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Abstract: 

In this paper, we studied the stationary and the non-stationary incompressible Euler 

equations in two-dimensional domain by using mixed finite element method. By using the 

Linearized Crank-Nicolson-Galerkin Method we found the weak form to the above problem which 

is then improved to the approximate solution. we consider three cases, the first case for the steady-

state and non steady-state Euler equations and proved some lemmas and theorems for the stability 

of the semi-discrete and fully-discrete mixed finite element method, the second case for the steady-

state Euler equations and proved some lemmas for the ellipticity and continuity of this method and 

the third case for the steady-state and non steady-state Euler equations and these estimates are then 

applied to obtain quasi-optimal error analysis in the energy norm for velocity, pressure and velocity 

with pressure. 

Keyword:  Incompressible Euler Equations, Mixed finite element method, Linearized Crank-Nicolson-

Galerkin Method,  Error analysis. 

 

1.  Introduction       

       The classical numerical method for partial differential equations is the difference 

method where the discrete problem is obtained by replacing derivatives with 

difference quotients involving the values of the unknown at certain points. 
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      The finite element method is a numerical analysis technique for obtaining 

approximate solutions to a wide variety of problems in mechanics and physics[6]. 

Although originally developed to study stresses in complex airframe structures, it has 

since been extended and applied to the broad field of continuum mechanics. Because 

of its diversity and flexibility as an analysis tool, it is receiving much attention in 

engineering schools and in industry. In this method, the discretization procedures 

reduce the problem to one of a finite number of unknowns by dividing the solution 

region into elements and by expressing the unknown field variable in terms of 

assumed approximating functions within each element. The approximating functions 

(sometimes called interpolation functions) are defined in terms of the values of the 

field variables at specified points called nodes or nodal points[10]. 

      Mixed finite element methods are one of the important approaches for solving 

system of partial differential equations, for example, the stationary Navier-Stokes 

equations. However, fully discrete system of mixed finite element solutions for the 

stationary Navier-Stokes equations is of many degrees of freedom[9]. 

 

1.1  Notation 

     Let Ω be an open and bounded domain in 2R with Lipschitz continuous boundary 

  .Throughout this paper we will use the standard notation for Sobolev spaces. 

Specially  rH , where r is an integer greater than zero, will denotes the Sobolev 

space of real-valued functions with square integrable derivatives of order up to r 

equipped with the usual norm which we denote 
r

 . We will denote  0H by  2L  

and the standard 2L  inner product by  , . Also  rH will denote the space of 

vector-valued functions each of whose n components belong to  rH and the dual 

space of  rH will be denoted by  rH .Of particular interest to us will be the 

constrained space see [10] 
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1.2  The weak formulations  

         We are interested in approximating the solution of the incompressible Euler 

equations written in the primitive variable formulation of the velocity  
21

,uuu   and 

the pressure p . In particular, we consider the steady incompressible Euler equations, 

see [3], [5]. 

 



infpuu

t

u
.                                     (1.1a)                                   

 inu 0                                     (1.1b) 

                                         onnu 0.                            (1.1c) 

   

Multiplying (1.1a) and (1.1b) by Vv  and Qq , respectively, as a test 

functions and take integral over   
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We consider the following standard weak formulation of non- steady: seek 

  QVpu ,  such that 

        ,;),(,,;, Vvvfpvbvuunvu
t

                     (1.2a) 

 

    ,;0, Qqqub                      (1.2b) 

where 

  


 ,
2

1
,; 2 dxvuvuun  

  


 ., dxqudivqub  

Also, the weak formulation of the steady Euler equations is as follows: 

Seek   QVpu ,  such that:    

    ,;),(,,; Vvvfpvbvuun   

 

    ,;0, Qqqub                   

 

Continuity of the forms   ,,n  and  ,b  can be demonstrated. These conditions 

guarantee the existence and uniqueness of a solution  pu,  [3]. 

 

1.3 The discrete problems  

Given finite dimensional spaces VV
h
 and QQ

h
  where 10  h  then the 

approximate solution  
hh

pu ,  to  pu,  is the solution of the following equations: 

        ,;),(,,;,
, hhhhht

Vvvfpvbvuunvu                      (1.3a) 

 

    ,;0,
hh

Qqqub                      (1.3b) 
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Also, the discrete problem of the steady equations is as follows seek 

 
hhhh

QVpu ,  such that: 

      ,;),(,,;
hhhh

Vvvfpvbvuun                      (1.4a) 

 

    ,;0,
hh

Qqqub                      (1.4b) 

 

1.3 The Fully-Discrete Approximation 

Now we turn our attention to some simple schemes for discretization with 

respect to the time variable. 

 

1.3.1 Forward Euler Method 

Letting 
k

n be the time step and k

h
u the approximation in 

h
V of  

k
tu ., , 

Nk ,,0  , at 
kk

nktt  . This method is defined by replacing the time derivative 

ht
u

,
in equation (1.3) by forward differences quotient 

k

k

h

k

h

n

uu 1

   with discretization 

error  
k

nO , 
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n
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h

k

h

k

h

k

h

k

k

h

k
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1








 

      (1.5a) 

 

    .;0,
h

k

h
Qqqub                      (1.5b) 

 

1.3.2 Crank-Nicolson method 
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This method is defined by replacing the time derivative 
ht

u
,

in equation (1.3) by 

forward differences quotient 
k
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p by differences quotient 

2
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2

1 k

h

k

h
pp 

 with the corresponding discretization error is  2

k
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  .;0,
2

1

h
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h

k

h Qqq
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b 






 

                    (1.6b) 

 

1.3.3 Semi-implicit Oseen Method for Weak Formulations 

In order to reduce the computational effort at each time step, it seems 

reasonable to replace the nonlinear stationary problems by linear ones in a similar 

way as in the Oseen iteration, which yields a modified equation at each step. Letting 

 be the time step and ku  the solution in V of   Nktu
k

,,2,1,,  , at ktt
k
 . 

This method is defined by replacing the time derivative 
t

u in problem (1.2) by 

backward differences quotient 
 



1 kk uu
 with the corresponding discretization error 

is  2O  , 

    NkVvvfpvbvuunv
uu kkkk
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,,1,;),(,,;, 1
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


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  Qqqub k  ;0,    
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1.3.4 Semi-implicit Oseen Crank-Nicolson-Galerkin Method  

Letting  be the time step and ku  the solution in V of   Nktu
k

,,2,1,,  , at 

ktt
k
 . This method is defined by replacing the time derivative 
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(1.7a)                                   

                                             Qqqub k  ;0,                               (1.7b) 

 

1.3.5 Linearized Oseen Crank-Nicolson-Galerkin Method for Weak 

Formulations 

            Problem (1.7) shares, however with backward Euler method discussed first 

above, the disadvantage of producing, at each time level, a nonlinear system of 

problem. For this reason we shall consider also a linearized modification in which the 

argument of   ,,n  is obtained by extrapolation from 1ku  and 2ku , [2], with  

21

2
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3   kkk uuu

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 


    (1.8a) 
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  Qqqub k  ;0,                                            (1.8b)                                                                               

where  
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1.3.6 Linearized Oseen Crank-Nicolson-Galerkin Method for Discrete Problem 

Given finite dimensional spaces VV
h
  and QQ

h
  where 10  h  then the 

approximate solution  
hh

pu ,  to  pu,  is the solution of the following problem: 

        NkVvvfpvbvuunvuu
h

k
k

h

k

h

k

h

k

h

k

h
,,1,;,,,,,

1 1 


 


    (1.9a) 

 
h

k

h
Qqqub  ;0,                                        (1.9b) 

The nonlinear equation (1.9a) will be solvable for ku  when 1ku  and 2ku  are given. 

Choosing   ,,n  at 1ku  as we did for the back ward Euler scheme will not be 

satisfactory here since this would be less accurate than necessary, whereas since  

  0
2

1

2

3 22

1

21 


  asOuuuu
k

kkk  

the choice just proposed will have the desired accuracy. 

 

2. Abstract Results 
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Let V  and Q  be two real Banach spaces with norms 
V

  and
Q

  respectively. 

Let  ,a  and    Lb , be continuous bilinear forms on VV  and QV  respectively 

[4],    Ln ,,  be continuous trilinear form on VVV   [9]:  

   ,,, Vvuvuavua
VVL

                       (2.1) 

   ,,,,
2

Vvuvunvuun
VVL

                         (2.2) 

   .;, QpVupubpub
QVL

             (2.3) 

         we now state several further assumptions which we will require in the proofs of 

our main results [4]. 

(H1) There is a constant α >0 (α independent of h) such that    

  ,,
2

hW
Zvvvva   

where                                     
hhh

QvbVvZ   ,0,:  

(H2)  hS  is a number satisfying   .;
hWV

VvvhSv    

(H3) There is a linear operator 
hh

VY  :  satisfying  

  .;0,
hh

QandYyyyb    

Definition 2.1 [7] Cauchy-Schwarz inequalities:  

        
  ,,;, 2

222 


Lwvwvwv
LLL

               (2.4) 

and 

         
  .,;, 1

111 


Hwvwvwv
HHH

            (2.5) 
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Lemma 2.1 There exists a linear operator 
hh

HH  :    such that, [6] 

    ,,;,, HUVvvUdivvUdiv
hhhhh

  

 .2,1;  sforUChUU
s

s

h
  

 

3. The Stability 

The arguments for stability and bound on the approximation error are useful 

for the analysis of the discrete formulations. 

 

Lemma3.1 Suppose that 
h

u is the discrete solution of equations (1.3). Then there 

exists a constant 0  independent of h  such that: 

    .Tu
h

                                          (3.1) 

 

Proof: By choosing 
hh

Vuv  in problem (1.3) we get 

       
hhhhhhhth

ufpubuuunuu ,,,,,
,

                  (3.2) 

note that 

  ,
2

1

2

1
,

22

, hhhhhth
u

dt

d
dxu

dt

d
dxuu

dt

d
uu  



 

Now, by using Young's inequality with 
1

,2 cc   and 
2

c  respectively we have 

  ,
22

1
,

22

hhh
u

c
f

c
ufuf   
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
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
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c
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From the above inequalities we get 

  ,
22

1

22

1

4

1

2

1 22222

2

2

1

4

1

2

hhhhhh
u

c
f

c
u

c
p

c
hSucu

c
u

dt

d
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




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








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put  
21

chScc    in the above equation we get 

  
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2242

1 2222
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c
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c
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2
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2
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c
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d
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multiply both sides of the above inequality by the integral factor  
cte 2

 and then 

integrate from 0 to T, we have 

 
  

  ,0
2

2

0

2
2

0

2
2

4
2

222

h

T ctT
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h

cT udtf
c

e
dtp

c
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u

c
eTue 








 



 
 

 

since 
  

0
2

2
2

4
2

2 








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c

hS
u

c
e


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 
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2
2

2
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



T tTc

h

cT

h
dtf

c

e
ueTu  



  2017مجلة أبحاث ميسان  ،  المجلد  الثالث عشر   ،  العدد الخامس والعشرون  ،  السنة 

 

 58 

  ,2
2 0

2

2

2




T

tTccT dtce
c

e


  

where ,,
22

0 fu
h

   

 
2

122

2c
eTu cT

h


   

where  
  ,2

0

2

1 


T
tTc dtce  

  . Tu
h

 

□ 

Lemma 3.2 Suppose that 
h

u  is the discrete solution of problem (1.4). Then, there 

exist constants 0,   independent of h  such that: 

.





h
u                                        (3.3) 

Proof:  

Put 
hh

Vuv   and 
hh

Qpq   in equations (1.4a) and (1.4b) respectively, then, by 

subtracting the two resulting equations, we get 

    ,,,,
hhhh

ufuuun   

then we have [5], 

,
3

hh
uu    

,
2

 
h

u  

we have   
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.





h
u  

 □ 

Lemma3.3 Suppose that 
h

p  are the discrete solutions of problem (1.4). Then, there 

exist constants 0,   independent of h such that: 

.





h
p                                               (3.4) 

Proof:  For the continuous equation (1.4a) using the test function 
hh

Vuv   which 

gives  

      ,,,,,
hhhhhh

ufpubuuun   

we have [5] 

,
3

hhhh
upuu    

,
2

 
hh

pu  

since ,0
2


h

u we get 

.





h
p  

□ 

Lemma3.4 Suppose that 
h

u  and 
h

p  are the discrete solutions of problem (1.4). Then, 

there exist constants 0  independent of h  such that: 

.
hh

pu                                    (3.5) 

Proof: We can prove this Lemma from equations (3.3) and (3.4),  
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where  .,max
















    

□ 

 

Theorem 3.1 Let 
h

k

h
Vu 1  is the approximation solution of equation (1.5). Then  

.
2

1

k

k

h
nu                                      (3.6) 

Proof: Put 
k

k

h

k

h

th
n

uu
u




1

,
 in problem (1.3), then by using forward Euler method, we 

get 

      ,,,,,,
1

vfpvbvuunv
n

uu k

h

k

h

k

h

k

k

h

k

h 






 

 

then, 

           ,,,,,,,1 vfnpvbvuunnvuvu
k

k

h

k

h

k

hk

k

h

k

h
  

by choosing k

h
uv  , we get 

           ,,,,,,,1 k

hk

k

h

k

h

k

h

k

h

k

hk

k

h

k

h

k

h

k

h
ufnpubuuunnuuuu   

so, 

  ,
32

1 k

hkk

k

h

k

hk

k

hk

k

h

k

h

k

h
utfnupnunuuu    

since 0
2

k

h
u , we get 

,
321

1

kk

k

h
nanaau   
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,
31

1

kk

k

h
nanu    

where  
kk

naan
211

,min  

.
2

1

k

k

h
nu   

where .
132 kkk
nnan                                                                      

  □ 

Theorem 3.2 Let 
h

k

h
Vu 1  and 

h

k

h
Qp 1  are approximation solutions of equation 

(1.6). Then  

  .11

k

k

h

k

h
nOpu                                (3.7) 

Proof:  

Put 
2

,
11

,

k

h

k

h

h

k

k

h

k

h

th

uu
u

n

uu
u









 and 
2

1 k

h

k

h

h

pp
p






 in problem (1.3),  

then we get 

   
,,

22
,,

2
,

2
, 1

1111








 








 








 








 




v
tftfpp

vbv
uuuu

nv
n

uu
kk

k

h

k

h

k

h

k

h

k

h

k

h

k

k

h

k

h  

          

            ,,,
2

,,
2

,,2,,,,
2

,,

1

1

1111

vtfvtf
n

pvbpvb
n

vuunvuunvuun
n

vuvu

kk

kk

h

k

h

k

k

h

k

h

k

h

k

h

k

h

k

h

kk

h

k

h











 

 

by choosing k

h
uv  , we get 
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 

       ,
22

2
2

1

1

2
1

32
1

2
1

k

hk

k

hk

kk

h

k

h

k

h

k

h

k

k

h

k

h

k

h

k

h

k

h

kk

h

k

h

k

h

utfutf
n

upup
n

uuuuu
n

uuu














 

since 
2

1k

h
u  and 0

2

k

h
u  

then, 

       ,
222

1
1

11

kk

kk

h

kk

h

kk

h

k

h

k

hk
tftf

n
p

n
p

n
uuun 



 
  

,
543

1

2

1

1 kkk

k

hk

k

hk
nbnbnbpnbunb    

where  k

h

k

k

k

hk

k

k

k

hkk
p

n
nbunb

n
nbunnb

2
,,

2
,1

4321


   

and      
kk

k

k
tftf

n
nb 

15
2

 

  ,
543

11

6 kkk

k

h

k

hk
nbnbnbpunb    

where   
216

,min bbb  , 

  .11

k

k

h

k

h
nOpu    

□ 

4.Error Estimated 

      We shall now study the errors k

h

k uu  and k

h

k pp   where ku  and kp are the solution 

of weak form and k

hu and k

hp  are the solution of the mixed finite element problem 

( hh QandV ) 
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Theorem 4.1 Let Vuk  be the solution of problem (1.8) and h

k

h Vu   is the 

approximation solution of problem (1.9). Then, there exists a constant 

0C independent of andh such that: 

 . rk

h

k hCuu                                                  (4.1) 

Proof:   Let       kkk

h

k

h

k

h

k

h

k uuuuuu    

For each time step k  and each norm, we apply the triangle inequality 

kkk

h

k uu    

from Lemma 2.1 ,krk uCh  

To find a bound on k term, note that 

     

     

     .,,,,
1

,,,,
1

,,,,
1

1

1

1

kk

h

k

h

k

h

k

h

k

h

k

h

k

h

k

h

k

h

kk

h

kkkk

pbuunuu

pbuunuu

ppbn




























 

By the definition of interpolation, we have 

  ,0,  k

h

k uuA  

also note that 

        ,,,,,,
1 1 


kk

h

k

h

k

h

k

h

k

h fpbuunuu   
 

then, we have  
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       

      ,,,,,
1

,,,,,
1

1

1

kk

h

k

h

k

h

k

h

kkk

h

kkkk

pbuunuu

fppbn



















 

    .,
1

, 1 


  k

h

k

h

k

t uuu  

Adding and subtracting  


,
1 1 kk uu  gives, 

     

       











,
1

,,
1

,
1

,,,,
1

111

1









kkk

t

k

h

k

h

kk

kk

h

kkkk

uuuuuuu

ppbn


 

    ,,,
1 1 


kkk    

where   

 11  kkk

t

k uuu


  

choosing k


  and  kk

h qp   

   

     .,,,
1

,,,
1

1

1

kkkkkkkk

kkkkkk

qpb

n



















 

By using (2.2) and (2.3), and multiplying by  , we get 

  ,11
2

kkkkkkkkkkkkkk qphS   


 

                                                                                                     (4.2) 

applying Young's inequality two sides gives, 
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  ,
4

1

4

1

22

1

2

1

2

1

2

1

2

1

2

1

2

1

22

2222
1

22
1

2422



































kkk

kkkkk

kkkkkk

qphS 















 

 

choosing   1hS  , and multiplying 2 and rearranging gives 

,22
1

2

1

2

1
2

222
1

2
1

242
kkkkkkkkk qp 








  





 

since,        ,0,
24

kk 


 

then, 

,22
1 222

1
2

1
2

kkkkkkk qp   


  

Summing both sides from 1k  to Nk  , we get 

,22
1

1

2

1

2

1

2
1

2
0

2




 
N

k

kk
N

k

k
N

k

kkN qp


          (4. 3) 

For the second term note that 

,

1

1




 
k

k

t

t

t

kk dt  

this implies 

,

1

1




 
k

k

t

t

t

kk dt  

thus  
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,

2

2

2

2
1

11





























 




k

k

k

k

t

t

t

t

t

t

kk dt
dt


  

applying Jensen's inequality (see [1]) to the right hand side  

,

11

222
2

1




 
kn

k

k

k

t

t

t

t

t

t

kk dt
dt




  

this implies 

,
1

0 0

2

1

22

1

2

1

2
1

rt

T T

r

urt

r

ut

N

k

kk uhCdtuhCdt  


 


            ( 4.4) 

.
1 2

1

1

2
1

rt

r

u

N

k

kk uhC





 

To bound the third term of (4.3), note that  

  ,
1 1 kkk

t

k uuu


  

then,        


 

k

k

k

k

t

t

t

k

tkk

t

t

t

k

t

k dtuuttdtuu

11

,1  

 from [ Theorem 3.5.1 (p 38) in [1]], we get    



k

k

t

t

tt

k dtu

1

,  

and too    .
2

1

2

2L
tt

N

k

k u 


 

To bound the fourth term of (4.3), note that  

.2

2

2
r

p

kk hCqp   

Applying these results to (4.3) gives, 
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  ,22
1

2

2

2
2

1

2
0

3

00
2





N

k

r

p
r

ttrt

r

u

r

uh

N hCuuhCuhCuu   

suppose that hhh pu  in this paper, this implies we get 

    ,20

4

00  
rttrt

r

r

h

N uuuhCuu                          (4.5) 

hence,                                        . rk

h

k hCuu  

The proof is complete.                                                                                         

 □ 

 

Theorem 4.2 Let Qp k   be the solution of problem (1.8) and h

k

h Qp    is the 

approximation solution of problem (1.9) then there exists a constant 

05 C independent of andh  such that: 

  .5  rk

h

k hCpp                                               (4.6) 

Proof: Put kk

h
uvuv  ,  in equations (1.8a) , (1.9a) respectively, then subtracting 

the equations  we find 

 

      

   .,,

,,,
1 11

kk

h

kk

h

kkk

h

kk

h

k

h

kk

h

kkk

h

k

h

kk

h

k

uufppuub

uuuuuunuuuuuu



  

         

(4.7 ) 

Let      ,kkk

h

k

h

k

h

kk

h

k pppppp    

by using triangle inequality, we have 
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,kkk

h

k pp    

from Lemma 2.1  .krk phC  

To estimate k  from equation (4.7), put kkk

h

k uu    and kkk

h

k pp    

      

    ,,,

,,,
1 11

kkkkkkk

kkkkkkkkkkkk

fb

n








 


 

by using the elliptic projection , we get 

          ,,,
1

,,,,
1 11 kkkkkkkkkkkkk fbn 





 


 

by using (2.2) and (2.3), and multiplying by  , we get 

  ,11
2

kkkkkkkkkkkkk fhS   


 

dividing by k  , we get 

  ,11
2

kkkkkkk fhS   


 

since 0
2

k


, we get 

 
  .

1 11 kkkkkk f
hS




    

Summing both sides from 1k  to Nk  , we have 

 
,

1

11

10

1





  






N

k

k
N

k

kkN
N

k

k f
hS




  

from  equations (4.4) and (4.5), let Nk  1  , we get 
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 
   .

1
1

k

t

rrk fuhChC
hS




  

Hence,         .
6

 
 rk hC  

The proof is complete.                                                                                         

 □ 

 

Theorem 4.3 Let   QVpu kk ,  is the solution of problem (1.8) and   hh

k

h

k

h QVpu ,  

is the approximation solution of problem (1.9), then, there exists a constant 

07 C independent of h  and  such that: 

 .7  rk

h

kk

h

k hCppuu                                     (4.8) 

Proof: We can prove this theorem from equations (4.1) and (4.6).  □ 
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 كاليركين الخطية–نيكلسون-كرانك بطريقة معادلات اويلرتحليل الخطأ لالاستقرار و 

 علاء نجم عبد الله

 

 مستخلص  

غير المضغوطة غير الثابتة في مجال ثنائي البعد مستخدمين طريقة  اويلر معادلاتفي هذا البحث, درسنا        

كاليركين الخطية  وجدنا الصيغة الضعيفة للمسألة –نيكلسون-ريقة كرانكالعنصر المنتهي المختلطة. بواسطة ط

الثابتةِ وغير الثابتة أثبتتْ  معادلات اويلرأعلاه وثم حسبنا الحل التقريبي . دَرسنَا ثلاث حالاتَ, الحالة الأولى ل

, والمنفصلةِ بالكامل الممهدات و المبرهناتِ لاستقرار طريقةِ العنصرِ المحددةِ المُخْتَلطَةِ نصفِ المنفصلةِ بعضَ 

الثابتة أثبتتْ بعضَ الممهدات الإهليليجيةِ  واستمرارية هذه الطرقِ والحالةِ الثالثةِ  معادلات اويلرالحالة الثانية ل

تطبيق هذه التخمينات للحصول على الحالة شبه المثالية لتحليل الخطأ في الثابتة وغير الثابتة تم  معادلات اويلرل

 معيار الطاقة للسرعة والضغط والسرعة مع الضغط.

http://www.math.pku.edu.cn:8000/people/view.php?uid=huj%20&sh
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