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But R have only idempotents are O and 1, (11).

Then only only idempotents are 0, and 1,.
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implies that ker f ' < B..
Hence x € B., B. is maximal and ker [ ' = B.
We have that £ (B ) is maximal ideal of R by (17) (1)
The chain of level ideals of B is B. = IR by lemma (7)
The chain of level ideals of f"(B) is f "[’li S Y {(R)y=R
£ 7(B) () =sup {B(x){x e ()
2 {B0) =1} implies that 1 € bm(f LB ()
From (1) and (2), f'I(B) is a maximal fuzzy ideal of R by proposition

(2.1.3, (2)).

THEOREM 2.1.12:

In a fuzzy ring X of R huving fuzzy maximal ideal A of X, then only

idempotents are 0, and 1 0= [01),

PROOF:
Let X be a fuzzy ring of R, A be a fuzzy ideal of X
A is fuzzy maximal ideal then
1. A(D)=1,]Im(A) | =2, A+ is a maximal fuzzy ideal of R [9]
2. Im(A) = {t,1}, t € [0,1] and A, is maximal ideal (10)
To prove R has only one maximal ideal, we prove A- = A
Letre Ay @2 A ={ive RRAMW 2t AQ) 2t2 1= A(0)
VxeA = ARX)zA() = x e A-
AT A-s0
But A, is maximal ideal of R then A= R
This leads at once to the contradication since A« is maximal ideal,

then A, = A.
(11}
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PROPOSITION 2.1.11:
Let X : R = [0,1], Y : R— [0,1] ure fuzzy rings, {: R — R be a

homomorphism from R onto R. B is a maximal fuzzy idenl of R then

f'(B) is a maximal fuzzy ideal of X.

PROOF: We must prove that £ '(B) is o fuzzy idea) of X

Letx,y € Rsuchthatf(@y=x, f (F) =y wherea, b e R

£1B) ca—by=sup { min { B(x), BO)} |x=1f(a), v =1(b)}
= sup { min { Y(x), B} [ =1 (a). 3= ()}
= sup { min { X(a), f "(B) (b)) [a=1"0) b= ()
Zsup fmin { £ (B)cay, FHB) by Y=, b=

zmin {£(B)ay (B (b}

£ '(B) ca-b)=sup { min | B(v), BE) | x =1 {(a), y = F{H)]
> sup {min { Y(x), By} | x=1{a),y =1 (b))
=sup { min { X(e), £ ' (B) by} la=1"), b=1"()}
=min { X(a), f '(B)yib)
Similerty T™Y(B) ca - by=min { X(b), £ (B} a )}
Hence t"l(B) (a-bir2max t"'(i_i} can t B By
Therefore £ '(B) is a fuzzy ideal of X,
Since B is maximal, then B. is maximal ideal of R, B{0)=1and 1 &
Im(B) = {t,1} by proposition (2.1.2) and proposition (2.1.5).
Letx € ker 7, then l"'(.r) = £ (D}, but is invariant and onto

Gxvy=B(0)=1(xe B

(1
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FCA) (x -y =sup {min { A(a), ABY |a=1"(x), b=1"0))
= sup { min { X(a), A(b)} |a=f ), b= £ )]
=sup {min { Y(, f (A)oyo } | =1la),y = (b))
=min { Y{x), f{A)i )
Similerty f(A)(x-yy2min { Y(), T (A}t }
Hence F(A)cx-przmax {FA) (v, F(A) 0 }
Therefore £ (A)is a fuzzy ideal ot Y.
Since A is maximal, then A« is maximal ideal, A{lly=luand 1 «
Im(A) = {t,1} by
proposition (2.1.2) and proposition (2.1L.3).
Let v € ker f), then £(x) =1 (0), but A is o f— invariant and A(D) =1,
thercfore
AL =AM =1 (v e A implies that ker ' AL
Hencex € A+ A-is maximal and ker f= A
We have that £(AS) is maximal ideal of R by (21) ()
The chain of level ideals of A is A. < I by lemma (7)
The chain of level ideals of f (A) is f (A F(R) =
f(A) (0, =sup [AQ) |x € 70y
=L A(0) =1} implies that 1 € Ta{f ) Sid2)

From (1) and {23, £ {A) ts a maximal fuzzy ideal of R by proposition

1.3, 02)).

(R}

(

[ gj



2006f cypedly (B0 32 L e e RSy
s . e— E

[ if xe A.NE.

arherwise

And (A=B) (x) =sup {min {AG), B2} |x=y- -2}, R

yeA,zeB = (AsB)(v) =1
iy e A,z e B (AoB) (x) =t
Ify € A.,z€ Bo = (AoB) (x) =t
ifyeA,zeB.=(AB)(v)=1

| 1 dfee s RB,
5 (Ao B)(x)=<
L

| ¢ ofenise

Hence A= B AN DB

PROPOSITION 2.1.10:

LetX:R— [0,1), Y : R— [0,1) are fuzzy rings, IF A is 1 maximal

fuzzy ideal of X,  is 22 homomorphism from R ento R and A bea f -

invariant then f (A) is a maximal fuzzy ideal of' Y,
PROOF: We must prove that f (A) is a fuzzy ideal of R
Letx,y = R such that f(@) =x, f (b)) =y where a, b e R
f(AYcx—y)=sup{min { Ala), AO) | e =) =109

> sup { min [ X(@), A La=17"¢o, b=1"0))

=sup { min { Y(x), f(A) oo ) [x=1(a),y =1 (H)

Zsup { min { F(AY(x, F{AM ) | =Fla), = E{6))

2min { f (A, T{A
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PROPOSITION 2.1.7 (9):

Let R be a ring and F denote the family of all maximal fuzzy ideals of

R, then
J=(T{M|McF}
PROPOSITION 2.1.8:

A fuzzy ideal A of R is maximal if and only if the level ideal

v € R A =1} is maximal

PROOF: -

If A is maximal fuzzy ideal of R, then A is 2 niximal ideal of IR,
A(D) =1,(9).
But Ai={x:xe R{A)=AMD) [ then A={xive RJAX) =1} is
maximal ideal of R.
—
If the level ideal {x e R | A(x) =1} is maximal ideal of R, then A« is a
maximal ideal of R and A{0) =1 implies that A is maximal tuzzy ideal of R

(9).

PROPOSITION 2.1.9:

If A and B are two different maximal fuzey ideals of R und Im(A) =

Im(B), then AsBc AN B.

PROOF:
[ 1 ifred . 'Y xed,
ACxy=4 , Blr)={ o
[ ¢ ETEN Do i TR R ] ! e vie

where x € R, I #t € Im(A) = Im(B), clearly A- = B, then
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PROPOSITION 2.1.3 (9):

Let A be a fuzzy ideal of a ring R, Then

1, If A«is a maximal ideal of R, then A is two- valued
2, If A+ is a maximal ideal of R and A(D) =1, then A is a maximal fuzzy

ideal of R.

PROPOSITION 2.1.4 (9):

I. Let R be aring and A be a non constant fuzzy ideal of R. Then there
exists a maximal

fuzzy ideal B of R such that A ¢ B,

12
.

Let I 2 R beanideal of R, Then Iis a maximal ideal of R if and only if

Apis o maximal fuzzy ideal of R,

PROPOSITION 2.1.5 (10}

Let A be a fuzzy ideal of a ring R. Then A s 2 maximal fuzzy ideal of R
if and only if

Im(A) = {t,1}, for some t € {0,1) and A, is a maximal ideal of R.

PROPOSITION 2.1.6 (7):

Let X ={A | A fuzzy ideal of R, Im(A) = {t,1},t = [0,1)}. Then Ac X

is a maximal
fuzzy ideal if and only if for each B X, either B A or (A + B),, =1 for

all y = R,

{6



Z00R] Syt Al ersnimenivm wssm Ep—— Sy 3 ) Alaa

PROPOSITION 1.2.4 (7).(8):

Let A and B arc fuzzy ideals of R, then A=B is a fuzzy ideal of R.

PROPOSITION 1.2.5 (7).(8):

Let A and B are fuzzy ideals of R, then A (] B, A + B are fuzzy ideals of R,

Morcover, if A(0)y=DB({0), then A, B A+ B. Also A + A =A,

CHAPTER TWO
2.1 MAXIMAL FUZZY IDEALS

We are ready to define a maximal fuzzy ideal of 2 ring R and we give

sume properties of it,

DEFINITION 2.1.1 (1).(9):

Let A be a fuzzy ideal of a ring R. Then A is called maximal fuzzy
ideal of R if
1. A s not constant, and

2. Forany fuzzy ideals B of R, it A = B, then cither A- =B or B = A,

PROPOSITION 2.1.2 (9):

Let A be a maximal fuzzy ideal of R, Then
L. A(D) =1
L Im(Ay 1 =2

1

3. A.is maximal ideal of R.
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We denote Agif2p(x)=1ifx € Rand Ag(x)=0ifx # R, 4.

Let f: R - R function. A fuzzy subset A of R is ealled f— invariant
il f(x) =1()), then
Al =A() wherex, y € R, (7).

1.2 FUZZY IDEAL

We will give definition and some basic properties about fuzzy ideals,

DEFINITION 1.2.1 (3):

A Tuzzy subset A of R is ealled o fuzey ideal of R il and only if for all
X, 3e R,
Afx -y) 2 min {A(x), A(r)) and Alv-)1) = max {A(), AN
It is clear every fuzzy ideal of R is a fuzzy ring of It but the converse is

not irue.

PROPOSITION 1.2.2 (1).(3):

Let R be a ring and A be a fuzzy ideal of R, then A and A are ideals of I

PROPOSITION 1.2.3 (6):

Let {A; [ € A} be a familyv of fuzzy ideals of 12 Then ﬂ A, is a fuzzy ideal

of R and

U A, is a fuzzy ideal of R if A; is o chain.

[
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xy € Aifand only if x, = A, (5.

cet 1" = {A;] i € A} be a collection of fuzzy subsct of R, Define the
fuzzy subset of R

{intersection) by {ﬂ 1Yy =int{ A {ie A} forallx e R,
(unian) by ([_f 4 (0 =sup { AW i e A foralle 2 R, (i, 3.

Let A and B be a fuzzy subsets of R, the product A= B define by
| supt enlin LAY, B2 s
| o

ymze R forallxy e R,

AoB (v) =

The addition A + B define by (A + B) (1) =sup {min [Al), B{z) | v =3 =2}
rnzeli,
forallx e R, &
Let A be a fuzzy subsct of R, A is called a fuzzy subgroup of R if for
allx,y € R,
Alx +y) 2 min {A(Y), AQ) and A(x) = Al=x), Note that A(0) 2 ALv) for all x
e R.5).

Let A be o fuzzy subset of R, A is called a fuzzy ringof Rif forall v,y e R,
Alx - y) = min JA(x), AQH and Alyv - 1) 2 mio [AM), ALY and a fuzzy
subring B of a fuzzy ring A is a fuzzy ring of R satisfving B{x) = A(x) for

all v = K, 6.



Z008). SET G INER st Ay 5 A1 ey

- ——— el FIE——— ——

CHAPTER ONE
1.1 PRELIMINARY CONCEPTS

Let {R,+,*) be a commutative ring with identity, A fuzzy subset of R

is 2t function from Rinto [0,1].

Let A and B be fuzzy subset of R. We write A BitA(x) < B(v) forallx e
R. If A — B and there exists x € R such that A(x) < B(x), then we write A <
B and we say that A is a proper fuzzy subset of B, A =B il and only it A(x)

= B{x), forallx e R,

We let ¢ denote ${x) = 0 tor all x € R, the empty fuzzy subset of R,
(11 121, ().

When we say fuzzy subset we mean a nonempty fuzzy subset,

YWe let Im(A) denote the image of A, We say that A is a finite -

valued it Im{A) is finite, | Im(A) | denote the eardinality of Im(A), (35, (h).

For each t € [(W1], the set A, =[x e R| Alx) =t} is ealled u level
subset of R
A=f{xe RIAN=A0 }, (D, ).

Letx € Rand t = |0,1], we let & denote the fuzzy subset of R defined
by x,(3) =01if
x s yand x () = tifx =3 for all y € R. v is called o fuzzy singleton. 1F 2
and y, are fuzzy singletons, then x; + 3, = (v + v} and x = pyo= (. where

Ao=min | s}, (i, ).
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ABSTRACT

After, (Zadeh L.A.) 1963 introduced the concept of fuzzy sets and

(Lin W.L) 1982 formulated the term of fuzzy ring
Also, (Liu W.J) 1982 introduced the concept of fuzzy ideal of a ring. Since
that time many papers were introduced in different mathematical scopes
of theoretical and practical applications.

The main aim of this paper is to study some proposition about maximal

fuzzy ideal of a ring.
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