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Abstract

In this paper, we define a weighted norm to construct a weighted L, ,-space for 2r-periodic functions.
Then, we prove that any f € L, ,([—m, ]™) is approximated by a feedforward neural network with sigmoidal
hidden neuron in terms of w(f,8),,, That’s what we called Neural Networks Trigonometric
Approximation.
Keywords: Neural Network, Trigonometric Approximation, Modulus of Smoothness.
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1. Introduction
In recent years, trigonometric polynomials have a main rule in approximation functions in
L,-space as well as other more general spaces. They are widely used to find neural
networks as approximators for those functions, see for examples [Coa and Zhang
2007,Wang and Xu 2011,Wang,Chen and Yang 2012], for the great importance for neural
networks in different fields, and the essential need for approximated neural networks in
different applications, such as [Dineva, et al., 2015, Ferrari and Stengel 2005, Lin and Cao
2015].

Three-layer feedforward neural network(FNN) is an important class of neural networks
that can approximate the desired function well, see [Hornik et al., 1989, Suzuki 1998].
Most papers deal with the rate of approximation as a tool to understand the approximation
capability, see [Lin and Cao 2015, Li and Xu 2007, Wang and Xu 2010].

In this work, we care to find a new space with a new norm to shit light on the
relationship between the approximation error and the properties of the used neural network.
For our space, a feedforward neural network (FNN) of three layer can be existed to
approximate the present function well.

2. Preliminaries
First of all, we need to define a three layer FNNs with one hidden layer as follow [Wang
Chen & Yang 2012]

"N(x) = i (050
i=1 j

that generates one output of that d inputs, with thresholds ¢; € R, connection weights
w;; € R4 and @ is the activation function. We use the sigmoid activation function that
satisfies

d
wi.xi+¢; |, x€R%,d=>1" (2.1)
=1
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(1, ast—> +x
o) = {0’ 4s - —oo (2.2)
Given m € N, x = (x;)[2; € N§*, where |x| = X", |x;|, rx = X%, r;x;. We define the

weighted L,,-space L, ,([-m,7]™),p = 1,a = % such that for any f € L, o ([—m, ]™), we
define the norm

S

Vi

Il e = 20)™ f f FCOIP X" dxy ... dxy, 2.3),

-7

We estimate the trigonometric approximation in terms of modulus of smoothness

wi(f,8)p = Sup||t||sa||Af(t)||p (2.4),
where,

20 = Eheo- 0 () e G-, @)

Our main result is as follow:
Theorem 1. For € L, ,([-m,7]™),p = 1,a =

x € [-m,m|™, C; € R, such that
”N(x) - f(x)”p,a < wm(f' 6)19,05 (1'6)

, there exist FNN of the form (2.1) with

SR

3. Auxiliary Lemma

This lemma is useful to construct a FNN that approximate trigonometric function of m-
dimension. FNN (that has piecewise linear and activation function hidden layer units of
sigmoid type) constructed by Suzuki [8] and then developed by Wang and Xu[10] can be
more accurate and suitable for Ly, , ([—m, m]™) in the next lemma.

Lemma: For o € N, we can find networks of three layers NS,(rx) and NC,(rx) to
approximate sin(rx) and cos(rx), respectively, each one has g hidden layer units , where
q = 4|r|o related to NL, (rx) s.t.

q-1
NS, (rx) = 2(—1)'”51’71%;)(—1)‘7‘1"‘ (q ; 1) cos (x + (q ; )r) NP, (rx)
and
NC,(rx) = (—1)"!
q-1

- 2(—1)'”51‘11%2(—1)‘7‘1"‘ (q ; 1) sin (x + (q ; 1) r) NP, (rx)
=0
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where
1
NPU(T'X) = m
then
1
Isin(rx) — NS;(rx)llpq = llcos(rx) — NC,(rx)|l, o < e
Proof:

It is enough to prove the first estimate,
lIsin(rx) — NS;(rx)|lp,a

1
P

= (Zn)‘m< j jn |sin(rx) — NS, (rx)|P|rx|~*Pdx, ...dxm>

|

™ - >
< (2n)™™(2) {Off |sin(rx)|P|rx|~*Pdx, ...dxm}
+2(=D"@2r)™2)" sm—Z{f f )COS <x
(1)) e }

q-1
< 2r-t {(nrmnmurm-a +@my (17 1)ﬂ"‘ﬂrliﬂ‘“}

k=0

1
<c(p) EE

where
m

Zlnm < ) Inilw = Irl.

i=1 i=1

|rx| =

sincex € [—m,m]™. m
4. Proof of Theorem 1.

Let > 0, "t(x) = Xj<n(arsin(rx) + b cos(rx)) " and, by lemma 1, choose FNNs

N(x) = z 2(-D)I + Z( 1)l sm—Z( 1)9-1- " ){cos <x+<q;1>r>

|r|<n |[r|<n

— b,sin (x + (q ; 1) r)} NP, (rx),

such that
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IN—tllpo <€
Let t;; (x) be the the nth best approximation using trigonometric transformation of N, s.t.

IN = t2 (%) llpo < €

Now, by triangle inequality
If = Nllpa <IN = ta()llpe + If — t2(x) llpa < &+ 0n(f,6)pa

by taking wy, (f, 8)p .« = &, the proof is done.m

5. Conclusions and Future Work

Estimating the rate of function approximation in weighted space with a three layer
neural network using trigonometric approximation and module of smoothness is studied.
This paper shows the development of the upper bound estimating approximation. In the
future, it is useful to think about estimating the lower bound approximation.
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