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 We study and present an important concept in module theory, namely, neutrosophic 

fine module. Fine property for modules and rings. We denote the F module as a fine 

module. We investigate several facts about the relationships between a fine module and

FPP ..  ring. Projective and injective modules have  a direct relationship with the F -

module. We prove that every continuous module is an F module, and the discrete module 

is an F module. When 
)(IRn  has a perfect property, then every guasi-projective over 

)(IRn  has a fine property. We show that every divisible module 
)(IM n  over the field 

)(IFn is a fine module. We study a famous property of a submodule
)(INn of

)(IM n , 

and we present some concepts that have a direct relationship with a fine module, namely, 

finitely generated submodule and flat modules. We also prove that every cyclic module 

)(IM n  in every submodule 
)(INn  of 

)(IM n  is isomorphic to the summand of 
)(IM n . 

Then, 
)(IM n is a fine module if it has a projective cover. We demonstrate that a fine 

finitely generated faithful multiplication module, 
)(IM n , over ring 

)(IRn  is a C-F-fine 

module if and only if 
)(IRn is a P-F-fine ring. We prove that fine ring 

)(IRn is called a P-

F-fine ring if and only if every faithful multiplication fine module is a P-F-fine ring. 
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1. Introduction  

In this work, we denote a neutrosophic fine ring 

as ))(( IFR . All rings 
)(IRn  are associative with unity. 

))(( IRU n is a symbol of all unities, and 
))(( IRid n is a 

symbol of all idempotent elements. Fine elements are 

defined in [1]. An element )(rI  
)(IRn  is said to be a 

fine element if iIuIrI  , 
))(()( IRUuI n

, and 

))(()( IRidiI n
. Nicholson  [1]  showed that any ring 

)(IRn  is said to be fine if every element 
))()( IRrI n

is a fine element. Thus, 
)(IRn  is called a neutrosophic 

fine ring if 
)()( IRrI n

,  rI  is a fine element. 
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In 1936, Von Neumann reported that any element 

)()(),( IRbIaI n
, such that ))()(( aIbIaIaI   is a 

regular element, so 
)(IRn  is a regular ring if 

  )(IRaI n
 and  aI  is a regular element. Hence, 

neutrosophic regular ring 
)(IRn  means that every 

element in 
)(IRn  is a neutrosophic regular element. A 

definition of a fine ring that has some properties similar 

to those of every regular ring was provided by  3 . The 

relation between a fine ring with projective and flat 

modules was examined by  6 . Some information on 

Nil–fine rings was given by  9 . If an element xI  in 

 IRn  exhibits the relation iIuIxI  ,

    IRUuI n
 and if 

    IRidiI n
 and 
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     uIiIiIuI  , then xI  is called a strongly 

neutrosophic  fine element  7 . To obtain additional 

information on the dual nil- q –fine ring, we must study 

quasi-idempotent elements  10 . Additional details on 

quasi-fine rings and strongly quasi-fine rings are 

available in  11 . An element  
)()( IRqI n

 is said to 

be quasi-idempotent  if ),)((2 qIuIqI   and unit

)()( IRuI n
. 

))(( IRQI n  denotes the set of quasi-

idempotent  elements.  Nil–fine rings were studied by 

[8]. The multiplicative dual of nil–fine rings was 

investigated in [10]. An element )(aI of ring 
)(IRn  is 

dual nil–fine if ))(()( eIbIaI  , where )(bI  is a 

nilpotent element and )(eI  is an idempotent element. A 

ring is called dual nil–fine if every non-unit element is 

dual a nil–fine element. In this study, we present new 

results on fine modules and provide a generalization of 

some fine module results in [14,15]. We study a fine 

module and related it to other concepts, such as C-F-fine 

and  C-P-fine modules. Some applications are also 

presented. Further information about modules are 

available in [20, 21, 22, 23], and some properties  of 

neutrosophic concepts are given in [24, 25, 26]. 

 

2. Preliminaries  

Definition 2.1: Let R  be any ring. Neutrosophic ring 

 IRn
 is a ring

 
generated by R  and I  under the 

operations of R [17]. 

Definition 2.2: A proper subset )(IKn
 of neutrosophic 

ring )(IRn  
is said to be a neutrosophic subring if 

)(IKn  
is a neutrosophic ring under the same operations 

of )(IRn
. If )()( ISIK nn   and n  is positive, then

)(ISn
is a subring of )(IRn

 [17]. 

Definition 2.3 [18]: Let )(IRn
 be any neutrosophic  ring. 

A nonempty subset )()( IRIP nn  is an ideal of )(IRn
 

if  

1) )(IPn
is a neutrosophic subring of )(IRn

, 

2) 
    IPrIpI

IPpIrIIRrIIPpI

n

nnn



 )())((),( and    )(
.
 

Definition 2.4 [19]: Let  ,M  be any R  module over a 

commutative ring R , and let )(IM n
 be a neutrosophic 

set generated by M and I . The triple   ,,IM n
 is 

called a weak neutrosophic R  module over ring R . If 

 IM n
 is a neutrosophic R  module over neutrosophic 

ring )(IRn
, then  IM n

 is called a strong neutrosophic

R  module. The elements of  IM n
 are called 

neutrosophic elements, and the elements of  IRn
 are 

called neutrosophic scalars. If 

 wIzmyIxm 21 ,   IM n
, where wzyx ,,,

are elements in M and  IRvIu n . vu,  are 

scalars in R  and defined as follows:
  

       IwyzxwIzyIxmm  21
, 

     IvyvxuyuxyIxvIum  .
 

Definition 2.5 [20]: Let )(IM n  
be a strong neutrosophic 

R  module over neutrosophic ring  IRn
, and let 

 IKn
 be a nonempty subset of  IM n

.  IKn
 is 

called a strong neutrosophic submodule of  IM n
 if 

 IKn
 is a strong neutrosophic R module over  IRn

. 

 IKn
 must contain a proper subset that is an R  

module.
  

Definition 2.6 [20]: Let  IM n
 be a weak neutrosophic 

R  module over ring R , and let  IKn
 be a nonempty 

subset of  IM n
.  IKn

 is called a weak neutrosophic 

submodule of  IM n
 if  IKn

 is a weak neutrosophic 

R  module over R .  IKn
must contain a proper subset 

that is an R  module. 

 

3. n-Refined Neutrosophic Fine Modules  

In this part, we present neutrosophic fine module 

)(IM n  with some results to explain the relationships 

between 
)(IM n  and other concepts, such as C1 and C2, 

and to simplify the exposition.  

Definition 3.1: Let 
)(IM n  be a neutrosophic 

)(IRn  

module . 
)(IM n  is called a neutrosophic continuous 

module if it satisfies C1 and C2, and it is called 

neutrosophic quasi-continuous if it satisfies C2 and C3. 

C1, C2, and C3 can presented by the following: 
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(C1) Every neutrosophic submodule 
)(INn  of 

)(IM n  

is essential to the direct summand of 
)(IM n . 

(C2) Every neutrosophic submodule 
)(INn  of 

 IM n  

is isomorphic to the summand of 
)(IM n . 

(C3) If 
)(INn and 

)(IKn  are the summand of 
)(IM n , 

then
,0)()( IIKIN nn  )()( IKIN nn 

 is a 

summand of 
)(IM n . 

Lemma 3.2:  24  Let 
)(IM n  be an extending 

neutrosophic 
)(IRn  module. If 

)(IM n  satisfies C2, 

then 
)(IM n  is a continuous module. 

Lemma 3.3 : [12] Every continuous module is a fine 

module. 

 

Example 3.4: 

(1) Neutrosophic discrete modules (neutrosophic semi-

perfect modules) are fine modules. 

(2) Neutrosophic projective )(IM n
 over perfect ring 

)(IRn
 is a fine module. 

Remark 3.5: The following implications of the modules 

are true. 

1- Injective module   quasi injective module 
continuous module   quasi continuous module 
extending module (C1 module). 

2- Projective module   injective module   
continuous module  extending module. 

3- )(IM n
projective + factor module of )(IM n

 that has 

a projective cover   )(IM n
 lifting module   

extending module (C1). 

   Proposition  3.6: Let )(IM n
 be a divisible module 

over the field )(IFn
. Then, )(IM n

 is a fine module. 

 Proof: Let )(IJ n
 be an ideal in  IF n

 and 

)(IJgI n . For any )(IFfI n , we obtain 

)()( 1 IJgIfIgIfI n  . Therefore, )()( IFIJ nn  . 

Only  I0  and )1( I  ideals exist in )(IFn
. In this case, 

)(IFn
is a principle ideal domain, and )(IM n

 is a 

divisible module. If mII 0  is a divisor in the ring 

such that )()( ImIMIM nn  , then )(IM n
 is an 

injective module and continuous. Thus, )(IM n
 is a fine 

module. 

Corollary 3.7: Suppose that )(IM n
 is a C2 projective 

module. If every factor module has a projective cover, 

then )(IM n  
is a fine module.

  

Proof: Suppose that )()( IMIN nn   and that 

)(

)(
)(:

IN

IM
IMg

n

n

n   is an epimorphism. Then, 

)()()( IMIMIM nnn
 , such that 

)()( INIM nn   and 
)(

)(
)(:

IN

IM
IMg

n

n

n   is a 

projective cover. However, 

)(/)()()( IMgKerIMIN nnn
 , and it is small in 

)(IM n
 . Hence, )(IM n

 is a lifting module (C1 

module). With the C2 property, we determine that 

)(IM n
 is a fine module. 

Corollary 3.8: Every C2–cyclic module  with a 

projective cover is a fine module.  

Proof : The proof is trivial because cyclic with a 

protective cover provides lifting (C1 module). 

4. Finitely Generated Flat – Fine Modules 

      In this section, we study a famous property of a 

submodule )(INn
 of )(IM n

. We present some 

concepts that have a direct relationship with a fine 

module, namely, finitely (f.) generated submodule and 

flat modules. 

Definition 4.1: If  ImIrImIann 0))(()(  , then 

)()(),()( IMmIIRrI nn   is a fine ideal of )(IRn
. 

)(IM n
is called an f. generated fine module.  

Definition 4.2: Let )(IM n
 be a module. )(IM n

is an f. 

generated fine module if every f. generated fine 

submodule is a flat fine submodule. 

Definition 4.3: A ring )(IRn
 is called a P-F-fine ring if 

every flat fine module is an f. generated fine module. In 

the next theorem, we present the equivalent meaning of 

a P-F-fine ring. 
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Theorem 4.4: Fine ring )(IRn
 is a P-F-fine ring if and 

only if every faithful  multiplication fine module  )(IRn
 

is a P-F-fine ring. 

Proof: Let )(IM n
 be a faithful multiplication )(IRn

 

fine module. )(IM n
 is a flat fine module, so it is an f. 

generated fine module. Meanwhile, because )(IRn
 is a 

faithful multiplication fine module, then a fine ring is an 

f. generated fine module. Thus, )(IRn
is a P-F-fine ring. 

Definition 4.5: Let )(IM n
 be a fine module. Then, 

)(IM n
 is called torsion-free fine if

),()(),()(,0))(( IMmIIRrIImIrI nn   Then, 

).0(0 IrIImI    

Remark 4.6: If ,0,0)( mIIImIann   then a torsion-

free fine ring is an integral domain. 

Proposition 4.7: Let )(IM n
 be any f. generated fine 

module over )(IRn
. For each prime fine ideal of )(IRn

, )(IM n
is a torsion-free fine module over )(IRn

. 

Proof: Take  IMImI n 10 . Then, 

   IMImIImannImann n 221 0,)( . Hence, 

)( 1Imann  is a pure fine ideal in )(IRn
. Given that 

)(IRn
 is a ring that has a local property, 

  )(1 IRImann n . However,   IImann 01  , so 

 IM n
 is a torsion-free fine module. 

Definition 4.8: Let )(IM n
 be a fine module. )(IM n

  is 

called an f. generated  projective fine module if every f. 

generated submodule of )(IM n
  is projective. 

Remark 4.9: 2,)( eIeIeImIAnn   with

)()( IMmI n . We know that every projective module 

is a fine flat module. Therefore, every f. generated  

projective fine module is an f. generated flat fine 

module. 

Definition 4.10: Let )(IRn
 be a fine ring. If every 

principal ideal of )(IRn
 is projective, then )(IRn

is 

called a P.P. fine ring. If every projective fine module is 

an f. generated projective fine module, then )(IRn
is 

called a P.P. fine ring. 

Definition 4.11: A non-unit element I  in )(IRn
 is 

called dual nil- q -fine if ))(( qIbII  , where 

))(()( IRNbI n and ))(()( IRQEqI n . Ring )(IRn

is called dual nil- q -fine if every non-unit I  in )(IRn
 

is dual  nil- q -fine.  

Remark 4.12: Given that every idempotent is quasi-

idempotent, dual nil-fine rings are dual nil q - F -fine. 

Lemma 4.13: If )(IRn
 is either a local ring with

))(( IRJ n
 nil or a 22 matrix ring over a division ring, 

then )(IRn
 is dual  nil- q -fine . 

Proof: By [13, Theorem 2.3] and Remark 4.12. 

Theorem 4.14: Let )(IRn
 be a ring. Every quasi-

idempotent that is central in )(IRn
is a dual nil- q -fine 

ring if and only if )(IRn
is a local ring with nil 

))(( IRJ n
.
 
 

Proof: Every quasi-idempotent is central in )(IRn
. 

Suppose that I  is a non-unit. If )()( IIRxI n
 
with 

every quasi-idempotent being central, then xI  is a non-

unit. Take ))(()(),)(( IRNbIqIbIxI n  and

))(()( IRQEqI n , such that ))((2 qIuIqI  and

))(()( IRUCuI n . Hence, qIuIbIxI nnn 1 , 1n . 

If bI  is nilpotent, then so is xI . )(IIRn  is nil, and 

))(()( IRJI n . )(IRn
 is local, and the Jacobson 

radical is nil. Conversely, it is fine in accordance with 

Lemma (4.13).
                                                                                                                               

 

Proposition 4.15: Let )(IRn
 be a Noetherian )(IRn

, 

which is an abelian minimal prime with a unit number. 

If )(IRn
) is a unit direct product of a local ring, then 

)(IRn
is a fine ring. 

 Proof: Every local is a fine ring, and the fineness is 

close to that of the unit direct product. Thus, )(IRn
is 

fine. 

Corollary 4.16: Let )(IRn
be a ring. If )(IRn

 is semi-

perfect, then it is fine and I-finite. 



P- ISSN  1991-8941   E-ISSN 2706-6703              Journal of University of Anbar for Pure Science (JUAPS)          Open Access                                                     

2024,(18), (02):257 – 264                                              

 

261 
 

Proof: Suppose that )(IRn
 is a semi-perfect ring. 

)(IRn
is I-finite with 

neIeIeI  ...1 21
 , where 

neI  is a local idempotent for each n . However, local 

rings 
nnn eIIReI )(  are fine when ( )(IRn

 is fine. 

 

5. Some Applications  

5.1. C-F-Neutrosophic Fine ModuleDefinition 5.1.1: Let 

)(IM n  
be an )(IRn

 module. We say that )(IM n
 is a 

C-F-fine module if every cyclic fine submodule is a flat 

fine submodule. 

*) )(IM n
 is a C-F-fine module if )(xIann  is a fine 

pure ideal, such that )(IMxI n . 

*) Ring )(IRn
 is a P-F-fine ring if every fine flat 

)(IRn
 module is a C-F-fine module. 

 

Theorem 5.1.2: Fine ring )(IRn
 is a P-F-fine ring if and 

only if every fine faithful multiplication )(IRn
– module 

is a C-F-fine module. 

Proof: Let )(IM n  
be a fine faithful multiplication 

)(IRn
 module. )(IM n

 is a fine flat module, so )(IM n
 

is a C-F-fine module. Given that )(IRn
 is a fine faithful 

multiplication )(IRn
 module, then )(IRn

  is a C-F-fine 

module. Thus, )(IRn
 is a P-F-fine ring. 

Theorem 5.1.3: Let )(IM n
be a fine f. generated faithful 

multiplication )(IRn
) module. )(IM n  

is a C-F-fine 

module if and only if )(IRn
 is a P-F-fine ring.

 
 

Proof: Let )(IRn
be a P-F-fine module and )(IPn

 be 

any fine prime ideal in )(IRn
. Through [16], )(IRn  

is    

a C-F module and C-P module, and 

0))(())((  pnp IannMIMAnn . Then,
pn IM )(  is 

fine faithful, so )(IM n
 is fine cyclic. Moreover, for 

each )()(),( IMyIIMxI nn  , such that 

)())(()(  and )()( yIannyIannyIannxIyI ppp 

 . However,  yIann  is a fine pure ideal in )(IRn
. 

Hence, )(xIann is a fine pure ideal in )(IRp
. )(IM p

 

is a  C-F-
pR -fine module. Thus, )(IRp

 is a P-F-fine 

ring. However, )(IRn
  is a local fine ring . Thus, 

)(IRp
 is an integral domain. From [14], we find that 

)(IRn
 is a P-F-fine ring.

 
 

Definition 5.1.4: Let )(IM n
 be a fine module. Then, 

)(IM n
 is fine torsion free if ,0))(( ImIrI 

)()( IRrI n , IrIImIIMmI n 00)()(   

ImIann 0)((   for an integral domain). 

Theorem 5.1.5: Let )(IM n
 be any C-F-fine module over 

)(IRn
. For each fine prime ideal of )(IRn

, )(IM p
 is a 

fine torsion-free module over )(IRp
. 

Proof: Take )(0 IMxII p . Then, 

)()()(0)()( xIannIMyIIyIannxIann p   

is a fine pure ideal in )(IRn
, but )(IRn

is a fine local 

ring. Then, )()( IRxIann p . 

IxIannxII 0)(0  , and )(IM p
 is fine torsion-

free.  

Note: The opposite of the theorem above is true if 

)(IM n
 is a fine faithful multiplication module. 

Lemma 5.1.6: Let )(IPn
 be any fine flat )(IRn

 module, 

and let  IAn
 be a fine ideal in   Ipann nR

. Then, 

)(IPn
is a fine flat 

)(

)(

IA

IR

n

n  module. 

Theorem 5.1.7: Let )(IM n
be a C-F-fine )(IRn

 module. 

Then, 
)(

)(

xIann

IRn  is a P-F-fine ring, that is, IxI 0  in 

)(IM n
. 

Proof: Let )(IRn  = 
)(

)(

xIann

IRn  and )()(0 IMxII n

. We can easily map  : )(IRn  )(xI :  )(rI  =            

))(( xIrI as )(IRn
 isomorphism. However, )(IM n

 is a 

C-F-fine )(IRn – module    )(IRn  is a C-F-fine 

)(IRn
 module. Let I  element in )(IRn  be easily 

obtainable from )()( IannxIann RR  . However, (

I ) is a fine flat )(IRn
  module because )(IRn  is a C-
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F-fine )(IRn
 module   by the above lemma, ( I ) is a 

flat fine )(IRn – module    and )(IRn  is a P-F-fine 

ring.  

5.2. C-P-Fine Module
 

 

Definition  5.2.1: Any module )(IM n
 is called a cyclic 

projective fine module if every cyclic fine submodule of 

)(IM n
 is fine projective or if )(xIann is generated by 

an ideal for each  IMxI n  [7]. 

Remark 5.2.2: Every fine projective is fine flat. Thus, 

every cyclic projective fine module is a cyclic flat fine 

module. Any ring )(IRn
is a P.P. fine ring if )(IRn

 is a 

cyclic projective fine module, or )(IRn
 is a P-P-fine 

ring if and only if every fine projective )(IRn
 module is 

a cyclic projective fine module. 

Theorem 5.2.3: Ring )(IRn
is a P-P-fine ring if and only 

if every faithful multiplication fine )(IRn
 module is a 

cyclic projective fine module. 

Theorem 5.2.4: Let )(IM n
 be a faithful multiplication 

fine )(IRn
 module. If )(IRn

 is a P-P-fine ring, then 

)(IM n
 is a cyclic projective fine )(IRn

 module, and

)(IM S
 is fine f. generated. Then, )(IRn

 is a P-P-fine 

ring. 

Proof: If )(IRn
 is a P-P-fine ring   Theorem (5.2.3), 

)(IM n  
is a cyclic projective fine )(IRn

  module by 

[5]. )(IRS
 is a F-fine regular ring. Hence, )(IM S

is an 

F-fine regular )(IRS
 module. Conversely, assume that 

)(IM n  
is a cyclic projective fine )(IRS

module. 

Therefore, )(IM n
 is a cyclic flat fine )(IRn

 module. In 

accordance with Theorem (5.1.3), )(IRn
 is a P-F-fine 

ring, and )(IRn
 is an integral domain. )(IM S

is an f. 

generated fine )(IRS
 module then fine faithful. 

Therefore,  if )(IM S
is F-fine regular, then by [17], we 

determine that )(IRS
a fine regular ring, and by [5], we 

find that )(IRn
 is a P-P-fine ring. 

 

Corollary 5.2.5: Let )(IM n  
be a fine f. generated 

faithful multi )(IRn  module. The following statements 

are equivalent. 

1-  )(IRn
 is a P-P-fine ring. 

2- )(IM n  
is a cyclic projective fine )(IRn

 module. 

3- )(IM p
 is a torsion fine )(IRn

 module )(IP  

ideal of )(IRn
, and )(IM S

is F-regular fine. 

4- )(IM p
 is a torsion-free fine )(IRp

 module, and

)(IPn
ideal of )(IRn

 and )(IM S
is a Z -fine 

module. It is Z -fine regular if each fine cyclic (fine 

f. generated) submodule is fine projective and a 

direct summand of )(IM n
. 

 

 

Conclusion  

     In this paper, we studied the concept of fine modules 

through a continuous module in neutrosophic theory. We 

proved that if 
)(IM n  is a divisible module over field F, 

then 
)(IM n  is a fine module. Moreover, every C2-

cyclic module that has a projective cover is a fine 

module. We showed that fine f. generated faithful 

multiplication module 
)(IM n  over ring 

)(IRn  is a C-

F-fine module if and only if 
)(IRn  is a P-F-fine ring. 

Fine ring 
)(IRn  is called a P-F-fine ring if and only if 

every faithful multiplication fine module is a P-F-fine 

ring.  
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 المىديىل النتروسىفي النظيف المشتق مع بعض التطبيقات

 ماجذ محمذ عبذ ,منتهى جعفر علي سالم 

 الؼشاق الأًباس، الأًباس،جاهؼت  الصشفت،كلٍت الخشبٍت للؼلىم  الشٌاضٍاث،لسن 
mun22u2002@uoanbar.edu.iq   ,   Majid_math@uoanbar.edu.iq 

    الخلاصة:
هغ الخصائص الجٍذة للوىدٌىلاث  الٌظٍف، ًذسس وًمذم هفهىها ههوا فً ًظشٌت الوىدٌىل والزي ٌسوى بالوىدٌىل الٌخشوسىفً البحث،فً هزا 

لحلمت لخؼبٍش ػي الوىدٌىل الٌظٍف. كزلك لوٌا بخحمٍك بؼض الخصائص حىل الؼلالت بٍي الوىدٌىل الٌظٍف وال (F-module)والحلماث. سىف ًسخخذم الشهز

 الخً لها ػلالت هباششة هغ الوىدٌىل الٌظٍف. لمذ اثبخٌا أى كل هىدٌىل هسخوش (projective) و  (injective)والوىدٌىلاث هي الٌىع ,(P.P.F) هي الٌىع

(Continuous) هى هىدٌىل ًظٍف وكزلك كل هىدٌىل هخمطغ(discrete)  كزلك ارا كاًج ًظٍف،هى هىدٌىلRn(I)  لها خصائصحلمت ًخشوسىفٍت(perfect) 

 ) ػلى الحمل الٌخشوسىفً (divisible)لابل للمسوتMn(I ) ولذ اثبخٌا اى كل هىدٌىل (fine property)لهRn(I ) ػلى الحلمت (guasi- projective) فاى كل

Fn(I ًفاًه هىدٌىل ًظٍف. ولذ دسسٌا الخاصٍت الشهٍشة جذا للوىدٌىل الجزئ ( Nn(I هي الوىدٌىل ( Mn(I  احخجٌا الى حمذٌن بؼض الوفاهٍن الخً لها ػلالت ولذ

حٍث أى كل  Mn(I ) هباششة هغ الوىدٌىل الٌظٍف والخً حسوى الوىدٌىل الجزئً الوٌخهً الخىلذ كزلك الوىدٌىل الوسطح. أخٍشا اثبخٌا أى كل هىدٌىل دائشي

 .(projective cover) هى هىدٌىل ًظٍف ارا كاى له Mn(I( فأى )isomorphic to summand of Mn(I)) هى Nn(I ) هىدٌىل جزئً هٌه
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