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Abstract

In this research we study the effect of coma aberration on point spread
function (PSF) for array synthetic circular obscured aperture. The equation of
point spread function (PSF) have been derived for this case, coma aberration is
used in different angles for set of obscured circular synthetic apertures, addition to
different obscuration ratios, by using MathCAD programs. The results show an
increasing the resolving power by using array synthetic circular obscured aperture
and coma aberration leads to decrease the secondary peaks for point spread
function (Apodization).
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1. Introduction

Synthetic aperture techniques are
commonly used to obtain high resolution
from data acquired using low resolution
sensors, these techniques are commonly used
in modern sonar and radar systems, being
designated by Synthetic Aperture Sonar
(SAS) and by Synthetic Aperture Radar
(SAR) systems, respectively; this kind of
systems is presently used in civil and
military applications [1].

It is a fact that obscuring the aperture
center of an optical system which
means using obscured circular aperture has
important effects in the practical application,
where the use of obscured aperture appears
obvious in imaging by the optical systems
and astronomical telescopes [2].

When a lens is corrected for spherical
aberration, it forms a point image of a point
object situated on the axis; But if the point
object is situated off the principal axis, the
lens, even corrected for spherical aberration,
forms a comet-like image in place of point
image, this defect in the image is called
coma aberration [3]. In coma aberration, the
wave front aberration varies linearly with
field height [4]." Synthetic Aperture " Can
be defined as a structure to separate optical
systems of large individual aperture function
sometimes called " Mosaic" or "Segmented
Mirror", Synthetic aperture is an image
system for independent optical system which
are together sharing the image domain [5].
Comatic aberration is Asymmetric , it can
be given by the polynomial [5] .

W — LW, ,or™ cos ¢=,W,,or° coS ¢
m=odd +1W510T5 COS ¢ s

In Cartesian coordinate (x , y): where
X=1sin ¢, y=r1cos ¢

W(x,, )’1):1W31(X12 + Y12)yl+1W51(X12 + yf)z Yt
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When the Cartesian coordinates are rotated
by an angle y, the new coordinates become:

X, = XCOSy —ysiny
Y, = XSiny + yCcosy

Where W is rotation angle of Cartesian
coordinates, we get:

W (X, )=, W, (X* + y*)(Xsiny + ycosy)......... )

Comatic aberration produced by a single lens
can also be corrected by properly choosing
the radii of curvature of the lens surfaces.
Coma can be altogether eliminated for a
given pair of object and image points,
whereas spherical aberration cannot be
completely corrected [6]. Further, a lens
corrected for coma will not be free of
spherical aberration and the one corrected
for spherical aberration will not be free of
coma [6].

2. Deriving the Equation of Point Spread
Function for Array Synthetic Circular
Obscured Aperture with Coma
Aberration.

The representation of array synthetic
circular aperture with radius (R), having
array synthetic circular obscuration with
radius (e R) is shown in Figure (1).
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(a) Obscured
Individual
Circular Aperture (b)Obscured Synthetic Aperture
N=4, Where N is the Number of

Obscured Aperture

Figure (1) The Integral Boundary for Array of Obscured
Circular Synthetic Aperture
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The ratio between the radii of outer to inner
circles in the obscured aperture is called
obscuration ratio (¢) [7,8].

The equation for array of circular synthetic
aperture is given by the relation :

X% +y (%)2 ................. 2
and when R =1, then:
1 2
X ==+ W -y
1
and = 3
Y VN ®)

The equation for array of obscured circular
synthetic aperture is given by the relation

X'Z+y'? = (%)2 .................. 4)
Xr — i 6|‘\|2 yr2
and

. S, (5)
Y =+ "~

where x" and y’ is the Cartesian coordinate
of individual synthetic aperture.

The intensity in point spread function for
array of obscured circular synthetic
apertures, can be calculated by the relation

[8].

PSF = |F|” =|F, — F,
where

F,: is the complex amplitude function for
array of circular apertures.

F,: is the complex amplitude function for
array of circular obscurations.

We can express the complex amplitude in
the point (U’,V")in the image plane by
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using Fourier transform to pupil function
[5,7,9,10,11,12,13].

f(X,y)=7(X,y)e"") ...
where

(X', y'): represents the real amplitude
distribution in exit pupil and is called " pupil
transparency2) or " transmission function "
and often chooses equal one unit .

e (YY) - \wave front aberration function.
w(x,y") : Aberration function

(x',y') :Exit pupil coordinates [4,8,14].

We can express point spread
function for a single circular aperture in
its integral form, by
Putting the exit pupil coordinates of

form (x, y) instead of (x’,y") , for
simplicity.
V) =nf [ty ™ My oo (8)
and for N circular apertures [15].
X=X X, Y=Y Yo 9)

F(u V) n. fZJ.J.f(X ) 1272[u' (X' +x; )4V (Y +y; )]d dy

By substituting the equation (7) in equation
(10), we obtain:

FU,Vv)=n f”r(x y)e '2”(““V”dxdy Ze'z”(” 1)
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Where K — 2%
A

1

By substituting the integral boundary from
equation (3) the area of synthetic aperture
includes

L=y

VN UN
Fl(U’,V')In.f J' J'e|2;r[w(xy (uX'+vYy' ]dXdyzelzﬁ(UX itvY;)

-L 1, j=1

N - N—y
................................................ (16)
Where €' =cos@+ising

1 2
r{cos {2alw(x, y) +ux + vy ]+ }dxdy

isin{2z[w(x, y) +ux +vy'}

-nf| |

ﬁ._.

Zcos{Z;r ux; +VY; )}+|sm{27z(ux +VY, )}}

j=1

Let z’=2,u’ and m’ = 2xzv’.
Then (17) becomes:

Iy cos{2w(x, y) + 2X +my'} + g
) F isin{2a(x,y) + 2% + m'y'}

— 7,yz

N

.{ZN:cos{z'xj + m’yj}+ is.in{z'xj + m'yj}}

sl
—
N\
3‘
=
I
=
o
gzl
Z|~
1

=l

The intensity distribution on the two axes
(z',m’) is symmetric, so; we can reduce it to
one axis only; let (m’ = 0), then equation
(18) will take a new form .
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1
a1 (12
N Ny

F(Z)=n.f j j[cos{Z;zw(x, y)+ 2% }+isinf2w(x, y) + 2'x’ [Jixdy

[cos(z X;) +isin(z’x; )]

Equation (19) represents the complex
amplitude for array of circular synthetic
apertures.

The complex amplitude function for
array of circular obscurations from equation
(7) can be found as:

i2z(ux'+v'Yy")

F,(u',v)=n.f ” f(x',yDe dx'dy’
y X

................................................ (20)

By using the same steps and substituting
the integral boundary from the equation (5)
we obtain.

2

[

,yz

[cos{2aw(x',y) + 2 }+isinf2an(x, y') + 2 [ix'dy’

=|

F(Z)=n.f

ozl

|
= e—

-y

i)

j=l

By using the physical conception of the
equation (6), we can obtain the following:

-y [cos{2mw(x, y)+ 2'x'}+isin{2mu(x, y) + 2%’ fJoxdy
N

Z‘H

[cos (2'%;) +isin(zx; )]

5-—zl~

== e—
\<N

j=

PSF =n.f
 [cosf2mm(x, y)+ 2% +isinf2w(x, y') + 2 [y’

z‘“,\,

N
Z[coszx +isin(z,)]
11

|
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<

From the relation |x + iy|2 = X%+ y?
the equations above become:
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This equation represents the point spread
function for an array of obscured circular
synthetic apertures.

By substituting the value of normalizing

factor ( 1 ) [15] and value of
(r — £27)?
coma aberration from equation(1) , in

equation (23), we obtain:

PSF =
1 1 2
W’
j J'cos(Zzngl(x2 +y3)(xsin ¥ + ycos ¥) + z'x")dxdy
- %—yz
- I J.COS(ZﬂWﬂ(X’Z +y?)(X'siny + y'cosy) + 2X)dx'dy’
1 - %fyz
(r-é&'n)? L iy
+ j Jsin(Zzzwal(x2 +y?)(xsiny + ycosy) + z'x)dxdy
- T
- J J'sin(Zfsz(x’Z +y?)(X'siny + y'cosy) + 2'x)dx'dy’
- %fyz
N
DL€ (24)
=1

Equation (24) represents the point spread
function for array of obscured circular
synthetic apertures with Coma aberration.
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Figure (1)PSF for individual aperture with no obscuration

and different values of coma aberration.
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Figure (2)PSF for four apertures with coma aberration
(0.5) and different values of obscuration ratio coefficient

(R=1,y=90).
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Figure (3)PSF for four apertures with coma aberration
(0.25) and different values of rotation angle

coefficient.(R=1,6=0.75).
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Figure (4)PSF for rotation angle (45) with obscuration ratio
(0.25) and different values number of
apertures.(R=1,w31=0.75).
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Figure (5)PSF for eight apertures with no obscuration and
different values of rotation angle coefficient .(w31=0.5,R=4).
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Figure(6)PSF for four apertures with obscuration ratio (0.5)
and different values of distance
coefficient.(ws1=0.5,y=180).
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3. Result and Discussion

The aim of using the obscured apertures
IS to make images better and reduce the
effect of aberration. It also increases the
resolving power of the optical system. We
used MathCAD program to solve equation
(24), which was derived in this research, to
study the PSF for array synthetic circular
obscured aperture with the presence of Coma
aberration.

The results of PSF were drowning in
figures (1-6), and we will discuss them as
follows:

Figure (1) represents the intensity
distribution curves for point spread function
for values of Coma aberration (w3;=0, 0.25
and 0.5) with no obscuration (e=0) for
individual circular aperture without angle,
we see the diffraction limited system in red
curve normalizing to one and this proves the
fact that the normalizing factor which we
had derived in this research is true, where
notes the aberration effect on individual
aperture in two curves.

Figure (2) represents the intensity
distribution curves for point spread function
with different values of obscuration ratios
(e=0.25,0.5 and 0.75)when  synthetic
aperture are four and coma (ws:1=0.5)for
angle (y=90),where the resolving power for
obscured aperture with obscuration ratio
(e=0.75),is better than resolving power with
obscuration  ratio(e=0.5)and(e=0.25) by
using the obscured circular aperture system
the one part transfers from central spot
energy (Airy disk) to secondary peaks in
diffraction pattern.

Figure(3) represents the intensity distribution
curves for point spread function with
different values of angles (y=0,90 and 180)
when synthetic aperture are four with
different values of focus error and
obscuration ratio, we notes the state better
when (y=90),but the effect an angle little.

Figure(4) represents the intensity distribution
curves for point spread function of synthetic
apertures (N=1,4 and 8) with angle (y=45)
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when different values from focus error and
obscuration ratio, we notice that by
increasing the number of apertures we see
the positions of secondary peaks were
moved inside (near the PSF), and not found
secondary peaks, when increasing the
number of apertures increases the higher
peaks, where increasing strehl ratio.

( i.e. the resolving power becomes better
with increasing the number of synthetic
apertures by comparing with individual
aperture ).

Figure(5) represents the intensity distribution
curves for point spread function which
having different values of angles(y=30,
45,180) with no obscuration of synthetic
aperture are eight (N=8) and distance (R=4),
we notice the coma aberration leads to
decreasing the secondary peaks for point
spread function (Apodization).

Figure  (6) represents the intensity
distribution curves for point spread function
which having different values of distance
(R= 1,2 and 3) with angle (y=180) for
synthetic aperture are four (N=4), we notice
by increasing the distance between the
synthetic apertures (R=1,2 and 3) (where R
represents distance from the center of
synthetic aperture to the center of Cartesian
coordinates)we get secondary peaks with
higher intensities, also to increasing the
resolving power.
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