and Alhosaini, 2005) we worked on connectedness in bitopological
spaces(the definition of bitopological spaces appeared firstly in (Kelly, 1963).The
auther will continue, in this paper, with the notion of compactness .We first remember
the definitions and results appeared in (Alswidi and Alhosaini, 2005) that we need in
the present work and also refer to the part of (Jaleel, 2003) related to the axioms of
separation in bitopological spaces and correct some wrong results appeared in that
part.
(X,T,Q) is said to be a bitopological space if (X,T)and (X,Q)were two topological
spaces.

A subset A of X (in a bitopological space ( X,T,Q)) is said to be ¢ -open
set if AcT-int(Q -CI(T-intA))).In this paper we will use the symbol B.S to mean a
bitopological space and the symbol 6 -O(X) for the collection of all s -open sets of
(X,T,Q). The complements of s -open sets are called s -closed sets.

0 -int(A) is defined to be the union of all & -open sets contained in A .
o -CI(A) is defined to be the intersection of all 6 -closed sets containing A.
A function f from (X, T,Q)to (Y, T', Q") is said to be & -continuous if for every
& -open subset Bof Y, f ™ (B) is & -open in X.
Similarly ¢ -open, & -closed and 6 -homeomorphism between two bitopological
spaces are defined.
AB.S (X,T,Q) issaid to be ¢-T, if for each pair of distinct points x and y of X

there exists a ¢ -open set G containing X but not y.
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Similarly the notions of ¢ -T,,0-T,,d -regular, ¢ -normal and ¢ -limit point were
defined in (Jaleel, 2003) by replacing open (closed) sets by & -open (5 -closed )
sets.The following results (and others) were given in [3]:InaB.S (X,T,Q) if (X,T) is
To(T,, T,)then (X, T,Q)iso6-T,(5-T,,0-T,).
1.1 Remark.

If (X,T) is a regular space then it is not necessarly that a B.S (X,T,Q) be ¢ -
regular.(The converse i.e, If (X,T) is a regular space then a B.S (X,T,Q) is ¢ -
regular,was wrongly proved in (Jaleel, 2003). See the following example:

Let X={a,b,c,d}, T={X, ¢ {a}{d},{a,d}.{b,c}{ab,c}{b,c,d}}and

Q={X, ¢.,{a} }then (X, T,Q2)isaB.Sand

0 -O(X)={X, ¢ {a}.{d}{a,d}.{b,c}.{ab,c}{b,c,d} {a b} {ac}{ab,d} {ac,d}}

note that (X,T) is a regular space ,but ( X,T,Q) is not ¢ -regular.(take the point b and

the ¢ -closed set {c,d}).
1.2 Remark. If (X,T) is a normal space then it is not necessarly that a B.S ( X,T,Q)

be ¢ -normal.(The converse i.e, If (X,T) is a normal space thena B.S ( X,T,Q) s ¢ -
normal,was wrongly proved in (Jaleel, 2003) referring to the same example above and
taking F={c,d} and H={b} which are both ¢ -closed sets and they are disjoint where
there are no disjoint & -open sets that containing F and H respectively.

2. §-compactness.

2.1 Definition. Let (X,T,Q) be a B.S ,a ¢ -open cover of X is a collection

{U,}ie A ,of & -open subsets of X such that UUi =X. A collection {V; }je A',is
A

said to be a ¢ -open subcover of {U, },ie A if

{V,| jeA’}={U,| ieA}and{V }je A’ isitselfa & -open cover of X.

2.2 Remark. Let (X,T,Q) be a B.S,if {U,},ie A is an open cover of (X,T) then
{U.}ie A isa ¢ -open cover of ( X,T,Q).

2.3 Definition. A B.S (X, T,Q) is said to be a J -Lindelof B.S if every & -opencover
of X has a countable & -open subcover.

It is obvious that If (X,T,Q)isa ¢ -Lindelof B.S then (X,T) is a Lindelof space,but

the converse is not true see the following example.

2.4 Example. Let R be the set of real numbers, T , the absolute value topology on R
(the usual topology) , Q ,the cofinite topology on R.Then (R,T, Q) isaB.S. (R,T)isa
Lindelof space (see (Gemignani, 1971)) .

Now we will show that (R,T, Q)is nota ¢ -Lindelof B.S:

We first remind that 6 -O(X) consists of all the elements of T and any set containing a
nonempty element of T(see (Alswidi and Alhosaini, 2005)).

LetU, = (— x,O] w{x} then { U, }, xeR" isa & -open cover of (R, T, Q) which has
no countable & -open subcover.

We know that a regular Lindelof space is a normal space (see (Gemignani, 1971)).
2.5 Remark. A ¢ -regular, ¢ -Lindelof B.S is not necessarily ¢ -normal.

Let N be the set of positive integers ,A, ={2n-1,2n},neN,

T={ ¢} {all possible unions of A ,s},T is a topology on N (see Naoum, (1974)).

and let Q be the cofinite topology on N,then (N, T,Q) is a B.S and:
i) 5-O(N)=Tu{Bc N| Bis infinite and cntains some A  }.
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i) (N, T,Q) isa ¢ -Lindelof B.S (because N is a countable set).
i) (N, T,Q) isa o -regular B.S
Assume F is a ¢ -closed subset of N and x¢ F
casel: F is a finite set ,choose j and k such that A;, A, cN-F x¢Aand take

M=max{2j,2k,the numbers in F}, U={x} A; u{all odd numbers >M}.
V=Fu A, u{all even numbers >M} ,then U and V are disjoint & -open sets (see (i)
above ) where xeU and Fc V.

case2: F is infinite and N-F is finite ,in this case X-F must be the union of some
A, s(see (i) above),let xe A~ (for some j), take U= A ;and V=N- A .so U and V

are disjoint 6 -open sets where xeU and Fc V.
case3: F and N-F are infinite ,so N-F must contain some A, ,say A, ,(see (i) above),if

X € A, take U= A, and V=N- A .If xg A assume xeA  for some j, and choose
yeN-F such that yg A jbut yeA  {for some p ) then take U= {x} UA, U ((N-F)-
A;)and V=FU A, any way in this case U and V are disjoint & -open sets where

xeUand FcV.So (N,T,Q) isa o -regular B.S.
iv) (N, T,Q) is not a ¢ -normal B.S ,for if F={3,5,7,...}and H={4,6,8,...} then F and
H are disjoint ¢ -closed subsets of N .Note that any ¢ -open set containing F must
contain A, or some element of H ,similarly any ¢ -open set containing H must contain
A, or some element of F(see (i) above) i.e there are no two disjoint & -open sets U , V
suchthat FcU and Hc V.
2.6 Definition. A B.S (X,T,Q) is said to be ¢ -compact if for any & -open cover
{U.}ie A of X ,there is a finite subcover .Suppose AcX, A is said to be -
compact if every ¢ -open cover of the B.S A (with the relative topologies) has a finite
subcover.
2.7 Remark. If (X,T,Q) is a § -compact BS., then (X,T) is a compact space (because
T < 6 -0(X) ).The convers is not true,see the following example:
Let X=[0,1] , T be the usual topology, andQ be the cofinite topology on X.
Then (X,T,Q)isaB.S., (X,T) is a compact space ,where (X, T,Q) is not

6 -compact ,for if we take U, =[0,%) U {x}x €[%,1] ,then{ U }isa

o -open cover of X which has no finite ¢ - subcover.
2.8 Theorem. Let (X,T,Q) be a B.S ,then X is ¢ -compact if and only if given any
family {F _, }, a € @ of ¢ -closed subsets of X such that the intersection of any finite

number of the F  is nonempty , ﬂ Fa+¢.

The proof of this theorem is similar to the corresponding theorem in topological
spaces.(see Gemignani, 1971))

2.9 Theorem. If (X,T,Q) is & -compact B.S ,then every infinite subset of X has at
least one & -limit point.

proof: Let A be an infinite subset of X which has no ¢ -limit point. A contains a de-
numerable subset B,let B={x, X, ,...},since A has no ¢ -limit point,then B has no ¢ -
limit point too,which implies that ¢ -CI(B)=B i.e B is ¢ -closed.

Let D=X-B, D is ¢-open in X ,since B has no & -limit point, then for each
X;,=1,2,3,...there exists ao-open set U,such that U, NB={x, }clearly,
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Du (UU )=X. The family {U, },ieN u{D} forms a ¢ -open cover of X and since
N

X'is ¢ -compact ,there existi,,i, ,ij,....i,suchthat X=Du U, u...uU;,

Now B=BMX=BMN(DuU;, u...uU, )therefore

B=¢ u{x;; }u{x;, }u...u{x;, } is afinite set which is a contradiction, so A has a
o -limit point.(see [1]).

2.10 Theorem. Anyo -closed subset of a & -compact B.S is & -compact.(see
Gemignani, 1971)).

2.11 Remark. In topological spaces (any compact subset of a T, space is closed),(see
[5]).This theorem in bitopological spaces is not valid,see the following example:

Let X={a,b,c,d}, T={X, ¢ ,{a},{b}.{a,b}{c.d},{ac,d}{b,c.d}}.and Q={X, ¢ {a}}.
Then ¢ -O(X)= {X,¢, {a}, {b}, {ab}, {c,d}, {ac,d}, {b,c,d}, {ab,c}, {ac}, {ad},
{b,c}, {b,d}{ab.d}}

(X,T,Q)isa o-T,B.S,see [3],also it is s -compact (because X is finite), and so any
subset of X. But A={a,b,d} is not & -closed in X.

2.12 Remark. In topological spaces (any compact T, space is a regular and a normal
space.) This is not true in bitopological spaces ,referring to the example of remark 1.1
we see that (X,T,Q) is a & -compact B.S (because X is finite ), itisa o - T, (can be
easily checked) and we showed in 1.1and 1.2, that (X,T,w)is neither & -regular nor
o -normal.

2.13 Theorem. Suppose f is ¢ -continuous function from a ¢ -compact B.S (X,T,Q)
ontoaB.S (Y, T',Q") . Then (Y, T',Q") is ¢ -compact.

2.13.1 Corollary. If (X,T,Q) is 6 -compact B.S ,then any B.S & -homeomorphic to X
is & -compact.

The proofs of the above theorems and corollary are omitted because similar to them
are true in topological spaces and the same technique can be used to prove them.(see
(Gemignani, 1971)).

2.14 Definition. A B.S (X,T,Q) is said to be locally & -compact if given any x X
and any ¢ -neighborhood U of x ,there is a & -compact set A such that x &€ & -
int(A)cAcU.

2.15 Remark. If a B.S (X,T,Q) is locally & -compact ,then (X,T) must be locally
compact (because every T-neighborhood of x is a ¢ -neighborhood of x ,and if A is
o -compact in (X,T,Q) then A is compact in (X,T) ).

The converse is not true ,i.e, if (X,T) is locally compact ,it is not necessary that
(X,T,Q) be locally 6 -compact. Refereing to example 2.4 we know that (R,T) is
locally compact (see [5] ),where the only & -compact subsets of (R, T,Q) are finite
subsets and ¢ -int (finite subset of R) =¢, so (R, T,Q) is not locally 6 -compact.

2.16 Theorem. If f is a & -continuous, J -open function from a B.S (X,T,Q) onto a
B.S (Y, T',Q"), then if X is locally J -compact,Y is also.

The proof of this theorem is similar to that in topological spaces, see (Gemignani,
1971).
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